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Introduction. 

l ° .We denote by C - the space of continuous functions / : [-1,1] -+ R endowed by 
uniform norm 

II / ||:= max \f(x)\- Cr :=\f : / ( r ) G c l r 6 N; C° := C;I:= [ -1,1] . 

Let s G N, Y = Ys is a collection of .s + 1 distinct points Vi G I. For the fix collection 
Y we denote by A ( Y ) - the set of functions / G C such that / is nondecreasing on 
[yi+uVi] when i- even; / is nonincreasing, when i- odd (that is A(Y)- the set of 
piecewise-monotone functions). Functions / G A ( Y ) are called comonotone each other. 

For the case s = 1, that is for the set of monotone functions the direct estimates of 
approximation by monotone polynomials are investigated in the works of G . G . L o r e n t z , 
K . L . Z e l l e r , R . A . D e Vore, A.S.Shvedov, R . K . B e a t s o n , X . M . Y u , D . L e v i a t a n , LA.Shevchuk 
almost so full as in unconstrained approximation. Therefore everywhere below s > 
l , s G N. Let us denote by Pn- the spase of algebraic polynomials of degree < n , n G 
N, P„(Y) := Pn n A ( y ) , 

E*(f):= inf | | / - P | | 
P€PN(Y) 

- the value of the best uniform approximation of a function / G A(Y) by the polynomials 
P G P„(Y). 

D . J . N e w m a n , E.Passow and L . R a y m o n proved an estimate (see, for example [5]) 

K(f) < Br^ihn-1), n€N, (1.1) 

where W ! ( / ; * ) - the modulus of continuity of / 6 C , and the constant By depends only 
of y . G.L.I l iev [6] established that the constant By in (1.1) may be changed by the 
constant Bs, depending only of s. A.S.Shvedov [7], (see also K . M . Y u [8]) stregthened the 
estimate (1.1), replasing the first modulus of continuity f;t) by the second modulus 
of continuity w 2 ( / ; 0 ; namely the estimate 

E*n(f)< Byu^f^r1), nGiV, (1.2) 
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was proved. 
Besides, it turned out, that the constant BY in (1.2) can't be replaced by the constant 

Bs (see [7]). Est imate (1.2) yields 

Kif) < n _ 1 ) ' n E N, (1.3) 

where / G C 1 n A ( Y ) . Similary to (1.1) constant £ y in (1.3) can be replaced by the 
constant B„ see R . K . B e a t s o n and D.Lev ia tan [9]. For the smoothness more than two 
the following estimates of E.Passow, L . R a y m o n and J . A . R o u l i e r [3] are known: 
if / G C « + J ) ( / ) n A ( y ) , then 

II f(3+s) II 
(/') < Bj2s 11 J 1 1 , n > 2(5 - 1 + j ) , 

oil f ( j + S ) II 
Kif) < BYljn2U J " , n > 4(s + 1 + j ) . 

Recall that the fc-th modulus of continuity of a function / = f(x) continuous on 
[a, b] is the function 

uk(t;f; [a, 6])= sup sup |a*(f;a:)|, 1 G [0 , ( 4 - o ) / f e ] , 
/»6(0,0 i€[a, i -< ; / i ] 

where 

^ ( / ; » ) : = D - i ) * _ < ( • ) / ( ^ + ^) 

is the k- th order finite difference of / at x w i th step h. 
P u t 

1 V l _ a;2 
p : = pn(.x') := — + , x £l, n £ N. 

n- n 
In this paper the theorem 1 is proved, which provides a (^approximation estimate 

the same as unconstrained estimate established by S . M . N i k o l ' s k i i [13], A . F . T i m a n [14], 
V . K . D z y a d y k [15], G.Freud[16], Y u . A . B r u d n y i [17] . 
T h e o r e m 1. Let k e N. Iff G C 2 n A(Y) then for every integer n > NY there exists an 
algebraic polynomial Pn G Pn(Y) such that 

|/(-r) - Pn(x)\ < Bs,kplix)uk{f";Pn(x);I) 

for all x e l , where the integer NY depends only ofY, the constant,B,ik depends only of 
s and k. 

The following theorem 2 is a corollary from theorem 1. 
T h e o r e m 2. Let k G N. If f G C2 D A(Y) then for every integer n>k + l there exists 
an algebraic polynomial Pn G Pn(Y) such that 

\f(x) - Pn(x)\ < BY,kPl(x)uk(f"-pn(xyj) 

for oil x e / , where the costant BY,k depends only of Y and k. 
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Theorem 1 and a well-known Dzjadyk 's inverse theorem (see, for example [10], p. 263, 
see also A . T . T i m a n [11], X6.2.3) provide the theorem 3 - constructive characteristic of 
Lip*a fl A(Y) classes for a > 2. 
T h e o r e m 3. Let a > 2. The function f G Lip*a D A(Y) iff there exists a sequence of 
polynomials Pn G Pn(Y) such that 

f - P n 

Pa 

0 ( 1 ) , n —+ oo. 

Let us also formulate the theorems 1 and 2 corollary for the class Wr, r G N, of 
functions which have the ( r - l ) - t h absolutely continuous derivative on I and |/ ( r ) ( z )| < 1 
a.e. on / . 
T h e o r e m 4. If f e W n A ( Y ) , r > 2, then for every integer n > r - 1 there exists a 
polynomial Pn G Pn(Y) such that 

f-Pn 

Remark. Theorem 3 is true also for 0 < a < 2 [12] and a = 2, theorem 4 is true for 
r = 1,2. Respective papers are to be pablished. 

For the methodic purpose we shall prove theorem 1' equivalent to the theorem 1. 
Everywhere below k is integer, k > 1; u - (k - l ) -majorant , that is u = u(t), t > 0, 

is a continuos and nondecreasing function with w(0) = 0 and H * " 1 ^ ) nonincreasing. 
We write u G < F _ 1 iff u is (k - 1 ) - majorant. 

Set 

W2H^_X : = { / : / G C'! and wt . j f o / " : /) < u;(t), where w G 

T ^ 1 ^ := {/ : / G C and w t (* ; / ; J) < <p(i), where <p G 

It is well known an embedding 

W2H^X C WlHt, 

if <?(*) = tu(t). 
Denote by A,-, Bi, Ci, R, different positive numbers (constants) which may depend only 

of k and s. 
P u t 

5—1 

II := n(.r) := n ( . T ; Y ) := - №)• 

T h e o r e m 1'. If f e W2H£_1 and f'(x)U(x) > 0, x G / , Men Mere cziste a nwm&er 
iV = N(Y,k,s) and a constant c, such that for every n > N there exists an algebraic 
polynomial Pn = Pn(x) of degree < n for which the inequalities 

P^x)Il(x) > 0 (1.4) 
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and 
\f(x)-Pn(x)\<Clp2u(p). (1.5) 

are valid. 

A u x i l i a r y assertions. 

2°. Everywhere below x G / , Q : = arccosx, y G / , a : = arccosj / , n E N, n / 1, r :— 
24ks + 3k + 5 + 2. We denote by 

0 + a 
i d 2 r + 1 r 

D2r+1,nAy,x) •= (2r)\dx*'+i(X ~ ^ J J n ^ d t 

j3-a 

- the Dzjadyk-type polynomial kernel (see [1], X 1 5 ) , where 

Jn,r(t) = 
1 s in(nt /2 ) 

7 n , r L sin(t/2) 

2 ( r + 1 ) } / s i n ( n * / 2 ) \ 2 ( r + 1 ) 

7 n , r " ' ' s in ( i /2 ) ' d t ' 

is the Jackson-type kernel. 
Let the function g = g(x) be continuons on / . B y Lk(x,g) we denote the Lagrange 

polynomial of degree < k which interpolates g at the points - 1 + 2i/k, i = M . 
L e m m a 1 ( [ l ,p . l35] ) . If g G W2Hk_x, then the polynomial 

I 

Di°\x-g):= Dn(x;g):= J{g(y)-Lk(y-g))D2r+hnAy,x)dy+Lk(x-g) (2.1) 
- l 

of degree < (r + l )( n - 1) and its derivatives D^(x; g), D^2\x; g) for all 8 > 0 and x G / 
satisfy the inequalities 

\gW(x) - D<f\x;g)\ < p2'" (RKV^ (/>,/", [x -6,x + 6]n I) 

, \r-2k-2 \ 

+ # 2 (|) w(/t>)), ?J = 0 V 1 V 2 , (2.2) 

//; particular 
\g{p)(x) - D%\x;g)\ < RlP

2-pu(P). (2.3) 

— 7T 

For a fix n and every j = 1, n put 

:= jir/n, J}:= ( j - l / 2 ) 7 r / n , 

o . = f (J - l / 4 ) ^ / n , ' if J < n / 2 , 
j ' 1 0 ' - 3 /4)tt /7 i , i f j > n / 2 , 

,Tj : = cos Pj, Xj := cos /? •, .x'° := cosp°, 
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tjin(x) := (.7: - x?y~ cos 2 2n arccos x + (x V 
an algebraic polynomial of degree 4n - 2. Set x_2 = x_x 

The following inequalities hold (see [1], P.142,120). 

) " 2 s i n 2 2n arccosz 

« 0 = 1, Xn + i = Xn + 2 = - 1 . 

p< hj < bp, x 6 If, 

hj±1 < 3hj; 

min | (z - a,^ 0)" 2, (x - 2 j < tj>n(x) 

< m a x { ( . - ^ ) - 2 , ( . - ^ r 2 } , ^ / ; 

tj.n < I03hj\ xelf, 

/ o 2 < 4 / i J - ( | x - x j | + / i j ) , s e / ; 

/ i 2 < 64/9 (|.T - xj\+p), x £1;, 

2 (|z - a:,-1 + ^ ) > |a: - X j \ + p> (\x - X j \ + hj) / 8 , x G / . 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

Let us take NY G N such, that every segment [yi+1,yi], i = 0 , 5 - 1, containes at 
least three different segments /,-, and everywhere below n> NY. 

We set 
[Xj+1,Xj-i), if a>j = yi, 0% := (Xj j + 1, £ 7 - 2 if ?/; G (xj, Xj-i), 

O : = U 0,: 
«=i 

Let us write jeWifIjnO = 0, j = 1, n. 
The following simple estimates we shall need 

n ( * ) 
n(2/) 

R(x) 

< Pn{y) 
x £ I, y £ I \ 0, 

< 3 (!£zi! + 1 y - . a; g / j £ 147. 

(2.11) 

(2.12) 

Denote 6X := 6ks, b2 := r - 2k - 1 + f 1 ^ ] , 6 := &i V 6 2 ; 

d3,n:=d3,n(.b-X):= j tlJy)Il(y)dy, 
- 1 

r j i n ( . r ) := T,- n(a:;&; Y ) := 1 / 1 6
 n(j/)II(t,)<fy; 
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dj<n := djtn(b;Y) := J\y - a ^ f o - i - y)t^(y)Il(y)dy; 
- l 

1 f 
(y-xj){x^1-y)tb

j
+

n\y)Il(y)dy; 

-1 

fj>n(x) := fjin(x; b; Y) := [Tj>n(x\b; Y) - tjin(x; b; Y)) sign dj>n(b; Y); 

Define 
Xj(x) : = 0, if x < xj, Xj(x) := 1, i f x > Xj; 

T := T(x;j;b):- ( 
hi 2b 

n(ar) 
n(a; ; ') Jx-Xjl + hj 

L e m m a 2. 7 / j G W, then 

sign = sign dLn = sign n ( x j ) ; 

BJij1-2" \Il(Xj)\ < \dj>n\ < B2h]~2b\Jl(Xj)\; 

B3h}-™\Y[(x3 )\ < -\ditn\ < BAh)~2h \TL(Xi)\; 

r ; > n (x )n (a : ) s ign dj<n > 0, x G / ; 

^ » I l f s ) > 0, z G / \ / j ; 

r ; n ( a : ) < i ? 5 ^ r , xel; 
hj 

f;jx)\<B6^T, xel; 

fln{x)\>\TUx)\>B7±T, x€l\Ij; 

\Xj(x)- Thn(x)\ < B8 

hj 
2b-

, x e l ; 

, x e l . 

| x — Xj I + hj 

\fjn(x)\ <BJ - — ^ - ^ y 6 ' 
" \|a; - x3\ + hj) 

Proof. For convenience assume j < n/2, that is in particular x) - X j > (xj - Xj 
hj/4. Since by (2.5) XJ.J. - Xj > hj/4, so xj ̂  x° < 3 ^ / 8 . 

Let us represent djn,djin as a sums 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

) / 2 > 

dhn = dj^i + dj^o + dj^ := / + / + / tbj,n(y№y)dy. 

— 1 Xj 

Xj 1 , -1 1 

d3,n = + 4 n . o + 4 „ . i : = / + / + / (V- Xj)(xj_i - y)t)%1(y)U(y)dy. 
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App ly ing the estimates 

\x - Xj\ + lij < 8 m m { l * - x% \x - X j |} , x £ I \ 

(x - Xj)(x - xj_1) < (4/3) min | (x - xf) , {x - Xjf j , a; € / \ 

(2.6) and (2.12) we obtain 

\d3,n,-i\ < 8"|n(. !: i)|/i]- s J (x - x?)"1"2" dx < ^^\U(xj)\h1
j-2h 

— oo 

:= B10\U(xj)\h)-2h (2.23) 

Similary 
\dj,„,i\ , k W i l < B10U(xj)\h)-2b. (2.24) 

B y the aid of (2.7), (2.12), (2.23) and (2.24) easy calculations yield right estimates in 
(2.14) and (2.15). To estimate \djtU\ and \dj:H\ from below we notice, that 

\djtn,0\> Jt]bjx)mx)\dx, 

J 

\di,n,0\ > / t2l;n(x)\n(x)\dx. 

J 

Since 

{ x _ X . ) { X 3 _ X _ .,) > 3 m a x I ^ _ ^ o ) 2 ^ { x _ ^ j > x e [ X 0 5 } 

|n(x)| > 2 1 - s |n(x J )| , 

so 
2 

K „ , o | , |4»,o| > in(.xV)]3 • 2 " ' y (a: - x ^ dx 

= |!l( ,- ! j !3 • 2 - ' ^ ^ - a : " ) 1 " 2 6 ( 2 2 * - 1 - l ) 

> Q ) " ' 6 " 1 ( 2 2 i - J - 1) 3 • 2 " s ^ 1 ; ^ - 2 6 ^ ( a v ) ! =: 2 5 3 n ] - 2 i . 

Obviously,(2.13), (2.14), (2.6) and (2.7). 

B3 > 2B10, (2.25) 

7 



which implies the validity of the left estimates in (2.14) and (2.15). 
Besides (2.13), (2.16), (2.17) are follow from (2.25) . 
The estimates (2.18), (2.19) and (2.20) are the corollaries from inequalities (2.13), 

(2.14), (2.6) and (2.7). 
The estimate (2.21) follows from (2.18), (2.12) and representations 

Tjjx) - Xj(,x) = jT;in(y)dy, when x < X j ; 
- 1 

Xj(x) - Tj>n(x) = J T'j n{y)dy, when x > X j . 
X 

.The same estimate is valid for the polynomial T ; , „(ж), which together with (2.21) give 
(2.22). L e m m a 2 is proved. 

Everywhere below <p £ <f>k • 
Corol lary from L e m m a 2. If j £ W then 

2fa-s-fc+l 

hMhA f'Jx) < BxMp) (; —, ) 2 , x £ l ; (2.26) 
J' ' \\x - .T j| + p) 

4b+k TJ(X\ 

\X - Xj \ + p 
, xel\lj-, (2.27) 

<P(hj)\xAx) ~ Tj,n(x)\ < B13<p(p) ( | . _ I , 1 6 / ; (2.28) 
\ j X Xj I -f- p / 

2b- s-k 

rthj) \fjn(x)\ < B.MP) (1 ~, ) 2 , x e l ; (2.29) 
^ 3 1 J • l _ \\X - Xj\ + pj v ' 

Indeed, since h) < Mp{\x ./•/ - p) so r - ( / 0 ) < <p(8^Jp(\x - Xj\ + p)) < 8kp-^{\x -

X j \ + ^ ( p ) , similarly Ap) = 2khJ*(\x - xs\ + therefore ( 2 .26 ) - (2.29) 
follow from (2.11), (2.12) and respectively (2.19), (2.20), (2.21) and (2.22). 
3°. Start ing from the collection { X j} and { j / J we construct the collection Z of points 
{zp} . To the collection Z we include all points y i , i = 0^ and every point X j with j £ W. 
Renumber points of the colection Z in descending order. P u t zQ = 1. If zp = x h j £ W, 
then let the number j(p) = j. If z„ £ Y, then we set j(p) = max {j : j £ W and X j > zp} . 
The collection Z contains n - s* points, s < s' + 1 < 2s.$Pu<b 1 := 6k.s. 
L e m m a 3. Let a function g £ A ( Y ) and \g'(x)\ < <p{p), x £ I. Then the polynomial 

Gn(x) := Gn{x;g):=g{-1) + £ (g(zq^) - g(zq))Tm>n{x-M;Y) 
q — l 

of degree < 4b,n is comonotone with g(x) on I, that is G'n(x)Hx) > 0 and 

\g(x)-Gn(x;g)\ < c2pip(p),x £ I. 
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Proof. Let x G (xp.Zp. i ] , then 

5(.r) - 6* n ( x ; 5 ) = g(x) - g{zp.{) + £ (</(*g-i) - </(z,)) (x i (,)(a?) - T j ( ? ) , n ( x ; 6 i ; y ) ) 

(when zp G y the point zp_l in the last formula must be replaced by zp ). 
For every q = l , 7 i - . s - the following estimates 

— Zq < 13/ij( 9), 

^p„(0) < < 45/o n («) , 0 G [*„ (3-1) 

are valid. Indeed, [zq,z<-j] U 

Taking in to account (2.4) and (2.5) we find 

pn{9) < max lefthj(q); h j ( q ) ± 1 ; h j ( q ) ± 2 < 9hj(q)l hj(q) < 4bpn{6). 

Since x G ( 2 p , z p _ i ] , the condition of l emma , (3.1) and (2.8) yield 

|ff(z p_i) - g(x)\ < Igiz,,^) - g(zp)\ < {zp.x - zp) <p (9hj(p)) 

< 13 • 9khj(p)<p (hJip)) < c3p<p(p), 

|fl(2,_i) - g(zq)\ < 13 • 9khm<p (hjM) . 

This and (2.28) provide 

hi 
\g(x) - Gn{x;g)\ < c3p<p(p) + c4p2^(p) 

qj[ (|x - xj{q)\ + p)1 

n i 

< c3p<p(p) + o ^ V f a ) £ 71 >- 3 < 
*> i = 1 (|X - Xj \ + p) 

< c6p<p(p). 

It follows from the choise of the numbers j(q) and from the construction of Tji „ (x ; bi,Y) 
(see (2.13)) that G n G A ( Y ) . Lemma 3 is proved. 
4°. For every i = l , .s - 1 we denote by the number, for which V i G i , , (if there are two 
such numbers then we choose the greater of them). P u t 

y* := x i i 5 i f xJi_l - y { < yi - xjt; y[ := xji_1 in the opposit case; 

Yi : = ( y \ { j / i } ) U { ^ } ; 

TiAx) '•= Tj,-2,n (x; b2; Yi); 

IC(x) := m i n _ |x - № |; A'„(x) := min ( 1 ; ^ - M j . 
i = l , » - l I /0 J 
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L e m m a 4 . / / a function g G W2H^, and g'(yi) = 0 for every i = l,s - 1, then the 
polynomial 

Qn(x;g) := Dn(x;g) - £ 9^fi>n{x) 

of degree < 5b2n for any 6 > 0 and x G / sarts/iea the inequalities 

\g{x)-Qn{x\g)\ < c7p2u(p), (4,1) 

\g'(x) - Q'n{x;g)\ < p^csWk-! (g";p; [x -6,x + S]n I) 

f p y - 3 t - u(p)JKn(x), (4.2) 

in particular 
\g'(x) - Q'n(x; g)\ < cspu{p)Kn(x), x G / . (4.3) 

Proof . Let us make use of approximate properties of the polynomial Dn(x,g), given 
in the L e m m a 1 and show that for the polynomial Qn(x,g) the inequality (4.2) holds. 
Obviously, it is sufficient to prove (4.2) for 6 > lOp. Let us fix i = l,s - 1. Inequalities 
(2.19) and (2.20) yield 

<Xi(x) : = 

V JJ 1 •- I 

- 15 yix-xj^l + h^J 

I a; - « j , - 2 | + hU-2 

< f P ) " 2 A - n ( x ) , a- G I\Ot. (4.4) 

Let p<6<24 (|x - a ^ . a l + fy,_2). Then for i £ / \ 0 „ taking into account (2.3) and 
(2.4) one can write the inequality 

|A;(2 / !;5)|a,(.x-) < RlPn{yi)u{pn{yi))Bl7 (j-

< Cl0pu){p) 
\x - . T J t _ 2 | + 

1 , I 

A s ~ 1  

6 2 Y~ 

Kn{x) 

Kn{x) 

< cnpu{p) Kn(x). (4.5) 

If 6 > 24 (\x - Xj,.2\ + hj,-2) > 2 (|.x- - Vi\ + ^ , _ 2 ) , then we shall make use from (2.2) 
and (4.4), noting that [yt - f + f] C [x - M + tf] : 

TOs/i, 5)1 <*<(*) < Pn(Vi) Ui^k-i (PniVi); 9"; [x -S,x + S]ni) 
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< cl2p L 1 (p; g"; [x - 6,x + 8]D I) (: P- ) 
bo— —-

V p J \\x-x]t_2\ + hn_2) ) n { 

< P (c^u-Ang"; [x - 8, x + 8]n I) + c 1 3 (^ " " "W) 

x h 4 — 1 )Kn(x), x e l \ 0 u (4.6) 
V|a; - Vi \ + PJ J 

in this case. Taking into account that b2 = r - 2k - 1 + p^Mp1] we find that for x G A 0,-
the inequality (4.2) follows from (2.2), (4.5) and (4.6). 

Let now x G Oi. We need to estimate an expression 

g'(x)- D'n(x;g) + D'^y"Cj)f^n(x) := (5{x) 

For this purpose we involve Dzjadyk 's inequality for the algebraic pol inomial derivative 
modulus ( see [10]. p.257 or [1],X22) and using the estimate 

obtain 
I f ^ , \2i»-'+1 

1« (0)| < Bls—— - >-^- ,9 £ I. 
pn(6) \\0- X: _ 2 + hjt-2) 'Pn(O) \ \9-Xj,-2\ + hjt_2 

Similarly to (4.5) and (4.6) we find 

C , \ r-2k-2 s 

wk-i(g"; p;[x - 6,x + 6]n I) + f ^ j u(p) 

= : c 1 4 f t , 0 G Oi. 

It follows from (2.2) that 

\g"(0)-DW;g)\<c15n, 0 G Ot. 

Recall ing the equality g'(y,) = 0 we find 

\/3(x)\ (t3'(u)dr. < \x - 2/,;|(ci4 + c 1 5 ) f t < c16pQKn(x). (4.7) 

r — J * — 
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Now for x G 0 the inequality (4.2) follows from (4 .5) - (4 .7) . 
The inequality (4.1) follows from (2.3), (2.20), (2.29) and inequalities 

r/,„(№) 
< ^c17pn{yi)u(pn(yi)) 

< c 1 8 p 2 w(p ) . 

L e m m a 4 is proved. 
L e m m a 5. For an arbitrary set E, consisting of the segments I3, j G W, the polynomial 

Un(x;E):= £ y(hj)hjfj,n(x; b^Y) 
j.IjCE 

of degree < 5bin satisfies the following inequelities 

\Un(x;E)\< Bldp<p(p), x£l; 

U^x;E)Il{x)>0, xeI\E; 

\K(x;E)\ < B20<p(p), x£E; 

\K(x; E)\ > B2MP) (dist(x E ) + p) xeI\E. 

- (4.8) 

(4.9) 

(4.10) 

(4.11) 

Proof. Let us prove (4.11). For every x G I\ E, among all numbers j : I3- C E we choose 
the number j* such that \x - Xj.\ = mm \x - Xj\ (if there are two such numbers, we 

jJjCE 

take the largest of them). Apply ing (2.27) and (2.17) we write 

\K{x;E)\>B12<p{p) P_ 
\x — Xj. | + p n ( ^ . ) 

x £f\ E. (4.12) 

F i x i = l,s - 1 and notice that for x G 0 ; the inequality 

x - IJi 

Xj ~ Vi 
> c19Kn(x)- j G W, 

\X - Xj \ + p 

holds. Now we collect together (4.12), (2.11) and (4.13), apply the estimate 

\x - Xj.\ + p< 6(d\st(x, E) + p), x£l\E 

and find (4.11). 
The estimate (4.10) follows from (2.26) and the choice of 6X (f^ = 6ks), namely 

(4.13) 

\K(x;E)\< c20p<p(p) YI 
hj 

Xj\ + P f \\X - Xj\ + p 

2 b ! - B - f c + l 

X 
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< C20P^(P) Y2 
h. 

(\X - Xj \ +p) 
- < 2c20<p(p), x £ I. (4.14) 

Similarly to (4.14) the estimate (4.8) follows from (2.29). The estimate (4.9) follows from 
(2.27). L e m m a 5 is proved. 
5°. L e m m a 6. Let a function g £ H%, an integer j = l , n - 20Jb and the set 

20k 

Jj := I J W 

are given. If among the segments Ij+„ there exist 2k - 1 segments Ii+Vp,0 < vx < u2 < 
...< u2k_y < 20k, such that for each p = 0, 2k - 1 a point xj+Vp can he found for which 

\g (xj+,p) \ < <P (pn (xj+Vp)), 

then for any x £ J3 lue have 
VAx)\ < c21<p{p). 

L e m m a 6 can be proved using the Whitney 's inequality [18], [19]. 
The following inequality wil l be quoted. 

mesJj < c22p, x £ Jj. 

P u t 
f 2C 8 (C , , + l ) 4 * . + t + - l U4bl + k+s-lCs } 

M = max < — , , 1 > 
B2\ B21 

and 
A = m a x { 2 c s + M 5 2 0 , 1} . 

Everywhere below y(t) := tu(t). 
Definition 1. We shall write j £ Vu if 

(5.1) 

for each x £ Ij; 

for each x £ Ij; 

\f'(x)\ < Ac2M.p) 

J £ V2 ifj$VuOn IJ I3+u = 0 and 
i/ = - 3 

\f\x)\ > A<p{p) 

j G V3, i f j £ V\ U V2. P u t 

E1 : = ( J Ij, E2 := \J Ij, E3 := ( J Ir 

The set E3 (if it is not empty ) consists of nonintersecting segment [av,bu] C / . 
L e m m a 7. Every from nonintersecting segments [a„,bv], constituting the set E3, consists 
of no more then 20k segments. Other words, if j £ V3, then among the numbers j,j + 

+ 20k there are at least one number j° such that j° # V3. 
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L e m m a 7 follows from lemma 6. 
Henceforth we shall assume that E2 f 0, else theorem 1' wold follow from the lemmas 

7 and 3. 
Let j G V3. We denote by [a„ ( j ) , b„U)] - that of nonintersecting segments [av,b„], 

constituting the set E3, which contains the segment Ir 

Definition 1'. We shall write j G V3il, i f J E V3 and Ex n [ a „ ( i ) , 6 „ W ) ] ^ 0. Denote 

F 3 , 2 : = F 3 \ V3i!, F 4 : = F 3 , x U Vx, Vs :=V3>2UV2; 

E3ii:= ( J /,-, £ 3 , 2 : = ( J J i ' E4:= E3AUEU E5 := E3i2 U E2. 

We shall write j G V 6 , if j G K, and Ij n £ 5 / 0. P u t 

£e = U A -

We shall write j G V 7 , i f j G V 4 \ F 6 and ̂  fl £ 6 / 0. P u t 

£ 7 = U J i -

F ina l ly , we shall write j G F s , i f j G V 4 \ ( F 6 U V7) and Ij D E7 ^ 0. P u t 

= U A 

For every j = T7n we define the function 

The derivative f'(x) we represent as a sum of a litlefunction 5 l = gx{x) and a large-
function g2 = g2(x) as follows. 

Definition 2. We put gv{x) = 0 for 1 G £ 5 U E6; gx = / ' (a;) , for x £ E4\ (E6 U £ 7 ) . 

For .x- G i , - w i th j G V- we put := 0, when (j + 1) G F 6 and (j - 1) G V6; gx(x) := 
(1 - ^ ( x ) ) / ' ( x ) , when ( j + 1)0 T/6; ^ ( x ) = ,S;-(x)/ '(x), when (j - 1) 0 F 6 . 

Set g2(x) := / ' ( x ) - fll(x), 

X X 

Mx) : = / ( - 1 ) + Jgi(y)dy, f2(x) := | f l 2 ( » ) d y , 

( that is / ( x ) = / 1 ( x ) + ./ 2(x).) 
L e m m a 8. The following inequalities are valid 

\(Jx(x)\ < AMP)> X G i\ (5-3) 
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M92\t;I)<AMt), t>0. (5.4) 

The first inequality of L e m m a 8 can be proved using Whitney ' s inequality [18], [19] and 
L e m m a 6. The second can be shown as in [20]. 

P r o o f of the theorem T . 

6°. We choose the number nx such , that conditions 

A2c9 < c8, (6.1) 

65*bi+*+-iC8A2 ^"'^'^ < MB2l, x £ I (6.2) 

are fulfiled. For this purpose it is sufficient to take n = A3n, where 

A = n ] , J [ ^ £ i + 1 l l ^ ^ - ' c s A , ]\ 
3 C" \ [ c8 J ' [ MB21 J j ' 

We denote by 

QnAx; f2) := Qni(x; f2) + MUn(x; E2) 

the sum of polinomials, defined in lemmas 4 and 5. The inequality 

|/2(*) - Q n i ( a ; ; h)\ < c23p2w(p), x G / (6.3) 

follows from (4.1) and (4.8). 
W i t h the help of lemmas 4, 5, 8 and 7 we shall prove the estimate 

Q'ni(x; f2)U(x) = (Q'ni(x; f2) - fi(x) + MU^x; E2)) IT(.r) + ti(x)Il(x) > 0, x G / . 
(6.4) 

We notice, that the inequality 

f2{x)E(x) > 0,x G / . (6.5) 

follows directly from the function's / , definition. 
To prove (6.4) we consider four cases. 

1) Let x G E2 . B y the construction, the sets E2 and E9 := U / , - , where j $ V2, IjDE2 £ 0, 
doesn't contain any point V i , i = l,s - 1, therefore here Kn(x) = Kni(x) = 1. Besides, 
from the definitions 2 and 1 it is seen that the function ft(x) is largeon the set E2, namely 
|/'(a-)| > Apu(p). Hense, for the validity of (6.4) it is sufficient in accordance wi th (4.2), 
(4.10) and (5.4) to verify the inequality 

pni(x) (csuk-x (f^PnAx); [x - S,x + 8}nl) + A2c9 ( ^ ~ ) "0>»i(*))) 

+MB20pu(p) < Apu(p), 
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being satisfied for some S, say equel to p. It is not difficult, as the numbers nx and A are 
choosen respectively. 
2) Let x e £ 3 , 2 = E5 \ E2. Sinse (4.9) is valid, so it is sufficient to prove the inequality 

\Q'nX*\/2) - /2 (z)| < M\U'Jx; E2)\ . (6.6) 

Let 6 = d i s t ( z , £ 7 ) . Let us now make use of (4.2), (4.11) and taking into account 
(5.4) write 

C s + / l 2 C 9 ( d i s t ( ^ 7 ) j J M s M / v C * ) ) * ^ * ) 

< MB.nPu(P) ( , , ' , ) KJx). (6.7) 
\dist( .T, E2) + pj 

From the definition of the set £ 3 , 2 , l emma 7 and (5.1) it is seen , that dist (a ; ,£ 2 ) < c22p. 
Besides, for all x e / and nL > n the inequality 

PnAx)Kn,(x) < pKn(x)- (6-8) 

is true. It follows from this that the choosen m and M supply the validity of (6.7) and 
hence (6.6). 
3) Let x 6 £ 4 \ (E6 U E7 U i ? 8 ) . Similary to 2) we have to show that the inequality (6.6) 
is valid. Take 6 = distf .t . E7). Taking in to account (4.2), (5.4), (4.11) and equality 
f'2{x) = Q we write 

< MB,IPLO(P) . 4 , A'„(ar). 
Vdist(.T, A 2 ) + p J 

In accordance wi th (6.8) and the choice of r and 6X 

/ p„ (.r) \ 4 t n + k + s / # ^ 4 6 ! + * + 5 - i 
I - ' 

M J C T J £ U B " Km*. • ( M ) 

Notice, that 14dist(a:,£ 7 ) > dist(ar, E2) + /9. Therefore by virtue of (6.1) 

144* .+*+« - i C 8 < M 5 2 1 . 

Th is inequality follows from the choice of the number M , therefore the estimate (6.6) is 
true. 
4) F ina l ly let x G E6 U E7 U Es. We take 6 = 0 0 . In this case (6.6) follows from (4.2), 
(4.11), (5.4), (6.2) and equality Kn(x) = A ' n i (a ; ) = 1. 

Thus the estimate (6.4) is valid for all x 6 / . This with l emma 3 and (6.3) mean that 
the polynomial 

Ptll(x) := g „ I ( x - ; / 2 ) + G n ( x ; / 1 ) 
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of degree < m a x { j 4 3 , 5} 25ksn is desired in theorem 1/. Theorem 1' is proved. 

T h e proof of the theorem 2. 

It follows from the theorem 1', that it is sufficient to investigate only the case n = k + 1. 
Let us cosider two situations. 

1) s > k. Sinse f'{yi) = 0 for al l i = TTfc, then L{x; /') := L (x; /'; yu..., yk) = 0 where 
L (.T; / ' ; V l , . . . , yk) - the Lagrange polynomial of degree < k - 1, which interpolates the 
function f'(x) at the points iM,i = l,k. We denote [yu ... ,yk+2,x; f] - is the _divided 
difference of k - t h order of the function / ' associeted with the points yu i = J^k. B y 
[1, p.56] we have 

\f'(x)\ = \[y1....,yk,x-J']\U\x-yi\ < C l ( y ) a ; ( l ) 

i = i 

( c , : ( F ) - constants depending of Y). Therefore the polynomial Pk = / ( - 1 ) is desired in 
this theorem. 
2) Let s < k. To the collection of points y i , i = T^s let us add (k - s + 1) equdistant 
points i = yt> ys+1 > . . . > yk+i =-y,-!. Taking in to account that / 6 W^^by [1, 
p.56] 

* 

\f'(x) - L (x; /'; yu. ..,yk)\ < ^ (^ (1 )11^ - Vi\ < c3(Y)u(l). 
i = l 

We put 
x 

Pk{x):= / ( - ! ) + J (L(u:f';yl....,yk) + c2(Y)u(l)Il(u))du 

» - i 
and note, that /V(.r) 11(./•) > 0. Theorem 2 is proved. 

The authors are very indebted to prof. J .Gi lewicz for his important remarks and 
interest for this paper. 
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