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In terms of the zeros distribution, a class of Naftalevich-Tsuji products 7 defined by the con-
, , . , і й(!п+ Mïï[r)) , . , . , . , vergence of the integral J -г-.—у, is described, where a and д are positive continuous 

о P ( l / l l - r ) ) 
increasing to -j-oo functions. 

Ю. M. Галь, О. M. Мулява, M. H. Шеремета. О принадлежности произведший Нафтале-
вича-Цудзи к обобщенному классу сходимости Ц Математичні Студії. - 2003. - T. 19, -V'l. 
- С.45-54. 

В терминах распределения нулей описан класс произведений Нафталевича-Оудэи .т. 
' aQiî4 M„(r)) . определенный сходимостью интеграла J гт-ar, где аир — положительные 

непрерывные возрастающие к +оо функции. 

1 . I n t r o d u c t i o n . For an a n a l y t i c in D r = {г : \z\ < R}, 0 < R < + o c . f u n c t i o n / let 
Mf(r) = ш а х { | / ( д ) [ : \z\ = г < R}, a n d le t Zk b e t h e zeros of / ly ing in D r . G . Val i ron 
[1] d e f i n e d for en t i re func t ions (R - - f e e ) of o rde r q Є (0. - f co ) t h e conve rgence class by 
t h e c o n d i t i o n In М;{т)г~е~1 dr < - f o e a n d proved t h a t if / belongs to this c o n v e r g e n c e 
class t h e n YlkLi < If ^ is a n o n i n t e g e r n u m b e r then t h e last cond i t i on is also 
su f f i c ien t in order t ha t / belongs t o t h e conve rgence class. 

Let і b e a class of pos i t ive c o n t i n u o u s increas ing to + 0 0 func t ions on [го. - f e e ) . For 
c a n o n i c a l p r o d u c t s of infini te o r d e r in [2] t h e following t h e o r e m is proved. 

T h e o r e m A . Lei a continuously djfferentizble /"unction а Є L be such that 
а ' ( г ) г 1 п a; In In X = 0 ( 1 ) as x —> + c c , is a nonincreasing function on [xq, - f o e ) 
a n d a'{x - I ) e a < r - » = О ( а ' (я )е а < г >) as x + c o . 

In order thar, a canonical product ?r(r) £ ( г / г * и [In n]) belongs to the convergence 

a-class (i.e. J exp{ot(ln A / / ( r ) ) } r - * - 1 dr < - f s c j it is necessary and sufficient thai 

E 
а ' (л ' ) е х р { а ( А ) } 

< - f o c . 
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We remark t h a t in t he proof of Theorem A in [2] the condi t ion iim In n ( r ) / l n r > 0 is 
I—»-TOO 

used, where n ( r ) = ^ C 0 U I l t i n g func t ion of t h e sequence (г*), but this condit ion 
is unnecessary. 

The fol lowing theorem is proved in [3]. 

T h e o r e m B . Let а Є L. 3 G L, и Є L. a ( r 2 ) = 0 (<г(г ) ) a n d 3{ 2x) - 0(ß{x)) а и - » + o o , 
30 dx 
f •. < + 0 0 a ad In n(r) ~ w(r ) In r as r —)• + c c . 
XO r*\x) 

In order t h a t a canonical product ir(z) — E(z/zn, [2w(|zn | ) j) belongs to the con-
vergence aß-class, i.e. 

/ a(ln Mj{r)) 
rd{In r ) 

dr < +00. 

i t is necessarv and sufficient that 

£ > ( * ) - a ( k - l ) ) B ( l n < + o c , 
k=)io 

where B[x) = f dt 
ß(ty 

Here we o b t a i n analogues of Theo rem A and В for Nai ta levich-Tsuj i canonical products . 
So, let (ofe) b e a sequence of numbers from D = D>t such tha t < — 

\ак\У — +CC a n d ^ j j l j (1 — | a* | ) ' , + l < oc. Studying a factor izat ion of meromorphic funct ions 
in D, A. G. Naf ta lev ich [4-5] and M. Tsuj i [6] cons t ruc ted a n d used the following canonical 
p roduc t 

1 - K l * 
1 - a k 

P (1 ) 

where 
f и E(u, p) = (1 - u) exp < и + — + 

и" • + — 

P 

is a p r ima ry Weiers t rass f ac to r . P roduc t (1) is absolute ly and uniformly convergent on 
each compac t se t f rom В and , thus , я- is an analyt ic func t ion in D>. A. G . Naftalevich [5) 
proved t h a t if p is a noninteger number then product (1) belongs to a convergence class (i.e. 
/0 (1 — r)"~iT(r,n)dr < +CO, where Т(г,тг) is t h e Nevanl inna characterist ic) if and only if 

Е Г - і ( і - M У < + « • 
We cons t ruc t Naf ta lev ich-Tsuj i products which belong to a generalized convergence class 

in the case w h e n ~ Іа*І)* — + 0 0 for each p 6 N. 

2 . A u x i l i a r y r e s u l t s . We use the Dirichlet series theory. Let 0 < A„ / • <x (n - r oo) 
and a Dirichlet series 

F(a) = anexp{cr\„) (a„ > 0) (2) 
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P r o p o s i t i o n 4 . Let In re(r) ~ и„•(?•) !n — , г f 1, where ui is a positive continuous decreasing 
function on [0, 1). If pic = 2[a>(jz*|)] then there exist constants A ; > î але/ Л*3 > 1 such that 
for canonical product (3) 

In In M„{t) < A ' 3 ln n ( l - (1 - r f / K i ) . (14) 

Proof. Clearly, condi t ion (5) holds and for Dir ichlet series (2) with a„ = ( А ' і ( 1 - | г „ ] ) ) р " + І we 
have lim ("/"„> = q- Therefore, by L e m m a 1 f r o m (4) we ob ta in In Mr(r) S er — 

In By L e m m a 2, In < aAi,(<r) for grea ter v. As in the proof of Proposi t ion 3, 
\Ы«)\ < 1 - l / ( A ' i e " ) and, thus , 

А » < Р » + 1 < М Ы ' ) \ ) + 1 ^ M 1 - U ( K i é ' ) + 1 < , f „ In u ( l - l / ( A ' i e " ) ) . 
О* + In ftj 

Therefore , 

1 
In In MT{r) < In A'e + In M 31n 

1 — T 

< In K<j + 3 i n — - І А ^ е х р і З Ь ( 1 / ( 1 - , ) ) } ) 
1 — г In (1 / (1 - г)) + In At 

< In А'б -г 3 In u(l — (1 — г ) 3 /A ' i ) , 

whence (13) follows. 

3 . M a i n r e s u l t s . F i r s t , we consider the case when p* = [In к]. 

T h e o r e m 1. Let а Є I and ,3 Є L be continuosly differentiable functions such that 

. л и , _ . , „ 
a ( J z I n x l n In I = 0 ( 1 ) , f g x » 0 ( 1 ) , , - + 0 0 and J ^ < +CC. 

Id order that product (3) with j>k — [In belongs to the convergence aß-class it is 
necessary and sufficient that its zeros satisfy condition (9). 

Proof. From the condi t ions on a and ß it follows t h a t a and ß satisfy the condit ions of 
Proposi t ion 1. The re fo re , in view of Proposi t ions 1 and 2. we need to prove only t ha t (7) 
implies (6). 

From (10) we ob t a in 

In In M - ( r ) < Л'з In n ( R ) In ———, 
I — 7" 

where R = 1 — (1 — r ) / K i - We put exp,, .r = e x p { e r ) . T h e n in view of the condi t ion 
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zTh tn X = 0 ( 1 ) , x - 4 +00 , we have 

i ( ln Л/Г(г)) = o:(exp.2{ln In In M*{r)}) < 

K-2 • ln ln г + І П ln n ( Ä ) j j < a ^exp ? j l n А'з 

о ^exp , / з m a x j l n In In In n ( Ä ) | | j < 

< K 6 max j a ( д ^ : ) • <*(n(Ä)) j < 

• а ( п ( й ) ) ) . < А в І а 

°° a(x)dx ß'M 
There fo re , in view of the condit ions f —r—— < t o o and , x = 0 ( 1 ) , 

І xl3(x) 3{x) 
ob ta in 

X —> -j-CC, we 

f a ( l r 

i f l - r)jl 

a f i n M~(r)) 

)j9(1/(1 - r)) 
dr < Ii- + К 

= к 4. к f <*HR))dR 
7 + "J K,(l-R)ß(\/(K2(l-

а ( п ( Я ) ) 
) . ö ( l / ( l - r ) ) 

dr = 

Яо 
Ä))) 

< А? + A's f a{n{R))dR 
j [1 - R)ß(l/(\ - R)Y 
R5 

whence it follows t h a t (7) implies (6). T h e o r e m 1 is proved. 

If we choose ß(x) = xe, о > 0, then B(x) = i/{gxe) and from Theorem 2 we ob ta in 

• 

a'(x) 
C o r o l l a r y 1. Let а Є L be a continuosly differentiable function, a l n z l n In x = 0 ( 1 ) 

or(i) 
(x —> + o o ) . T h e n for product (3) with pk = [In 

^J(1 - r ) ? - L a ( l n Mn(r))dr < + 0 0 j ^ ( j L ( Q M - а ( л - 1))(1 - |z n | )« < + o o 

T h e func t ion a ( x ) = In x does not sat isfy t he condit ion of Corollary 1. However, t he 
following result is t rue . 

T h e o r e m 2. For product (3) with p^ = [ln 

- r)"-1 ln In M„{r)dr < +coj 
\n=n0 
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Proof. From (10) we obtain 

і _ 1 І-(1-г)/Л'г 

J a - г ) ' - ' in In M.(r)dr < ~ J J ~ ~ dt d(-( 1 - r )« ) < 

Го го О 
1 

< Ä4 + Ks J ( І - Г)ЄIn n ( l - (1 - r)/K7)dT = 

ro 
1 

= A'6 + Kr J {I - r)'~l In n(r)dr 

and, thus, (7) implies (6). In view of Proposit ions 1 and 2, Theorem 2 is proved. • 

Now, we examine the case when In n ( r ) ~ w(r) In —-—, r t 1. The following theorem is 
1 — r 

t rue. 

T h e o r e m 3. Let In rc(r) ~ uj(r) In —-—, г "f 1, where и is a positive continuous decreasing 
1 — r 

function on [0, 1). Let e £ i and ß Є L be continuously differentiable functions such chat 
a'(x) , ' ß'(x) °5a(x)dx 
—;——Xm X — C i l ) . .,, . i m X ' O l l ) a s x —>• + o c a n d | ———г < + o o . 
a{x) ß(x) xß{x) 

In order that product (3) with pi- — 2[up(|si,|)] belongs to the convergence aß-class it is 
necessary and sufficient that its zeros satisfy condition (9). 

q!{X) 
Proof. In view of the condition ; : xIn x = 0 ( 1 ) , .r +oo. from (1-3) we obtain 

a(x) 

a( ln M r ( r ) ) < K\a{n{\ - (1 - r f / K 2 ) ) 

в'іх) 
and in view of the condition x In x = 0 ( 1 ) (г —• +oo), we have 

ß{x) 
f «(In MT(r)) ^ f 

У (1 - r)ß(l/(l - r ) ) - A s / ( l 3 
n Ho 

a(n(R)) 
R)ß(l/(Ki(l - Я)1/3) 

dr < 

Яо 

a(n(R)) 
R)ß( 1 / (1 - R))dr' 

tha t is (7) implies (6). In view of Propositions 1 and 2, Theorem 3 is proved. • 

R E F E R E N C E S 

1. Valiron G. General theory of integral functions. - Toulouse, 1923. - 382 pp. 
2. Галь 10. M., Мулява 0. M., Шеремета M. M. ГІро належність цілих функції до узагальненого 

класу збіжності // Укр. мат. ж. - 2002. - Т.54. -^'4. - С. 439-446. 



5-і V U . M. G A L ' . 0 . M. M ULYAVA. M. M. S H E R E M E T A 

3. Мул ява О. M., Шеремета. M. M. Лрс> належність канонічних добутків до узагальненого класу 
збіжності / / Вісник ЛНУ. - 2001. - Вип.59. - С. 57-60. 

4. Нафталеви-ч А. Г. Об интерполировании функций, мероморфншт s единичном круге / / ДАН СССР. 
- 1353. - T.88, № . - C.205-208. 

5. Нафталевич A. Г. Об интерполирований функций, мероморфных о единичном круге Ц Л и т . мат . 
сб - 1961. - T . Ï . №1-2 . - С . Ш - 1 8 0 . 

6. Tsuji M. Canonical products for a meromorphic function in a unii disk / / J. Math. Soc. J a p . - 1956. -
V. 8, » 1 . - P.7-21. 

7. Пьяны.то Я. Д., Шеремета M. M. О росте целых функций^ представленных рядами Дирихле // 
Известия вузов. Математика , - 1975. - №10, - С. 91-93, 

8. Шеремета M. М . Цілі ряди Діріхле. - К.: ІСДО, 1993. - 168 с. 

9. Леонтьев А. Ф. Ряды экспонент. - М,: Наука, 1976. - 535 с. 

10. Левин Б . Я. Распределение корней целых функций. - М.: Гостехиздат, 1956. - 632 с. 

Insti tute of Physics and Mathematics. Drohobych State Pedagogical University 

Faculty of Mechanics and Mathematics, Lviv National University 

Received 17.09.S002 


