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In terms of the zeros distributicn, a class of Naftalevich-Tsuji produces « defined by the con-

1 +
vergence of the integral [ ailn’ Mx{rl)

o A(1/(1-1))

increasing to +oo functions.

dr is described, where @ and 7 are positive continuous

0. M. Taaw, O. M. Myasna, M. H. Hlepemeta. O npunadaesnocmu npoussedonut Hadmaae-
suua-Lydau x oboduennony xaaccy cxodunocmu ff Maremaruyui Cryail. - 2003, - T.19, Nel.
- C.45-34.

B Tepvurax pacnpejexesus dyneil omicar xazcc npouapeseuui Hadraresnua-Iyzan 7.
Lo(ld™ M. (r))

OTIPE/eCHH B CXOAMMOCTRIO HHTErpaila
I 307a=r)

HenpepuBiihie BO3pacTalMie K +00 OYNKUHK.

dr, rae « 1 g — noJI0KuTeILHBE

1. Introduction. For an analytic in ©g = {z : |zl < R}, 0 < R < +oc, function f let
M(r) = max{|f(z)| : 12| = 7 < R}, and let z; be the zeros of { lying in Dp. G. Valiron
[1} defined for entire functions (R = +oc) of order ¢ € (0, +cc) the convergence class by
the condition [ la M;(r)r~¢~ dr < +oo and proved that if f belongs to this convergence
class then 7, {zk|™% < +oo. If p is a noninteger number then the last condition is also
sufficient in order that f belongs to the convergence class.

Let L be a class of positive continuous increasing to +oc functions on [z, +oc). For
canonical products of infinite order in [2] the following theorem is proved.

Theorem A. Let a continuously differentiable function « € L be such that
d(z)zln zlnln z = O(1) as z — 4oo, &/(z)e*®) is 2 nonincreasing function on {zq, +00)
and o(z — 1)e*=1 = O (& (z)e*®) as z — +c0.

In order that a canonical producé 7(z) = [[or, £(3/ 2, {In n]) belongs to the convergence

> ]
o-class (i.e. Jexp{alln M (r))}r 2"t dr < +:~c> it is necessary and sufficient thai
a

i a'{kyexp{o(h)} _ -
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We remark that in the proof of Theorem A in {2] the condition ln la n(r)flnr>0is

used, where n(r} = ZluKr 1 is the counting function of the sequence (_zk), but this condition
18 unrecessary. - ‘

The following theorem is proved in {3].
Theorem B. Let e € L, 3 € L,w € L. a(z?) = O(a(z)) and 3(2z) = O(3(z)) as ¢ — +o0,
% dz
J —— < +o0 andln n{r) ~ w(r)ln r as r = +oc.
= B(7)

In order that a canonical product 7(z) = [[22, E(2/zx, [2w(|2:l}]} belongs to the con-
vergence afi-class, i.e.

dr < 400,

7&([:} My(r))
r3(ln r)

To

it ig necessarv and sufficient that

> {alk) = a(k = 1))B{ln |z]) < +o,
=ko
where B(z) = .ofo;(%

Here we obtain analogues of Theorem A and B for Naftalevich-Tsuji canonical product‘.a.

So, let (ax) be a sequence of numbers from D = Dy such that lae] € lapsl, Soaeg (1 =
|ar])? = +cc and 372 {1 —~|ai])P*! < oc. Studying a factorization of meromorphic furctxons
in D, A. G. Naftalevich [4-5] and M. Tsuji {6] constructed and used the following canonical
product

~—

= 1 — oy f?
o=115(5r 7). 0
where
u? u?
E(u, p) =(1—U)e><p{u+—9-+~-+;}

is a primary Weierstrass factor. Product (1) is absolutely and uniformly convergent on
each compact set from DD and, thus, 7 is an analytic function in D. A. G. Naftalevich [3]
proved that if p is a noninteger number then product {1) belongs to a convergence class (i.e.
fol(l — )¢ P (r,m)dr < 4-c0, where T{r,7) is the Nevanlinna characteristic) if and only if
Yo (1= lak])? < +oo.

We construct Naftalevich-Tsuji products which belong to a generalized convergence class
in the case when 3 5o (1 — |ax])” = +oc for each pe N.

2. Auxiliary results. We use the Dirichlet scrics theory. Let 0 < A, / oo (n — o0)
and a Dirichlet series

Flo) = ianexp{a/\n} (an > 0) (2)

n=]
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be convergent for all o € R. Let g{o) = max{a,exp{oA,} : n > 1} be the maximal term
and v(c) = max{n : a,exp{gA.} = u(c)} be the central index of series {2). The following
lemma is well known {7; 8, p. 23] in the case « \'hen An T oo (n = oc). In virtue of simplicity
we give its proof.

Lemma 1. If rh_:r; ﬁ#—j = h < 1, then F(o) £ K{¢)u (i_—:—_—s) for every
£ &€ (0,1 —h) and all ¢ > oo(e), where () = const > 0.
Proof. Since 3.2 a.exp{oA,} is convergent for all o € R, we have &, In — — +oc (n =
n dn
oc). We put
1
N = {n —:ln = < l—z~s} and
il 1 o
Ny = e e
- {n /\nln Un > l—h—e}

Then

oA E)TAn :
Flo)= E @5 e\p{ }exp{ ———————Lh +;W - } + E an expf{oi,} <
i-h—c¢

neNy nENz
- S!t<-1—j_—%-_—::>n;1exp{ (l—h):\s“ - )ln;l:}-;
+,,;, anexp{ ,\hn_iln 21;} <
<7 (1 5 ) iexp{ (h+e)ln —;}.
Since In 7 € (h+2/2)In (1/a,), n > no(e), we obtain the required inequality. 0

Lemma 2. For all o > oy

g

In po) =1In p(oo) + ]/\»(t)dt

70
In the case when A, T oo (n — co) Lemma 2 is well known {9, p. 184; 8, p. 17]. For the
case when A, /' co(n — 20) its proof is the same as in [3].
We need also the following
Lemma 3. (10, p.18] The inequality

lalE(z,p)| < 3e(2 +In p)izl™* /(1 + |z])

holds for all z € C.
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Now, let z, € I, 0 < {2] A L{k = oo} and (p) be a sequence of positive integers,
1 < pi S ook — oo). Consider the canonical product

m(z) = HE( = O ) sl =rei, 1) . (3)

-7z

In view of Lemma 3

In jm(2)} = Zln !E ( ‘,kj Pk>

(= L = e
< 236(2 +ln Pk) e )ZkP)/H "Ekzi < (4)
0o I\l(l = lzﬁ ) Pl et Kl = %Zki) px+l § )
Zl( 1 —Zez| ) S?;(T) . Ky > 1. (5)

Here and further by K; we denote positive constants.
It is easv to see that if
Pk 1
lim —ln ——=>1 6
AL T= ®
then the last series in (4) is convergent and, thus, = is an analytic function in D. Condition
{5) holds if, for example, px = [In &}.
For o € L and B € L we say that 7 belongs to the convergence af-class if

-

j afln ML(r))
(1=r)8(1/(1—r))

TG

Proposition 1. Leta € L, § € L, o(z?) = O{a(z)) and 3(2z) = O(B(z)) as ¢ — +co and

dr < +co. {(7)

zfoo;(g():; < +oo. Then (6) implies
a(n(r))
dr < 4oc0. 8
J T <t &
Proof. Indeed, by the Jensen inequality
{1+r}/2 (1+r)/2
by, (1 ‘2”) > / ﬁ(tﬁdt+1n I=(0)] 2 / ?i:—)dtHn (0] >
0 r
5 ( ) {1+r)/2 1
nir e 4 ,
>0 [ s 0 = 15 0n0) + I ()

that is

n(r) < 1 i7 in M. (1 :- r) , 1€ [ro, 1).

<
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Therefore, in view of the condition a{z?) = O(a

afnfr)) =a (exp {In 7 :

<n (exp {'Zmax {ln C
l—r
2 3

< Kpo | exp< max<ln T
= Ky max {a (1
S 1{2 (a (

(z)) (z = +oc) we have
)
1)

}
Uik
)}

|+

A

+1n in M, (

5 &

. Inln M, (

_,l\.)
IA

., Inln M. (

(5

). ol

L)oo (52).

Since a(3z) = O(a(z)) (z — +oc), the condition f ,3(( ) dz < 400 implies
[ __e3/(1-7))
o{3/(1 -1 _
/ - na@ra - <t
Clearly, N "

1

/ aflln MA{(1+r)/2
‘l-—r),@\l/l—r

o

Therefore, in view of the condition and #(2z) =

—~
~1

Proposition 2. Leta € L, 8€ L, |

if and only if

=]

n=ng

Proof. Indeed,

/‘ a(n(r))
J (1»~r)ﬁ(l/(l—

'
Zz,
o [zn41t

/ a(ln Ma(r))
(1-m3801/201-1)

{1+rg)/2

° afz)dz
1 26@ < +oc and B{z) = fiﬂ(t
Z (a(n) —aln-1))B (I——}‘[’Z{) < foc.
{zns1! ( )
7‘"[(3'1‘2 / 1—rﬂ{1/1~—r))dr=

n=ng |2n

L/ (i=jzas:l)

= K3+ Yy afn) / i

=g ]~
in

dr - -
7‘),3(1/(1 - 7)) = A"J Ll Z CY(I'L) /

d -
18(t)

=t 1/{1=1zn])

49

(9}

O(B(z)) (z = +0), {6) and (8) imply

a

Then (6) holds

(10)
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-+ 3ot (8 (=) - (1)) -
= K, + i((x(n) —a(n~1))B (1 : ) g

11
~ 1Znj
n=ng

)

Proposition 3. If p, = [In k] then there exist consiants Ky > 1 and K3 > 1 such that for
canonical product {3)

1—(1-.-)/1«'2l
t
In ln Ma{r) < K 3‘;—’}(7)&. (1)
J 1
1 .
Proof. We put ¢ =1In - (4)
-
In Mo(r) 3 (K11~ [za])e” )04 =
n=1

Il
gk

{A'I(l .3 ’:“;)ea+l+n)[ln n]+le—(1+n)([ln al+1) <

3
Il
-

I/\

- X (
o+l )Z (l+"1)|n'n< - ulo +1+1), (12)

where u(e) is the maximal term of Dirichlet series (2) with an = (K;(1 = |z,]))f #*!, Since

#(0) = 400, 0 — 400, for central index of this series we have Kl(l ~ |2u(oy|)e” > 1 that is
2oyt £ 1= 1/(K€%), whence v{c) € n(l — 1/(K,e°)). Therefore, by Lemma 2

In u{o) <ln p(0) + /(ln v(t) +1)dt <In u(0) + /(ln n(l = 1/(K:e)) + 1)dt <
o 0

1~1/(Ke%)

<o w(0) + In n(t) +1

. (13)

From (11) and (12) we obtain

lnlnlW,(r)Slnp(ln s . r+1+,,> Hn_f_fn_as
K l-(L«-r)/(K\EH‘n)l '

Sl i & / na)+1,
7 1ot :

whence (10] follows.

[
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Proposition 4. Letln n(r) ~w{r}ln =, r T 1, wherew is a positive continnous decreasing
function on {0, 1). If pr = 2[w(|=«}}] then there exist constants Ky > 1 and K3 > 1 such that

for canonical product (3)
Inln M,(r) € K3ln n{l - (1 = r)*/K,). (14)

Proof. Clearly, condition (5) holds and for Dirichlet series (2) with an = {K1{1—]2,]))7**! we

have lim E%:—, = 1. Therefore, by Lemma 1 from (4) we obtain in M, (r) € Keu(30), 0 =
1=+ n -

In l—i—, By Lemma 2, lo g(c¢) € oA, (o) for greater 0. As in the proof of Proposition 3,

lzye] £1-1/(K1e%) and, thus,

M) € pulo) + 1 € i) +1 € 2(1 = 1/(Kue®) +1 € i ln n(1 = L(Kie?)).

T o+ K
Therefore,
Inln M.(r)<In Ksg+1ing (Iiln 7 ir> <
i 1 lnn(l — (K, exp{3ln(1/(1 —r))})
< In Ay + = -
St e In(1/(1 —r) +1n K, ~
<n Ks+31n o(1 — (1 = r)*/K)),

whence {13) follows. ]

3. Main results. TFirst, we consider the case when px = {ln &].

Theorem 1. Let @ € L and 3 € [ be continuvosly differentiable functions such that

o(z)
alz)

z=0(1), z— +ooand /a(z')d:c

e

3'(z)
B(z)

zln zlnln z = O(1),

28 T

In order that product (3) with py = [ln k] belongs to the convergence aB-class it is
necessary and sufficient that its zeros satisfy condition (9).

Proof. From the conditions on « and § it follows that o and 8 satisfy the conditions of
Proposition 1. Therefore, in view of Propositions 1 and 2, we need to prove only that (7)
implies (6).

From (10) we obtain

In In M.(r) < K3la n(R)In 1!:«_,1':

where R = 1 — (1 — 7)/K,. We put exp,z = exp{e®}. Then in view of the condition
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‘()

zln zla ln o = O(1), £ = +oo. we have
afz)

afln M-(r)) = alexp,{lu ln !n M.(r)

H<
. ’ K
<alexp,¢In K3+inln - -+ In In n(

<a (exp2 {Bmax {ln In 1 ,lndn n( R)}

< Ke max{a (Ti?) : a(n(R))} <
< K <a (l_};) % a(n(R))) .

IA

n}) <
'f)
)

Therefore, in view of the conditions f o < +00 and g (I)x =01}, z = +oo, we
25(z) a()
obtain
1
afln My(r)) . a(n(R)
dr < K7 4 e =
T - = e =
T4 ro
1
. ’ R))dR
= [,7 K o((n(
s “R[ BRI -R) ~ -
1
. a(n(R))dR
< K7+ £ = ;
= SPST J/ (1 - R)3(1/(1 - R))
whence it follows that (7) implies (6). Theorem 1 is proved. G

If we choose 3(z) = =2, ¢ > 0, then B(z) = 1/{pz?) and from Theorem 2 we obtain

Corollary 1. Let a € L be a continuosly differentiable function, Z((:r))xln zln In z = 0(1)

{(z -~ +00). Then for product (3) with px = {In k]

| (, (1 =rta(la M. (r))dr < +oo) (Z (a(n) —a(n =)L — 2]} < +oo> g

n=ng

The function «(z) = In « does not satisfy the condition of Corollary 1. However, the
following result is true.

Theorem 2. For product (3} with pr = {In k]

1 = ;
(/(1 =7 n dn M {r)dr < -’,—oo) = (Z gl—_—rlf—'i)ﬁ < +oc) g

ro n=ng
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Preof. From (10} we obtain

1 ={1-r)/ Ko

1 :
/(1_r)f-*1n1nM dr<£‘-3-/ / h’” dtd( ~(1—-r)®) <

<K+ Ks /(1 =) a na(l ~ (1 =r)/Ky)dr =

ro
1

= Ks + Kx /(1 — 7 n a(r)dr
]
and, thus, (7) implies (6). In view of Propositions 1 and 2, Theorem 2 is proved. a

ir, r 1 1. The following theorem is

Now, we examine the case when ln n(r) ~ w(r}ln 7

true.

1 . s , :
Theorem 3. Letln n(r) ~ w(r)n i P 1 1, where w is a positive continuous decreasing
function on [0, 1). Let « € L and 3 € L be continuously differentiiable functions such that

a'(z) d'(z) T a(z)dz
Inz=0(1 Inz=0(1 + d < +00.
a()z z=0(),* s )J:Il$ (1) as z — +oc an ,{rd(r) +oo.
In order that product (3) with p. = 2{w{]z.])] belongs to the convergence w3-class it is
necessary and sufficient that its zeros satisfy condition (9).

!

Proof. In view of the condition = (Z}z:ln z = O(1), * = +o0, from (13) we obtain

oz}
a(ln M(r)) < Kqa(n(l — (1 =13/ Ky))
G'(z)

and in view of the condition ‘,3(2:)

zln z = O(1) (z — +00), we have

1 1
afln M. (r)) " a(n(R)) y
m/ =B/~ < ASR[ - RBA/ G0~ S

[ a(n(R)
S 1&5/ (1 — dr,
Ry

R)B(1/(1 - R))

that is (7} implies (6). In view of Propositions 1 and 2, Theorem 3 is proved. a
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