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SYSTEMS UNDER UNCERTAINTY

Abstract: The article considers the problems of synthesis of optimal control systems that operate
in conditions of an uncertain information and are described by generalized equations in partial
derivatives of parabolic type. Control has the form of feedback from the observed measurements for
the implementation of which it is necessary to solve integral-differential equation of Riccati.
Separately built distributed and concentrated limiting regulators and are recursive algorithm for
determining the optimal control regarding changes in the number of observations. There is an
algorithm designed for determining the required number of point regulators and their optimal
location on the border of the field in which the quality criterion does not exceed a specified
threshold.
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Kupoesoepaockuti  nayuouanvuwiti mexHuveckuil yHugsepcumem, Kponusnuykuii,
Ykpauna

OnTumajabHoe YupaBJ€HHC JIMHEeHbIMU AUHAMHAYICCKUMHU pacipeacJa¢cHHbIMHA
CUCTEMAMU B YCJIOBUAX HEONIPCACJICHHOCTH

B CTaThC PacCMOTPCHBI 3agavuu CHHTC3a OIITUMAJIBHOTO YIIpaBJICHUA CUCTCEMaMU,
(I)YHKI_II/IOHI/IpyIOH_II/IMI/I B YCJIOBUAX HCOHpCZ[CHCHHOf/'I I/IH(I)OpMaI_II/II/I " OIIMCBIBAKOTCA O606H_I€HHBIMI/I
YPaBHCHUAMU B YaCTHBIX IMTPOU3BOJHBIX napaGOHqucxoro THIIA. anaBneHHe HUMECT BU O6paTHOﬁ
CBA3U OT Ha6JHOIlaCMLIX HSMCpeHHﬁ, I pealiu3aliii KOTOpOro HCO6X0£[I/IMO pCeUIIUTE UHTETPO-
,I[I/I(I)(I)CPCHI_II/IB.HLHOC YpaBHCHHUEC TUIIA Puxkaru. OTI{CJ’IBHO MMOCTPOCHBI, pacOpCACICHbl U
COCPCAOTOUYCHBI TPCACIILHBIC PETrYyJIATOPBI, a TaKXKC JMPUBCIACH pCKyppCHTHBIﬁ AJIrOPUTM
ONpCACIICHUA ONTHUMAJIBHOTO YIIPABJICHUA TII0 HU3MCHCHHIO YHCIIA Ha6J'IIOI[eHI/II7L Pa3pa60TaH
AJITOPUTM OIIPECACIICHUA HCO6XOI[I/IMOFO KOJIMYECTBA TOYCUYHBIX PETYIITOPOB U HUX ONTHMAJIIBHOC
PacCIoJIOKCHHUEC HAa I'PpaHULC O6J'IaCTI/I, IMIPpU KOTOPBIX KpI/ITepI/II‘;I Ka4CCTBa HEC IMPCBLIIIACT 3aaHHOT'O
MMOpPOTOBOTO 3HAYUCHUA.



KiwueBble cJji0Ba: MHHMMAKCHOe YIpaBiieHHe, ToO4Ye4dHble Ipe/AesibHbIe PeryJsiTopbl,
Co0oseBcKHe POCTPAHCTBA, HepaBeHCTBO Pajtesi, OnimHeiinas popma.

INTRODUCTION

To ensure high quality of systems of regulation, it is necessary to use more precise mathematical
models of control objects that take into account not only the time but also the spatial coordinates
namely systems with distributed parameters. It is necessary to consider the problem of constructing
regulators for the class of systems with distributed parameters of parabolic type, to find a
constructive solution to the problem of minimax synthesis boundary distributed and point control,
also to find algorithm to determine the number and the optimal location of point regulators.

STATEMENT OF THE PROBLEM AND ANALYSIS OF RECENT
RESEARCHES

Tasks of minimax control for systems with lumped parameters are operating under conditions of
uncertainty considered in [1, 2]. Using the methods of perturbation theory in [3, 4] we receive the
solution of these problems for systems with distributed parameters with more general functions of
value. There is conducted further development of the theory of minimax controlling with regard to
systems with distributed parameters described by generalized equations of parabolic type and based
on the ideas expressed in [5, 6].

Consequently, the purpose of research is a synthesis of minimax boundary distributed and point
regulators of the observed variables, determining number and optimal location of point regulators.

The main material research

To formulate correct mathematical formulation of the problem, we enter the following notation: Q ¢
Rn - limited open area with piecewise smooth boundary I'; Q7T ={(x, t): x € Q, 0 <t < T}, ST = {(x,
t):xel,0<¢t<T}, neT;()((s,) I' ) —scalar multiplication in Hilbert space L2(Q) (L2(r)); (*,°) -
Euclidean scalar multiplication; " 7" — operation of transposing; " * " — conjugation operation of
operators; Hk(Q), Hk'k(QT) — Sobolewski spaces [7];

LZ(V,RN)z%f:f [fl,fz,...,fN]T, _[||f(x)||2,v dx<00};r/L(V,H) —  space  of

continuous linear operators acting on a Hilbert space V in the Hilbert space H; A(f) — elliptic

operator of the second order of the form:
0 0
A(t): - | 4 '(xat)_ —da (X,t), (D
,;‘1 ox, | 0x; ‘
where a,(x,t), @, ;(x,t) — functions that are defined in the cylinder and satisfy the following

conditions: a,€C(Q;), a; ;€ C'(Q;), a,>0 almost everywhere in Q,,

Zai’j(x,l‘)éﬁjZaZéiz, a>0 VEeR' almost everywhere in  Q; ofov , —
i1

i,j=l



corresponding to operator A(?) of conormal derivative operator

0 < 0 . . .
9@ _ Z a ; (x,t)%cos(n,xi) , where cos(7i,x;) —i — directional cosine of outer normal 7

ov, im j

to the border I of the area (.

Let the state of the system described by the function ¢(x,#), which satisfies the equation

O ey

(), 7" (e (®))dt = [b(Eu(),n(e)dt +m(f.n(0) Ynt)ed,, @

where W (t) = 0/0t — A(t) ; m(f,n(0)), b(¢;u(t),n(t)) — continuous bilinear forms;
D, — space of "test" functions n(t) by the type of
(OFS {77 : ne&HEN0,), n‘s 0; n(x,T) 0,xe Q} ; uelU — management functions

(U = L,(S,) — for distributed control limit; U = L,(S;;R") — for management concentrated;
f € L,(Q)— unknown functions which belong area

S, ={f:feLy(Q), h(f,/)<1}, 3)
where h( f, f) - symmetric positively defined quadratic form.

Note that by made assumptions for each management © € U solution of equation (2) exists and it
is only in space L,(Q;) [8].

Suppose that at some realization external disturbances f € § £ oceur following dimensions of the

system (2)

z(0) =L @) = (L©.00)). 2() € L,(0.T), i=12,..k, 4
where [(t) € L,(Q;), i=1,2,...,k —linearly independent functions.
The task is to find control u(¢#) in a linear feedback from the observed signals

2(0)=[2,(1), 2,(),,2,(t)] ic. in the form

u(t)=R(0)z(t), R(t)c L(Lz(O,T;R"),U), (5)

which minimizes the following functional in the equation solution (2)

1() =sup| g(@(T),@(T) + [ (Pt @(0),0(1)) +d (t;u(0),u(1)) )d | (6)

JEeSy

There are presented the following notation as q(@(T),(T)), p(t;0(t),p(t)) — symmetrical

integrally defined quadratic forms, d(¢;u(t),u(t)) — symmetric positively defined quadratic form.



Formulated problem will be called optimization task of minimax management, and function

u(t)eU that delivers infimum of functional (6) — minimax optimal control.
Denote by M,B(t),H,Q,P(t),D(t) operators, generated by bilinear and quadratic forms

m(f.m), btu@®)n@®), h(f.f). q@@).eT). pEe@).e®). dEtu).u))

accordingly.

The main results of this work represented as the following theorem

Theorem 1.

A) Solution of minimax control problem (2), (5), (6) and minimax optimal management, that
satisfy the necessary conditions of optimality is determined by the correlation (5) ,where

operator of feedback R(?) satisfies the equation:

O ey

(d(t; ROL(OW (1), 0Ly (1) + DO Ly (1), K (t)y (1)) )dt =0 (7)

vV O(t) € L(L,(Qp:R).U),

where L(¢) e L(L2 (0),L, (QT,Rk)) — operator of type L(t) = <l(t),->, which operates by the

rule L(1)n(t) = <l(t),->1](t) = <l(t),1](t)> ; W(t) — the solution of equation.

O ey g

(w @, On(©)dt = [b(t; ROLEW 0,0 ()t + (L, (V)1(0) ¥ 1(1) € Dy, (8)

(V)€ L,(©2) — own function that corresponds to the maximum eigenvalues A_. (V) of

max max

operator V' = H '"M*K(0)M ; K(t) — self-adjoint positively defined operator that satisfies the

equation:

S —

(K@@, ()¢ (1)) dt +J KNS @.W (6n(0)d Jb(tﬁR(t)L(t)C(t) K(On(®))dt +

+Jb(t;R(t)L(t)77(t),K ()G (1)t + Jd (& R(OL(ON(@), R L()S (2))dt +



T
+_[p(t;77(t),C(t))dt +qm(T1),c(T)) ¥V n(),c(t) e, ©)
0
where @5 {77 ne&HN(0,), n‘s 0, n(x,0) 0, xe Q} :
For all that the value of the functional on the optimal management can be represented in the type:

I(u)=2,

(M =A_ (H'M"K(0)M). (10)

max

B) One of solving of the optimization problem (2), (5), (6), that satisfies the necessary conditions

for optimality is determined by the correlation:

-1
’

uy(£)=Ry(0)z(t).  Ry(t)==D"'(B" KO (0){1(0).I" (1)) (11)

where 1(t) =[1,(0),1,(0),...L, ()] <Z(t),ZT(t)>={<li(t),lj(t)>} ~ matrix of Gramm [S],

k
inj=

K(t) — the solution of the following equation:

S

(K(On(@), W ()¢ (0))dt + J(K(t)C(t),W(t)n(t»dt —q(n(T),¢(T)) =

=-[(BOD 0B K On(®),K(0)S (0))dt + [ ptn,$)dt ¥ n(0),4 (8) € . (12)

The value of criterion on minimax management also is defined by the formula (10), where K(¢) in

this case — is the solution of the equation (12). The proof of the theorem is not given here. We only
note that it is based on the ideas of work and involves the use of Rayleigh roughness and methods
of perturbation theory [10].

Note 1. If disturbances affect the system is not only at the initial time, but also at affect the all-time
of regulation, then the problem discussed above (which was considered above) has no solution.

Note 2. Suppose that bilinear forms b(#;u,77) and d(t;u,u) has a type

o

[ [BCy0urn D vy, U=L,(s,),
rr DVA“

b(t;u,m) =+ (13)

N = ¢
Suo[benZa U= L(SRY)
= ov,.

g idy

[ [Der.y.Dux.Du(y. Ddxdy. i U=L(S).
d(t,u,u)=4 1T (14)

(D(Hu(t),u(?)), if U=L,(S:;RY),




where B(x,y,t), D(x,y,t)eL,(0,T;L,(I')xL,(I')) moreover D(x,y,t) — symmetric

positively defined function; D(f)— symmetrical positively defined matrix which elements belong
to the space L,(0,T); b,(x,t) € Ly(S,) ; (t) = [, (1), 1y ()5t ()] ,(t) € L, (0, T).

Then, using formally second Green's formula, the equation (2) can be interpreted as the boundary

value problem of Dirichlet with the boundary control

5ot | _
D(gf ) = A(D)@(t) i the area Or. (15)

©0)=Mf inthearea Q. @)=B(u(f) inthearea S,

IB(.K,J',fJH(_}‘,f)ﬂ?}‘, if '[’I - ‘[Q(S_T]:

B(u() =1 (16)
> b(x,u (D), i U=L,(S;:R").
i=1

Note 3. If bilinear forms b(t;u,n) and d(¢;u,u)satisfy correlation (13), (14), so the core
K(x,y,t) of an operator K(t) which is the solution of equation (12), formally satisfy the

following integral-differential equation of Riccati type

W =~ A (OK(x,3,0) — A(OK (x,3,0) +
+JJ8K(xa§at) G(é,n,t) aK(yanat) dédn _P(x’y’t) (17)
0 ov
rrT 4 4

with initial and boundary conditions of the type

K(x,y,T)=0(x,y),  (x,y)eQ, xQ;
K(x,y,t)=0, (x,y,t)el’ xQ x(0,7);
K(x,y,t)=0, (x,y,0) €Q xI' x(0,7),

where



[B.enD(EnnB(r.ndedn, i U=Ly(S),
G(x,v.f)=<1T (18)

B' (x.H)D™'()B(y.1). if U=L,(S:;RY),

O(x,y), P(x,y,t), D'(x,y,f) — cores of operators Q, P(t) and D'(t) accordingly;

B(x,t)=[bl(x,t),bz(x,t),...,bN(x,t)]T; indices operators A(t), 0/0v, indicate at which

variable these operators act.

Denote by u" () optimal minimax control (11), obtained at & measurements (4) and consider the

problem of construction recurrent algorithm of definition optimal control of initial optimization
problem relatively the change in the number of observations k& . Solution of this problem is given by

the following theorem.

Theorem 2. The optimal minimax management uk(t ) is determined by the following recurrent

procedure

ut (1) =1 (6) + B\ (OF OV, (O (0) (2,0 = L (G F (e (1)),
u’(t)=0, k=1,2,..,

(19)

where F(1)=-D"'(t)B"()K(t), h_,(t)=(L,t).V,L, () (1)), “+” — an operation of
pseudoinversion operators [10], V() € L (L2 (QT),Lz(QT)) — selfadjoint operator that satisfy the

following recurrent equation

{Vku) =Vt 0= B OV O O, (0, (0),), o0)

V() =E,

where E — the identity operator.

The proof of the theorem is carried out by using formulas of inversion block matrix operators

[7,10].



Note 4. 1f /.(¢), i =1,2,...,k — linearly independent orthonormal in the space L,(£2) system of
functions, namely <Zi (®),1.( ])> =0, , where &, — Kronecker symbol, then the optimal control

satisfies the following recursive equation

{u O =u""' )+ F(O)L()z,(t), k=123, o

u’(¢)=0.
Whereas the effectiveness of management is determined by the quality criterion for this control,

then it is considered in more detail the value of the functional (6) on optimal control (11).

According to Theorem 1 it is determined by the following expression

() = Ao (H MK (0)M), (22)

where the operator K(f) satisfy the equation (12). It is obviously, that to calculate /(u,) in

general is quite difficult as for this purpose we must solve two difficult problems. The first problem
is solving Ricatti equation and the second is determination of the maximum eigenvalue of infinite
measurable operator. Therefore, let us stop on some partial cases where the value is calculated

rather simply.
1.Consider the case of a distributed control limit, namely a case when bilinear form

b(t;u(t),n(¢)) is given by the formula (13) on condition U =L,(S;), in which

B(x,y,t)=b(x)0(x — y), where 6(x—y) — Dirac delta function. Bilinear and quadratic forms

m(f.,n), h(f,[), q(p(T),p(T)), p(t;0,p), d(t;u,u) define by the following way

m(f.m)= [m()fnEdx. h(f.f)=[hG)f*(dx. d(t:p.9) = [ d(xu’ (x.1)dx.

9(p(D),0(1)) = [4(N)g*(x.T)dx.  p(t:0,0) = [ p(x)9* (x,1)dx,

where ¢(x) >0, p(x)=0, h(x)>0, d(x)>0.



Then in the assumption that A(¢) — self-adjoint independent of time ¢ operator, namely

2
A(t)=A= A" can be shown that the value of the functional is equal to [(u,)=max—-k,,

1<i<© .
i

where

ki _ ai_l ‘ui pl.al. _li + th(,uzT) + li|, i = /11-2 + aiqi ’
(pa, — A)th(uT) + p,
m, m(x) ,
h. h 2 ,
o1 o ar, o - [ED 206 4
q; | 5 9(x) rdx)| ov,
D p(x)

In the last formulas marked: th(-) — hyperbolic tangent; A, and @,(x) € L,(£2) — eigenvalues

and corresponding orthonormal in the space L,(2) the eigenfunctions of operator that satisfy the

_ 2 1
quation {(w,.,mﬁ =J{w,n) Y neH (Q)NHQ), .

@,(x)=0,xel’; A, — —co mpu i — .

2. Now let bilinear form b(#;u(t),n(¢)) is determined by the ratio (13), in which the set of

admissible controls U = L,(S,;R"), namely lets consider a case of limit focused controls.

Relatively quadratic forms q(@(T),(T)), p(¢;¢(t),@(t)), d(t;u(t),u(t)) suppose that

g(@(T),o(T) ={q,0(T))", pEt:p0),pt) =0, d(t;u(t),u(t))= PRAGTHOE
where g € L,(Q); d,(t) € L,(0,T), d,(t) >0.

Then, using the results of the work [6,9], it can be shown that the functional value (22) equal to

1(ttg) = Ay (VOO H M “r(0) (M #(0),-)) =v(0) (H "M "r(0), M "F(0)),  (24)

where

v(t) = (1 + J'a(r)dr) ,o(t)= id;(t)<b"(t)’ %”‘ff)> , r(t)= ieﬂf(m) <q960i>60i .(25)



A and @, — eigenvalues and the corresponding eigenfunctions of the operator A that satisfy the
equation (23).

Consider now the point boundary control u(#)eU =1L, (ST;RN). For this in (13) put
b(x,t)=0(x—x;), x,;el', i=12,...,N. Then the equation (2) describes the system with point
boundary controls. We note that this range of functions b,(x,#) allowed under certain restrictions

on the dimension of space QQ C R” and on condition a higher smoothness of "test" functions

11(¢) in (2). In particular it is possible if you put 7 < 3and require that functions 77(¢) belong not

to the space H 2’I(QT) , as it was supposed above, but belong to more sleek space of functions

HY(Qy)

We introduce the following definition
T
. 2
Iy (X5 Xy50,xy) = inf sup <q,q0(T)> +_[Zdi(t)ui (t)dt (26)
uel, (S;R )feSf 0 i=1
and consider the problem of determining a such number of regulators N in the form of feedback

(5) and of their optimum location (xlo ,xg ,...,x](i, ), xio eI’ at which the condition is executed

0 _0 0 :
(X%, nxy)=Inf  J(x,%,,..,Xy) <&, (27)
x;el, i=1,2,...,N

where & > 0 — some pre-set threshold value.
Using Theorem 1 and the ratio (24)(25), there can prove fairness of the following theorem.
Theorem 3. The number of regulators by which the inequality is done satisfies condition N > N,

where

A—¢g
N, = +1, (28)
’ Lﬁy}

A=<H‘1M*r(0),M*r(0)>, B =sup ar(x0

xell 0 VAJ\

-1
dt, y:min(max d,.(t)) , (29)

i \te(0.T)

[-] —an entire part of number. All regulators should be concentrated at one point which is defined

2
T
or(x,t
as follows X, =arg supj (x,)
xell 0 VA

X

dt . (30)



Note 5. The last theorem can be formulated also the following way. In order to get performed

N
inequality (27) it is need only one point regulator at the point (30) of total intensity Zui(t) ,
i=1

N = N,, where

V() or(x,0)

w(O=RO0, RO== 55

[rv.0l" v.ndy (1007 @)

. Q
X=X,

functions v(t), r(x,?) determined by formulas (25), z(#) — Observations type of (4), and N,
satisfying ratio (28).

Note 6. If d.(t)=d const >0,i=1,2,3,..., then N,— minimal number of regulators that
satisfy inequalities (27).

CONCLUSIONS

The solution of several problems of synthesis of optimal control of distributed systems of parabolic
type, which operate under conditions of uncertainty, is proposed. In addition, the solution of the
problem of optimal location of the point limiting regulators and determination of their number is
given.
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OnruMajibHe KePpYBaHHSA JIHIMHUMH JUHAMIYHMMH PO3NOJiIJIEHUMH CUCTEMAMH

B YMOBax HEeBHU3HAYEHOCTI

VY craTTi po3risHYyTi 3aa4l CUHTE3y ONTUMAIBHOTO KEpyBaHHS CHCTEMaMHM, 110 (YHKLIOHYIOTh B
yMOBax HeBU3Ha4yeHOI iHdopmamii i ONUCYIOThCS Y3arajJbHEHUMMHU PIBHAHHSMU B YAaCTHHHUX



NoXiHUX napabosniynoro tumy. KepyBaHHsS Mae BUTIISA 3BOPOTHOTO 3B'SI3KY BiJ] CIIOCTEPEKYBAaHUX
BUMIpIB, A peanizauii SKOro HEOoOXiIHO pO3B'SI3aTH IHTErpo-IudepeHIliabHe PIBHSIHHA THUITY
Pikkari. Okpemo m0OOyAOBaHI pO3MOAUIEHI Ta 30CEPEPKEHI TI'paHUYHI PEryIsSTOpPH, a TaKOX
HaBEJCHO PEKYPEHTHUU aJIrOPUTM BU3HAUCHHS ONTHMAJIHHOTO KEpPYBaHHS CTOCOBHO 3MIHM 4HCIa
criocTepexxeHb. Po3po0iieHo anropuT™ BU3HaYEHHSI HEOOXITHOT KUIBKOCTI TOUKOBUX PETYIATOPIB Ta
iX onTMManbHE PO3TAllyBaHHSA HA I'PaHULi 00JACTi, MPU SIKMX KPUTEpill SKOCTI HE MEepEeBHILYE
3aJJaHOTO MIOPOTOBOI'O 3HAYCHHSI.

KirouoBi cioBa: MiHiMakCHe KepyBaHHs, TOYKOBi TpaHH4YHI peryJsitropu, co00JeBCbKi
npocropu, HepiBHicTH PeJtes, Oininiiina ¢gopma.



