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For an entire Dirichlet series with nonnegative increasing to +o0o exponents a connection
between the growth of maximum modulus and the behaviour of coefficients is established in
the terms of certain convergence class.
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s nestoro psna Jlupuxie ¢ HEOTPHUIATEBHBIMI BO3PACTAIONIMME K +00 [MOKA3aTeIsIMA B
TEPMUHAX OIPEJIEJIEHHOTO KJIACCA CXOJUMOCTH YCTAHOBJIEHA CBSA3b MEXKJIY POCTOM MAKCHMYMAa
MOJIyJIsI U TIOBeJIeHNEeM KO3(DDUIIMEHTOB.

Let 0 = X\g < A\, T +00 and
F(s) = Zan exp(sh,), s=o0+it, (1)
n=0

be an entire (absolutely convergent in C) Dirichlet series. We say that this series of is of slow
growth if In M (o) = (140(1))ol(0) (6 — +00), where M (o) = sup{|F(c+it)| : t € R} and [
is a slowly increasing function, i.e. [ is a positive increasing to +o0o function on [z, +00) such
that l'(z)/l(xz) — 0, x — oo. Further, for simplicity, we consider that xy = 1. Generalizing
a result of Valiron [1] on the belonging of an entire function of finite order to classical
convergence class, Kamthan [2] indicated conditions on the exponents and the coefficients of
series (1) in order that [, exp{—o0}In M(o)do < 4oco. This results is generalized in [3-4],
where generalized convergence classes are introduced and studied. Here we supplement the
results from [3-4] for entire Dirichlet series of slow growth.

Let a be a slowly increasing function. We say that Dirichlet series (1) belongs to a con-
vergence a-class provided

*“InM(o)d o dt
/ In M(o)do < 4oo, if / — < 400, (2)
1 1

a’a(o)
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and
o do . dt
/1 —a(a) o M (o) < +oo, if /1 m = 4o0. (3)

Suppose that In n = O(\,,), n — oo. Then [5, p. 184] there exists K > 0 and 7 > 0 such
that M(o) < Ku(o + 1) for all o > 1, where u(o) = max{|a,|exp{ocA,} : n > 0} is the
maximal term of series (1). Hence in view of the Cauchy inequality (o) < M (o) [5, c. 125]
it follows that in (2) and (3) we can put In p(o) instead of In M(o).

Let v(o) = max{n : |an| exp{o\,} = u(o)} be the central index of series (1). Then [5,
c. 182] Inpu(o) — In p(oy) f Ay dt, whence in view of nondecreasing of A, () we easily
obtain the following estimates (0-/2))\,/(0-/2) < Inp(o) —Inpu(oy) < oAy). Thus, Dirichlet
series (1) belongs to the convergence a-class iff

o /\U(U)d()' . & dt
_— 1< f — < 4
/1 oa(o) =T =0 ee, /1 ta(t) e W
and - J o g
o
— < 400, if / — = +400. 5
/1 U&(U))\y(o) 1 t&(t) ( )

Finally, let a? be the coefficients of Newton majorant of Dirichlet series (1) and s, =

Iman-masii  Then 5, p. 180-183] |a,| < a°, 5 400, and if »#°_, < 0 < x° then
_— n n n

)\n+l —An n—1

Av(o) = An. For simplicity, we suppose that s¢§ > 1. Therefore,

> )\u(a)da - /%Z )\V(J)dO'
———— +const = — =
/ >

aa(a) )0 0a(0)

~YA, / h =2l — Bi(4)) =
° > do
= n:1( n— Ano1)B1(5%_1) + const,  Sy(x) :/m (o) (6)
By analogy,
o0 do 1 [ do — 1
/1 O'Oé(O'))\V(U) + const = ; )\—n/%ng Ua(a) = ; )\—n(ﬁ2( ) 52( ))
- ()\nl - - )\in 5(>0_y) + const, [o(z) = /11 a;l?o) (7)

Thus, we need to investigate the convergence of the last series in (6) and (7).
From the definition of »?_, it follows that
1 1 AN+ A

—ln— =
Annao PV SRR D

A=A — A1, (8)

whence we obtain the 1nequahty — 111 < #°_,. Therefore, if

S (O = A1) (Ai In a%) < foo, (9)

n=1
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then, in view of decrease of the function /3, relation (4) holds, and if (5) holds then in view
of increase of the function 5 we have

S (- D) < m

n=1 n

In order to obtain a converse to the first assertion, we use the following
Lemma [4]. Let p > 1, ¢ = p%l and f be a positive function on (A, B), —o0 < A < B <
400, such that the function f'/? is convex on (A, B). Let (\:) be a sequence of positive
numbers, (a,) be a sequence of numbers from (A, B) and A, = % Finally, let
1 n

(in) be a positive nonincreasing sequence. Then
Do S () S @Y i (an). (11)
n=1 n=1

Since the function « is increasing to +o00o, then it is easy to show that the function ﬁll / 2(1‘)
is convex on an interval where a(z) > 1. Therefore, if we put in Lemma p = 2, y,, = 1 and
A=A\, — A1, then in view of (8) we have

Z()\n — A—1)P1 (Ainhl i) < 42 (An = Anc1)Br(52 ).

n=1

Thus, in view of (6) we have proved that (4) holds iff (9) holds.
In order to obtain an converse to the second assertion, we remark that in view of (8)

L 270, and

_IHL> )\n )\n 1
ad —

An An n—
2t T dt 2 dt
( ) o (ot + o
alet) Jo ale)  Jo ale)
dt Toodt Todt
| / e <2 e =2
Therefore,
1 A
<52 (exp{ (—nlna—())—{—lnm}) S
(exp {2 max { (/\in In alg) ,In —/\n _/\n)\n_l }}) <
1 1 An
< _ _ S — ey
< 205 <maX {ln <)\n In a%) ,In W })
1 1 An
= QmaX{BQ <)\—nhl@> ,62 <1Hm)} S
1 1 A
o = n —-"™ ]
(62 <>‘n a%)—'—ﬂQ(n)‘n_)‘n—l))
Hence if
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then from (10) we obtain the convergence of the last series in (7).

Thus, we have proved that if the sequence (\,) satisfies condition (12), then (5) holds iff
(10) holds.

Remarking that |a,| < a? for all n > 0 and |a,| = a for all n > 0 provided ¢, =

In|an|—In|any1]

Fu— ' 400, we therefor come to the following

Theorem. Let the exponents of entire Dirichlet series (1) satisfy the condition In n = O(\,)
(n = 00), and « be a slowly increasing function. Then:

i) if f1 ta y < too then in order that Dirichlet series belong to the convergence a-class,

it is necessary and in the case when s, ,/* 400 it is sufficient that condition (9) hold
with |a,| instead a?;

i) if f > jt = +o00 then in order that Dirichlet series belong to the convergence a-class,
in the case », /' 400 it is necessary and in case when the exponents satisfy condition
(12) it is sufficient that condition (10) hold with |a,| instead a.

Remark 1. In the proof of necessity of condition (9) in the first assertion of Theorem the
condition In n = O(\,) (n — 00) is not used. In the proof of sufficiency we can replace this
condition by the following condition

|
m —— " —ph <. (13)

n—oo — In ’an|

Indeed, if (13) holds then for all ¢ > 0 the following estimate is true [6, c. 23] M (o) <
Ao(e)p (9=) for every € € (0, 1 — h) and some Ay(e) > 0, and since « is slowly increasing

then, in view of the Cauchy inequality, the integrals [, 1;1 M(o do and [;* }THZ %) do are either

convergent or divergent simultaneously. The further proof of sufﬁaency is analogous to that
given above.

Further, if f; > ;n” (@) J5 < 400 then using L’Hospital rule and the slow increase of o we
obtain for all enough large o

Ly [Fhp@de o [T ge— o)
52 [ sttt [ e = (o) gL oo,

that is In u(o) < oa(o), 0 > 09, and In|a,| < ca(o) —o), for alln > 0 and ¢ > 0y. Putting
here 0 = p(\,), where p(z) is a solution of the equation a(o) + od/(0) = x, we have for
n > ng the inequality In |a,| < —p(A,)d/(p(An)), that is (13) holds provided

Inn

e n) A -

Thus, the condition In n = O(\,,) (n — o0) in the first assertion of Theorem can be replaced
by condition (14).
Remark 2. The condition In n = O(\,) (n — o0), is used only to prove the necessity of
condition (10). We can replace it by condition (13), but it is impossible to find a condition
similar to (15) because the convergence of integral floo for In pu(o) it can yield only
an estimate from below.

Condition (12) appeared as a result of the applied method. We could not find out whether
this condition is superfluous.

a(o)Inu(o)
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