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Construction of Exact Solutions of Diffusion Equation
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New exact solutions for the heat equation u; = uz, + 2T 4 eu™F +cutdu®T are found.

1 Introduction
The nonlinear diffusion equations
U = Uge + b(u)ug + c(u), (1)

where u = u(t, z), b(u), ¢(u) are smooth functions, and subscripts denote derivatives with respect
to the corresponding variables, play fundamental role in the modelling of various processes of
heat conduction, reaction-diffusions, in mathematical biology, and also in many other spheres.
Equation (1) generalizes a great number of known nonlinear evolution equations. Thus in
particular cases equation (1) is regarded as classical Burgers equation

Ut = Ugy + A1UUg, (2)
and also as Kolmogorov-Piskunov equation
Ut = Ugy + f(u)v (3)

where f(u) is a sufficiently smooth function.
It is well known, that nonlocal Cole-Hopf transformation

v

u=-2uE,  v=o(t) (4)
makes every solution of linear heat conduction equation

U — gz = 0 (5)

correspond to the particular solution of the equation (2). By these means, the transformation (4)
reduces the problem of construction of solutions of the equation (2) to the construction of
solutions of linear equation (5).

The conditional symmetries equation (3) was investigated in [1, 2]. The operators of con-
ditional symmetry of this equation were found only in the case when f(u) is a polynomial of
3rd order. All known solutions of the equation (3) that were successfully obtained by means of
conditional symmetry operators, have such representation

~
“

where k is constant, and z = z(¢, x) is some arbitrary function.
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A goal of this article is to construct the exact solutions of equation

n—

1 n+1 3—=n '
Ut = Ugy + AU 2 Ug +EU 2 (7)

+cu+du 2,

where ¢ = +1, ¢, d are arbitrary real numbers. In case n = 3 we use transformation (3). The
transformation (6) is particular case of transformation

'zt:k(ﬁ>%, (8)

z

that is effective in case of arbitrary n. By using the transformation (8) we reduce the problem
of constructing of exact solutions of equation (7) to the problem of finding function z = z(¢, z).
As will be mentioned further, function z = z(¢, z) is a solution of system of ordinary differential
equations that is easily solved in many cases.
2 The exact solutions of equation (7) for n = 3
We construct the exact solutions of equation (7) for n =3

Up = Ugg + Auug + eu’ + cu + d. (9)
By substituting (6) into (9), we obtain

(kzet — kzaga — ckze — d2)2° + kzg(—2¢ + (3 — Ak)2gz — €kzg)z + (—2k + Ak?) = 0.

The variable z will be determined from the conditions of zero expressions at z and 22 simulta-
neously. As a result we have

kzyt — kzpppe — ckzy — dz = 0, (10)
—2t + (3 — Ak)2zzy — €kzy =0, (11)
2 = Ak =0. (12)

From equation (11) and (12) we find

2y =i 2y —EKZg. (13)
By substituting into equation (10), we obtain

k2235 + ckzy + dz = 0. (14)

Thus, the system (10)-(12) is equivalent to the system (12)-(14). This system can be easily
solved. The type of solution depends on roots of characteristic equation

ek?r? + ckr +d =0, (15)

that corresponds to linear equation (14). The roots of characteristic equation (15) are %m;.
%nz«_). where m; and my are the roots quadratic equation

er’+er+d=0. (16

We consider tree cases.
a) The roots are real and different. The general solution of equation (14) has such form

1 1
z = p(t) exp <Em13:> + po(t) exp (Emlav) ;
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where 111 (t), po(t) are functions of ¢ which have to be found. By using equation (13), we obtain

d 1 d,ug 1
% = ﬁm@m =@y Emgm — emapi.
So,
L Ly
11 = ki exp ﬁml —emy ) t|, o = ko exp me —emg | t|,
and

1 1 1. 1
z = k) exp [Emla; =¥ (Em% = £m1> t} + ko exp [Emgm + <ﬁmg = 6’77L2> t] 5

Thus we have found such solution of equation (2)

kimy exp [ mix + (—m% — sm1> t] + komsg exp [%mgx + (’\T)mg - amz) t]

u = :
k1 exp [2m17 + (——mf - 5m1> } + ko exp [ Mok + ( m% 5m2> t]

where k. ko are arbitrary real constants, that are not equal to zero simultaneously,

T —c1+ V2 —4ded —_— —c1 —Vc? — 4ed
1 = ) = .
2¢e 2e

b) The roots are complex numbers. Let m; = a + iff, mo = a — i3. In this case we
obtain

zZ = exp [gdx + ()\Z‘Z(a2 o 1) = 6&) t}

D 2
X {k’l cos {%ﬁm—k (%aﬂ — 55) t] + ko sin [%ﬂz + (%aﬁ— sﬂ> t] },

where k1, ky are arbitrary real numbers, that are not equal to zero simultaneously. Thus, the
solution of equation (9) has such form

aky + Bko) cos [Aﬁx - (A—Z—aﬂ — sﬂ) t] (ako — k1) sin [Qﬂw + ( aff — Eﬁ) }
klcos[ ﬁ:c+( aﬁ—eﬁ) } +k2s1n{”\[)’1+( aﬁ—aﬁ) ]

U =
)

where
. —c+Vc? —4ed ) —c—Vc? —4ed
a+if = 5 . a—108= 5 :
5 €

2
(e =5 o :
Az T, = g = -,

c) The roots are equal. In this case ¢ — 4ed = 0, and thus d = .

Function z has such form

EXC A2 ¢ eXC
=P [‘T“ ( T QH {’“1“ (‘7‘“1 - 7’“1)’*+‘“°}=

where k1, ky are arbitrary real numbers, that are not equal to zero simultaneously. We obtain
such solution of equation (9)

g—%{klx—k(—%\—ckl— k)t+ko}+k1
2 k'l;c+(~67’\ck‘1— Lki)t+ ko

u =
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In particular, if ¢ = 0 then the solution has such form

B 2k,
N )\k?].’L‘ = 2€k1t HE )\ko

u

Let us consider two separate cases.
a) ¢ =0, ¢ < 0. The equation (16) has two real and different roots

my = Vv —ed, mg = —V —ed.

Thus the solution of equation (9) has form

kimq exp [’\—’;LL 4= (—5)‘42‘1 = Emz) t] + komo exp [)‘Qﬂx + (—-EL:Q + z—:m1) t]

k1 exp [’\72”11' + (—5—’\4@ + €m2> t] + ko exp [’\—Zlix s (—# + E’ITL1> t]

u=

b) ¢ = 0, ed > 0. The equation (16) has two complex roots
my = 1V éed, my = —iVed.
Thus the solution of equation (9) has form

kpV/edcos |§Vedn — ev/edt] — kyVedsin | 3vedz — eVedt]
ki cos |3Ved — evedt] + kyVedsin [3Veds — eVedt]

u =

3 The exact solutions of equation (7) for arbitrary n

Let us consider equation (7) for arbitrary n and for d = e

n—1 n+1
Up = Ugz + AU 2 Ug +eU 2 + cu. (17)

Substituting (8) into equation (17), we obtain such system for finding variable z

2 33 —1) 5 2

S mzu — %%z — cz2 =0, (18)
n+3 il S e
Zt:<n—1_)\k . )ZIEI‘—E 9 k lexa (19)
n—1 7L+1
k -
Aln —1) (20)

Solving system (18)-(20), we find such solution for equation (17)

_[ n+ 1 }n_fl eXp[—iﬁfw+<(in%+c)t}
= ,\(n—l) - il o ‘ ”Ea
(St oxp [~ 220l 4 (2204 ) (- 1)t] 40, )T

where ¢, ¢p are arbitrary constants.
This approach can be used for finding the exact solutions of more general type of reaction-
diffusion equation that will be done in the next articles.
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