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tro4eHr

IIp0 iHnapuaHTHi Mipu HA (z-l)owfiJrlrx MH0]nmHAx

Y crani poarng.qabrbct, sa,o,aqi, noa'ggaui
s inrerpanauarc reoMerpiea fi onyxnuM aHa-
nisou.,$oxna,qno BuKnaAeHo ySaraJIbHeH-
ua $opuynw KpaQroua Mf, rpuBhMiiouoro
npocropy. Haaeqeuo pospaxyHoK Oopny-
nu inaapiautuoi uipu Nlf, KoHKperHoro npu-
Kna&y.

Kmoqoei cfiopa: 3a-qaqa Eo$QoHa-Oanu-
Becrpa, inaapianrHi naipu, (n-1)-onyrcni naHo-

xr4Hh, reoMerprrHi ftvoeipHocri, Qoptuyna
Kpo$roHa, uipa rinepnnoulnH.

noxsrrc onyxnoi MHoxr4Hr4 rpaguqifino
BHgHaqarh qepeS eigpisrr npfiMl4x, ulo t'rtic-
Tf,rbcn s Mlr-roxr4xi (euyrpiu:He ansuarenxn)
a6o qepe3 Hanienpocropr, nxi ru,ticrgru
MHoxlrHy (soaxiurue ersuaveuHn). Y Kox-
HoMy BHnaAKy B ocHony noKraAanu aSiHuy
(a6o niHiilny) crpyrrypy Ha,u, ynopngrcoah-
HUM nofleM,

MHoxrHa A c. tr HasnBaerbcfl (n-1 )-onyx-
,roro, gKulo Hepeg 6ygu-nxy roqKy x e R"\A
Moxnl4Bo npoBecrr rinepnroulrxy, nxa He

neperuuaeA [1].
Ierro nepeKoHarucb y roMy, uo 3aMK-

Hyra a6o eigrpura onyKna MHoxHHa
e(n*'l )-onyxnoo, a raKox, u{o KoxHa KoM-
noHeHra (n-1)-onyxroi ruuoxrsn - onyKna.

Y [4] goaegeHo reMy, nra eigirpae nax-
nuBy ponb npu Aocnigxenni (n-1)onyxrlnx
MHOXLIH.

Ieua 1. (fleriaa 2 t{l\. Hexaft A c Rn -(n-1)-onyrna MHoxHHa. Togi 6ygu-nri gai
KoMnoHeHrH A yrBoptotorb (n-l )-onyx,ny
MHOXl4Hy.

[n neua Aae aMory sBecru Aocni.qxeuHR
(n-1 )-onyunx utnoxrx, nri cKnagalorbctt
6inuul nix is gsox KoMnoHeHr, Ao Aocni-
rnxeHHfl (n-1 )-onyrnux MHoxt4H, nxi cx-na-

.qaorbcs is Aeox KoMfloHeHT. Ytuoaa net\rt4
1 Heo6xigua, aJIe HeAocrarHn *qnn (n-1 )

onymocri MHoxl4Hr4, nKa cKnaAaerucs s 6inuu
nix io rpuox KoMnoHeHr.

Oesaqeuns 1. Hexail A * tuuoxrHa, u-lo

cKna.qaoTbcs s ABox nenopoxHix onyKnhx
KoMnoHeHr Al i A2, rogi Ans onyrnoi o6o-
.noHKH B r,rtuoxrHu A rraae Micqe pisFlicru
(arae. [2])

B = conv (A, U Ar) = lJ x, x,
:rtr!4

.B,nn xoxuoro eigpiera x1 x2 Bl4sHaqilMo

rouxu s,ed i naft6inuLu 6nuguro posrauo-
aaHi .qo roqor i eiAnoeiAHo Br4sHaquMo MHo-
xuuu S,, i = 1,2, nr cyxynHicrb rot{oK, no-
6ygoaanrax Ann ecirsrux ai4piexia xt xz.

Oqeargno, S, c A4 ra S, c 04".
Y [3] noxaeaHi eracrreocri uxoxrH S',

i=1 ,2 Mn (n-1 )-onyxnux MHoxt4H.

Teopqr',ra 1. (Teoperura 2 [3]). Hexaft A c Bn

(n-1)-onyrna MHoxHHa, u.1o cKna.qaerbcf,
3.qBox uenopoxuix onyKlt4x rounoneHr A,
i Ar. tlxqo A. - o6naexeHe onyKrle rino, ro
MHoxuHa alz\S, HenopoxHs i sal,trxaHHs

MHoxr4H14 S, roueouopQuo ryni D"-1 .

AnR usoxttH, uo He e (n-1 )-onysruu,
qe ueeipuo.

Teopeua 2. Hexail A c Rn (n-1)-onyruia
MHO)I(HHa, qO CKnaAaerbcfl 3.qBox Henopo-
xuix ronnnoHeHT - o6uexeuux onyKnt4x
rin A, i Ar. Togi roqKn saMuKaHnn uuoxuH S,,

i = 1,2, He Moxyrb 6yrm rorrauu rnag,rocri
(sne.12,c. 1011).

Kpurepifi (n-'1 )-onyrnocri gnn MHoxl4Hl4,
qo cKnaAaerbcq 3 EBox uenopoxrix KoMno-
HeHT - o6uexenmx onyKnrx rin A, i A, ua-
saHo y [3].

Mipa urHoxttHh nfloulmH, ineapianrna ai.q-
HocHo rpynu acix pyxia 83, BnsHaqaerbcq HK

iurerpar no uuoxuHi sig gu$epenuianunoi
Qoprvrr,r [8, ( 12.40)].

ilpuxnaa 1. Hexafi pt2-crinueHlla uipa
y npocropi nnou-ll4H, ineapiaurua eigHocHo
rpynr scix rpancnnqifi i noeoporis y #. 3 t9l
si.qor'ro, uo

n
1 22n

P'(K) =; J I/(ptuI()sin$dcPd$, (1)
4/! 0 0

ge K c B3 - rounaKTHa onyKfla MHox[Ha,
U'(K) - ruipa nnou"1rH, qxi neperilHaorb
MHoxr4Hy K (Qoptuynm .qfle AeffKt,rx onyKnxx
MHoxuH MoxHa sHahrue [6]; /(pr*K) - aoe-
xuHa oproronarsFtoi npoerqii K ua npnuy,
qo npoxoAt4rb Hepes (0,0,0) y HanpFMKy

(sin0 cosg, sin0 sintp, cosg).
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MiHriacuruM Bl4sHaqeHo cyMy onyKnux
MHoxr4H A@ Bl2].

OaHaqeHus 2. Hexafi AiB - renopoxuix
onymi MHoxLrHi4 y t?', pa4iyc-BeKTopr4 roltoK
a e AibeB cnieeigueceni 40norarKyKo-
opAHHar O. To.qi (sanexHy ei4 au6opy O)
MHOXT4Hy

A@B-{z e Rn I z= a+b,a e A,b e B}

6ygerr,rO Ha3rBarH CyuOrOA i8.
noaHa,rilNro qepe3 /<f n,tHoxuny, cHMerpil-

uuy onyuift rrlsoxrui K ai4uocxo ueHTpa Ba-
rr uHoxrm K [6].

O011g5Sgtr8_3" Hexaft B c tr - MHoxrHa,
aKa cKnrrlaerbcs a ABox o6uexeuux onyKllr4x
rh B, i Bz, 01 i 0, - qexrpu earh rin Bj i B2

eignosisro isexafi By =t(82@Bi) (i = 1,2),

ae f - rpancrRqin MHoxHH (Br@B,s), npra

axih qeHrp rgxiHlrc fioro s6iraerucs
s qeHTpoM TgxiHHc MHoxuHr4 Br. IlosHauunao

vepes 8f MHoxNHy conv(}tJB!) (i = 1,2),

apn-l1>B,Br<) - Mipy rinepnnou4aH, ulo
pos4irnoru MHoxr4Hl4 B, (i = 1 ,2) 171.

.[,ani naeuo ygaranbHlrrt4 Ooprtaynyr Kpo-
$rona.

Teopenaa 3. Hexafi I c Iln - MHoxrHa, u.to
crn4rlaerucn a gsox o6ruexeHnx onyrnrx rh B,
i Br. Togi ruipa.uuoxr,rHra ecix rinepnflou_ll4H, ulo
poe4irnoru rina B, i Br, gopiaHoe

pn.(> B'82<) = p,-,(Bf )_ p,r(Bf ) .

Aoras HaAaHo [7].
Hacninox 1. '

flosuaquuo nr Bc onyrcny o6onouqy rin 8.,
iB2, Bc : conv(BtUBr) . l-licnq qboro MH MaeMo:

a) rraipa MHoxHHkl ecix rinepnloulr,rH, ulo ne-
peruHaorbxora 6 ogne s rin B, i Br, gopi-
euoe ;rn-118") - (ir'"(gl) - p"(Bf )) ;

6) rvripa MHoxl4Ht4 scix rinepnlor4mH, ulo
neperfiHaoru riao B, i He neperunaoru
Bg_i, A€ i = 1,2, 4opiaHoe p,.(8. ) -
- (trn'(g2o) - p,.(al)) _ p,-1(4);

e) uipa MHoxl4Hr4 acix rinepnaou-tt4H, u.to
neperuHaoTs rila Br i 82, gopisuoe
p,-,(8,)+ 1rn-l(92) + p,-1(Bf) _ p,-,(gl) _

-p"(8").
Y [8, c. 194-197] exasaHi iHrerpanu cepe]E-

uuoi xpnersnur M(K) geflKnx onyKntlx MHoxt4H.
lcnye rare cnieaiguoueuus uix inrerpanariam
cepe4uuoi KpuanaHn ra ruipa uHoxunn ecix
rinepnnou4nH, u4o neperuHaoru unoxrny K

'rr'1X',1= u9.
2r

Hau eHa.qo6ltnrbcg Qopvynr.u,nn rraip Ae-
q Kr4x cTaHAapTHl4X OnyKrr4X MHOXT4H.

Maeuo xacrynHi p21/q onyx.rrr,rx MHoxr4H
Kc. ff.

nsaxrasa
a) Ann ryri pagiycou R:

$2(K) =2R'
6) Ihs npnMoro napaleninega s .qoBxLl-

xoope6ep o1ra2,d3i

p,(K) = 
a1+ a: + a2 

.

2

e) &rn ry6a e.o,oBx!tHoro pe6pa a:

.. 3a
tt'K) =:i.

r).[nn KoHyca o6epHexnn s encororo h,
pagiycou ocHoau F:

..2rzt - nR + h - R arctg(h / R)
P \,\/- 2 

.

A) Anq niexyni:
o p'1x; =g111n1'

4
7. Ans qrlis.a,pa o6epHeHHn o Brcoroto

h, pagiycorvr ocHosu F:

F2(K)= 
h+!;R 

.
2

Ilpuuaa 3. .114R nnocroi onyxnoi MHoxLl-
nn K e nepuMerpoM P, nxy po3raf,.EaeMo sK
onyKny uuoxur+y y #, MaeMo:

v'K) = 1.
4

Bnnagor Kona 3 pagiycor\,l R:

%tR nRp.(Kt=_?=t.
Bigpisor 4oexnHoo L rr,rae nepuna etp 2L:

Pz(K')=L=l'42
Kea4par ei cropouon a:

p'1K7 *9= r'
4

ls [2] uaeri,ro HacrynHe rBepp2reuxn 1.
Taep4xenHn 1. Hexafi Ai B * uenycri

onyrni MHoxhHt4 y ff. flrqo C - onyrna
MHoxrrHaiC=A@8,

p*l(C) = !r,-,(A) + p,-,(B) .
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Hacniaor 2. Ooprraynn 3 nphKna.qy 2 nerxo
34o6yrr, ffKUIo cyMyBaril npflMoxyrurr si
cropoHaMr aj, a2 i ei4pisor ar, a @oprrayny
e - nKulo cyMyBarr roro pagiyca F i eigpi-
3OK.qoBxr4HOrO h.

Teopelua. *. Hexafi ff = crpyrneuufi
KBaEpar lC = D2 @ p, .qe D - rono paaiyca R,
P- reagpar, u.1a Mae cropoHya. K- xouycg Br4coroto H, ocHoea fiKoro e crpyrnenufr
KBaApar. Mipa mnoxmsr acix nnou-tnH, ulo
nepeTfi HaloTu t tHOXrny (,

gopiautoe
tr

2,,2K, 45, d, Hsin2o
F (^ )=;!2\" -cr)+ 

--+
+ $sin2o, +Bcoscr + Rd<p; (2)

4

Ee a =$"o"1*- ny

,Qoa e4e u un. Posrauryeuo cltcreMy Koop-
.q,HHar. [Ionepew ufi nepepie.

Piexo6egpeuuft rprxyrHux ABC. AB = BC.
Bmcora BO nexrrs aa oci OZ. Toqru A ra C ua
ociXsa eigcraui a eiA O, BO= H.Toqxn4 ra C
6 qeHrpaMta_Aeox Kin pa4iyca B. [leperrn xonq
s L{eHrpoM C, e 4orrvuon e roqui B e K.

lacl=.{* + a, . lsxl=,[*T7 - *. r-ro-

3HaqHMo et = IOBC, dz = ICBK,
as = IOBK = crr + c[2 .

ls quoro MaeMo: sina, = 99 = -g' BC 
'tH' + a'

.CKRqlnd- 
=' BR ,tH, + a,

sincr =coso. = cos(crr * gr) =

* ur7 *a'_ n' - aa
H2+a2

coso = sino., = sin(o,, + gr) =

_alu" *7-n, *nn 
.

H2 +az

" Ysinz cr/,= jHcos0sin$dg =, ,

=t*i -.ct) + 9sin2o +rgcoscr ;

(3)

(4)

t = t(p*K): 
|rn - ot* *y.

+ 3sin2a +Rcosa + R.
4

3ai4cra MaeMo

tt'(Kr) = l(a,H,Rl,

j

,qe t(a,H,R\ = 1ig Hsin2 cr

tti 2(7I 
- d) * --T-'

+ 9.sini:a+Rcoscr + Fd<p
4

"En n.d=-66s{e-;).

flosHaqhrvto qepes D - rynro pagiyca p,
uepee C* Ky6, u{o Ma6 pe6po H. posrngHe-
Mo onyKfle rino D" = D@ C. Taxa eirypa vrae
HasBy cKpyrnenrafi xy6. BiH vae 6 rpanefi,
KoxHa g flKr4x Mae no qor[pl,t pe6pa, aiciru
cerMeHrie xyli pa4iyca F. lZoro MoxHa
npeAcTaBhTl4 ffK Ct4CTeMy 3 BOCbMn Kynb pa-
4iyca P - 4, Ae i = 1, B, u-1o posraulosani
y BeprurHax ry6a C s pe6poru H. Cxpymeu-

uufr rcy6 o" = convliq ) onyKna o6ononra

MHoxLlHl4 D,, 4e i = 1,8.
OcHoeHul, pe3ynbraroM qiei po6onr e reo-

peua 5.
Teopeua 5. Hexafr D" - crpyrneHrafr xy6

D" = D@ C, Ee D - Kynf, pagiyca R, C * xy6,
u-lo Mae pe6po H.

Togi:
a) uipa MHoxl4HH ecix nnoquu, u{o nepe-

THHaoTb trtHOXrHyD":

3H+4Rp'(D")=T;
6) vipa MHoxr4Hh acix nlrou.lrH, ulo

pos4inRoru qorrpn xyli D" eig rorrpuox
iHurux rylu:

pzy z <): t(a,H,Rl - (nR+2H) ,

+ lsin2c- + 2Bcoscr + ZR dg,

a = JZHcos(*-;).

nL
2-2

/r= Jasin0sinSd$ + JHsinSdS=

!n2-i
/.= jasin0sin$ d$ + insins dS =3I + B I064

Be t(a,H,R) =1'!i*- ..)+ {gn'?g +

w,E#
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sina =
HJH\a'-W - 2aR

COSO, =

H2+a2

,^[u' + a'-1znf +zun
H2+az

,A,oaegenut:
['lynrra, BrrurrBaes rBepID(eHHn 1 i nynx-

riBaray npnxnagiZ.
AoeeAeNao nyHxr 5.
Posrau:yevo rpuervipuy ct4creMy Koop-

AhHarraK, u1o6 qeHrp Os6iraecg s qeHrpoM
ocHoBrr xy6a C. To.qi Ueurp eepxnuoi rpaui
ry6a C Mae Koopgr4uarm (0, 0, H).

,{,ari eHafrgerrao uripy nflou.{yrH, uto poagi-
Jtsrorb qorr4pm eepxHi xyni eig nrxsix.

3acrocyeuo reopeMy 3, naaer'ao rouyc K"
3 Bepu-p4Horo a roqui (0, 0, H).

OcHoaa Pc = D@ P, Ae P - KBaApar,
cropoHa nxoro gopieHoe 2H. D - Kyne
pagiyca 2F. CropracraBurcb reopeuoo 5,
oAepxHMo

pz(Kc) = t(a,H,R) ,

E

re t(a,H,R\ =4'l' h- a1 * Hsin2 q' 
*n32' 2

+ $sin2o + 2Fcosa + 2R dcp,
4

a = J1Hc rtos(q-A).

Mipa uHoxunr Bcix nflou-lt4H, u{o neperr,i-
HanTb urxoxauy P":

p2(Pc) = 4R +2H = 2(2R + Hl.

Teopeuy goBe4,eHo.
Mipa nanoxhHu ecix nroulltH, qo ne-

peruHaprb unoxnny K", i He neperu-
uarcru P":

B padore paccMarpuBanrcn sa.qaqu, cBs-
oaHHbrc c nHTerpanbHofi reouerpuefr neamyx-
nblM aHanusott. flopo6uo paccMarpuBaer;fl
o664euue Qopmynu KpoSroua flnn rpexrv,e-
pHora npocrpaHcrea. llpuaqeu pacver eop-
MynH nHBapuauruaZ uepu Enfl KoHKrerHoro
npuMepa.

p21K" 1 P"l = t(a,H,R) - 2(2R +H) .

3a ynaoera 0,5H> ,r9., MaeMo rpr4
2

MHoxr4Ht4, ulo posginnorb cl(pyrneHrfi ry6

D" na rpynil no qorrpt4 ryni. Tovry rraipa
MHoxt4Hr4 acix nnouluH, ttto neperuHalorb
MHoxyrHy D" i He neperfiHaorb xoAHy 3 Kynb:

v.2(>Dzc.)= t'(D") -3rr'(K" /p)=
= 3,5H + 4R - 3l(a,H,R).

Hacniaox 3: Hexaft D" = crpyrnenrrrfr ry6
D5= D@ C, Ae D - Kynfl pagiyca B, G - ry6,

u.ro MaB pe6po H. f xuqo 0,5H > a >EH , ,o

t'aipa nauoxurim ecix n,lou{4Hr u{o neper[Ha-
rorb MHoxt4Hy Dc i He neperuHaorb xogHy
3 Kyab:

*2(>Dzc <) = 3,5H + 4R -st(a,H,R) ,

E

* A€ t(a,H,R) =i'!i*-0)+ lsiCg+

+ $sin2cr +2Rcosa + 2ildq,
4

6 =.,/2Hcos(q_+).
4

-:- _ H,1r' * ,'1zny - 2aR .Sll'10=ffi;

a.,!ni i a'1zaf +zunCOSCI=ffi
Cropucraeu:rcs eaco6avx Microsoft

Excel, Moeoro VBA o6qrclnvo rourperHrfi
t;

nonKflatr R =\ 
t 

.H :,2

Knn,reaate cfioBai saqaqa SroQ$oHa-
Crnuaecrpa, yrHBapuaHTHHe MepH, (n-1)
onyKflbre MHoXeCTBa, reoMeTpHyecKhe Be-
poflrHocrr4, $opnayna Kpo$ror+a, Mepa rH-
nepnnocxocreft.

H R I(a,H,R) tt'(P.) v"(K" / P") tt'(D.) tt'PD*<')

10,000 3,536 34,1 66 34,142 0.024 49,142 49,071
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The problems related ta integrat geome-
try and convex analysis are considered in
this paper. Generalization of Crofton for-
mula is consider for three-dimensional spa-
ce in detail. Calculation of formula invariant
measure is obtained.

Key words: Buffon-silvestr problem, in-
variant measure,,(n-1)-convex body, geo-
metrical probability, Crofton formula, mea-
sure of hyperplanes
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