
O N A C O N V E R G E N C E C L A S S F O R D I R I C H L E T SERIES 

A relation between the maximum of the modulus, the maximal term and coefficients of 
Dir ich let series in terms of a convergence class is investigated. 

Suppose that Л = (Àn ) is a sequence of positive numbers increasing to +00, 

and the Dirichlet series 

has an abscissa of absolute convergence <ja = A € ( - 0 0 , +00]. We put M(a,F) = 

sup{|.F(cr + it)\ : t Є M}, er < A, and let F) = max{|on| exp (аЛп ) : n > 0 } 

be the maximal term and u{a, F) = max{n : |an| exp (crAn) = n(a,F)} be the 

central index of series (1). 

By we denote the class of positive functions Ф unbounded on (—00, A ) 

such that the derivative Ф' is continuously differentiable, positive and increasing 

to +00 on ( -oo, .A ) . 

Summary 

1. 

00 

(1) 
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The number 

is called Ф-type of F. In the case when Тф(Р) — Û for the study of relation 
between the growth of M (a, F) and the behaviour of coefficients and exponents 
of series (1) we introduce a convergence Ф-class by the condition 

/ Ф'(<т)1п Mia,F) 
(2) / . der < -foc. 

Ф2(а) 

We establish the relation in two stages: at first we study conditions on an and 

A„ under which 

/ Ф » 1 п ßia.F) J 
(3) / — \ da < -boo, 

Ф 2 (er) 
Ст 0 

and afterwards we investigate conditions under which relations (2) and (3) are 
equivalent. We remark that (3) implies (2) in view of Cauchy inequality ß{o, F) < 

M {a, F). Therefore, we need to investigate conditions under which (2) implies 

(3). 

We start from conditions under which (3) holds. 

Theorem 1. Suppose that Dirichlet series (1) has an abscissa of absolute con-

vergence а а = Л, 

Um у - In —Ц — Л, Ф є П{А) 

and 

( 4 ) 0 < h < <H<+OG, 

In order that (3) holds, it is necessary and in the case when 

An+i ~~ An 

it is sufficient that 

(5; £ — _ ^ < -boo. 
n=no ф/ ( — In 7 

An K l 
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Proof. From (4) it follows that 

f da 1 f $"{a)da _ 1 

J Ф(а) " h J (Ф'(er))2 Ь,Ф'{а0)~ 

We put 

В ( х ) = / 

А 
da 

Ф(а) 

Then В {а) 1 0 as сг Т А. 

We remark also that from (3) for every є > 0 and for all а Є [<Jo(£"),-A) it 

follows that 

(6) с > 
' V m In n(o,F) 

І Щ Г ) Ф И 

It is well known that 

In ju(cr, F) = In ß(ao, F) + J Xv^Xtp)dx, <7q < a < A. 

CO 

Therefore. 

A Ф'(сг) In ß{at F) . Л , „s J 1 \ 
Ida = J In p{a, F)d 

Ф2((7) 

In ß{a, F) 

Ф(а) 

and (3) holds if and only if 

+ 
<ro Ф(а) 

<7<> 

Let = .40® be the coefficients of the Newton majorant F m n of series (1) and 

= l n a n ~ l n Q n + l 
^71+1 ~~ ^n 
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Since 

lim — In -—- = A, 
п—юо Лп \0"п\ 

then /* j4, п —* ос, the functions F and Fmn have the same maximal terms 

p{cr) = F) = ß(cr, Fmn) and central indexes и(<7) = i/(a, F) — w(a, Fmn) and 

\o.n\ < a£ for all n. Without loss of generality we suppose that oo = ûq — 1. 

Then 
0 1 , 1 

and for simplicity we suppose also that Xq > ao-

It is known that if < x% then for all а є xJJ) t l i e equalities 

u(a) = n and ß(a) = an exp (crAn) hold. Therefore, 

? da ^ f < da 

J = J H<> V{<J'F) + co 
n= lJ*k-l &0 

00 da 00 

= E M + const = £ Xn{B{xl_y) - B{x°n)) + const 
n=l J K - Y ( ( 7 ) П= 1 
CO 

"(8) = - K-i)B{xl_x) + const. 
n=l 

Since In a°n = n - A n _ i ) xg(Ai - A0 ), A0 = 0, then 

An A j + • • • + Л* 

Hence, firstly it follows that y - In — < x°_1} and in view of the decrease of В 
An a n 

we obtain 

(10) 
00 / 1 1 \ 0 0 

£ > n - A n ^ ) B - In -5. = > £ ( A n - А п ^ В І К - г ) . 
n=1 a n/ n~l 

On the other hand, if Я > 1, p = H/{H - 1) > 1 and B^x) = Bl^{x) then 

B{{x) = і B ( a ; ) 1 J 5 ' ( a : ) , and in view of (4) we have 

B'{{x) = l-B^-\x) [В{Х)В"{Х) -

= B ^ ( x ) ( j _da Л 

- рНФ(х)* r [ X ) J (Ф'(а)У 
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that is the function Bl/p is convex on [cr0, A). 

Let p > 1, q = — . - c o < a < b < +00, / be a positive function on (a. b) 
p - 1' 

such that fl/>p is convex on (a,6), (A*) be a sequence of positive numbers, 

r \ r r л + ' ' ' + Kan 

(On) S (a, 6), An. л, + .,. + л: • 

and (ß n ) be a nonincreasing sequence of positive numbers. Then [Ij 
00 00 E^nA*nf(An) < qpJ2v>nKf(* =n). n— 1 n—1 

If we put f{x) — B(x), an = Xn-ii An — ~K ап<* — n - ^ 
A n an 

view of (9) from here we have 

00 / і 1 \ 0 0 

(11) 5 > n - V - i ) J 3 — I n - ) < q r J 2 ( * n - K - i ) B ( x 0 n - i ) . 
n= 1 V A n a n J n=1 

From (8), (10) and (11) it follows that (7) and well then (3) holds if and only if 

(12) f > n - Xn-i)B In < +00. 
n= 1 ^ n n / 

Since jan| < a® for each Dirichlet series (1), |an| = provided x n /* A, n —» 00 

and (4) implies 

- - ш щ і 

we obtain from (12) the conclusion of Theorem 1. 

In order to establish conditions under which (3) implies (2) one can use differ-

ent methods. We will dwell on two such methods. One of them is based on the 

following lemma. 

L e m m a 1, Suppose that Dirichlet, series (1) has an abscissa of absolute conver-

gence <7а — A and function f is continuous and increasing to A on ( -00. A). For 

а < A we put 
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and let g be a function continuous on (—00, +00) such that g(x) = f 1 (ж) on 

(—00, A) and if A < +00 then g{x) = A for x > A. 

If 

(13) jrjanjexp{xng^ln j < KQ < +00, 

then for a II cr < A 

(14) M(<r, F) < Ko(n(f(<r), F ) ) * ' > +K0 + |oo|. 

Lemma 1 is proved in [2] for entire Dirichlet series (і. е. A = +oc) and in [3] 
for the case — ос < A < +00. 

For Ф є ЩА) let tp be an inverse function to Ф' and 

ад — 

be a function associated with Ф in the sense of Newton. Then <p is continuously 
differentiable and increasing to A on (0, +00) and Ф is continuously differentiable 
and increasing to Л on ( -00, A). 

Theorem 2. Let А Є ( -00, +oo], Ф є fi (Л), Ф (с ) = 0(Ф(Ф(<г))),<т î A and (4) 

holds. Suppose that Dirichlet series (1) has the abscissa of absolute convergence 

<7a ~ A, — In r - ~ < A, n > n0, 
An I OnI 

and 

°° Г / 1 1 
(15) 2 К , е х р | А „ ф ( - 1 п й 

Then the relations (2) and (3) are equivalent. 

Proof. Since 

< 4-00. 

Ф//(сг)Ф(<т) 

(ф'(<7))2 

from (4) we have 0 < h < Ф'(сг) < H < +00, а є [<7o, A). We choose in Lemma 
1 /(cr) = ф-^ст). Then д{а) = Ф(<г) and 

г ф ( с т ) - Ф т 
р(а) = sup < — ^ — : (70 < t < а 

^ с — t 

(16) = 8ир|ф'(£) : an < t < f < а) < H. 
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Since (15) implies (13). by Lemma 1 we have (14), i. e. in view of (16) 
In M (<т, F) <H\ n ß{^~l(<7),F) + 0{ 1), a Î A. Therefore, if (3) holds then 

/ y l ' ) b Що.*)*, < я f . „ + c o n 5 t 

J Ф 2(a) - J Ф2{о) 
СТО °4> 

< я / W ) f - ' w . + C O D S t 

- J Ф2{ст) Ф2(Ф-1И) сто 

— Ф Ч * ) + const < + о о , 

его 

because Ф'(<г) = 0 (1 ) and Ф(Ф~"1(сг)) = 0 (Ф (а ) ) as a î A. Theorem 2 is proved. 

Another me tods is based on the following lemma. 

Lemma 2 [4]. Suppose that Dirichlet series (1) bas an abscissa of absolute 

convergence аа = А Є (—оо, +oc] and Ф Є П(Л) . In order that In /л(<т, JF) < Ф(а) 

for aii сто < cr < A, it is necessary and sufficient that In jan| < —АПФ(</?(АП)) for 
all n > no. 

Theorem 3. Let А Є ( -оо ,+oo] and Ф Є Г2(Л). Suppose that Dirichlet series 

(1) has an abscissa of absolute convergence аа = A and there exists a positive 

increasing to -f oo function 7 on (—00, A) such that 

(17) J W ) +оо> 

сто 

and 
00 

(18) £ е х р { - А „ Ф ( ^ ( А „ ) ) + A n 7 _ 1 (An ) } < +00. 
n=l 

Then the relations (2) and (3) are equivalent. 

Proof. From (6) it follows that 1пд(<т, F) < Ф(<т) for all его < er < A and by 
Lemma 2 ln|an| < — АпФ(с^(Ап)) for all n > no- Therefore, 

M(cr,F) < K|exp{Ancr} + K|exp{Ancr} 

<M(cr,F)n(7(<7))+ £ ехр { -А п Ф(^ (А п ) ) + Хпа} 

Л„>7(СТ) 

Л„>-у (ff) 


