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Let F and G be entire functions given by Dirichlet series with exponents
increasing to +∞ and %R[F ]G be the R-order of F with respect to a function
G. The quantities

TR[F ]G := lim
σ→+∞

exp{M−1
G (MF (σ))}

exp{%R[F ]Gσ}
, tR[F ]G := lim

σ→+∞

exp{M−1
G (MF (σ))}

exp{%R[F ]Gσ}
are called the R-type and the lower R-type of F with respect toG. A connection
between TR[F ]G, tR[F ]G and the R-types and the lower R-types of F and G
is demonstrated.
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1. Introduction

Let f and g be entire transcendental functions and Mf (r) = max{|f(z)| : |z| = r}.
For the study of relative growth of the functions f and g Ch. Roy [1] used the order

%g[f ] = lim
r→+∞

ln M−1g (Mf (r))

ln r
and the lower order λg[f ] = lim

r→+∞

ln M−1g (Mf (r))

ln r
of the

function f with respect to the function g. Research of relative growth of entire functions
was continued by T. Biswas and other mathematicians (see, for example, [2], [3]).

Suppose that Λ = (λn) is an increasing to +∞ sequence of non-negative numbers,
and Dirichlet series

(1) F (s) =

∞∑
n=1

fn exp{sλn}, s = σ + it,
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has the abscissa of absolute convergence σa = +∞. For σ < +∞ we put MF (σ) =
= sup{|F (σ + it)| : t ∈ R}.

Let L be a class of continuous non-negative on (−∞, +∞) functions α such that
α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x → +∞. We say that α ∈ L0, if
α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if α ∈ L
and α(cx) = (1 + o(1))α(x) as x0 ≤ x → +∞ for each c ∈ (0, +∞), i. e. α is a slowly
increasing function. Clearly, Lsi ⊂ L0.

If α ∈ L and β ∈ L then for entire Dirichlet series (1) the quantities

%α,β [F ] = lim
σ→+∞

α(ln MF (σ))

β(σ)
, λα,β [F ] = lim

σ→+∞

α(ln MF (σ))

β(σ)

are called the generalized order and the generalized lower order of F , respectively. We
say that F has the generalized regular growth, if 0 < λα,β [F ] = %α,β [F ] < +∞.

As in [4] we de�ne the generalized order %α,β [F ]G and the generalized lower order
λα,β [F ]G of the function F with respect to a function G, given by an entire Dirichlet
series

(2) G(s) =

∞∑
n=1

gn exp{sλn},

as follows

%α,β [F ]G = lim
σ→+∞

β(M−1G (MF (σ)))

β(σ)
, λα,β [F ]G = lim

σ→+∞

β(M−1G (MF (σ)))

β(σ)
.

The following two theorems are proved in [4].

Theorem A. Let α ∈ L and β ∈ L. Except for the cases when %α,β [F ] = %α,β [G] = 0 or
%α,β [F ] = %α,β [G] = +∞, the inequality %α,β [F ]G ≥ %α,β [F ]/%α,β [G] is true and subject
to the condition of the regular growth of G this inequality converts into an equality.

Except for the cases when λα,β [F ] = λα,β [G] = 0 or λα,β [F ] = λα,β [G] = +∞, the
inequality λα,β [F ]G ≤ λα,β [F ]/λα,β [G] is true and subject to the condition of the regular
growth of G this inequality converts into an equality.

Theorem B. Let 0 < p < +∞ and one of conditions is satis�ed:

a) α ∈ L0, β(ln x) ∈ L0,
dβ−1(cα(x))

d ln x
→ 1

p
(x → +∞) for each c ∈ (0,+∞) and

ln n = o(λn) (n→∞);

b) α ∈ Lsi, β ∈ L0, %α,β [F ] < +∞,
dβ−1(cα(x))

d ln x
= O(1) (x → +∞) and ln n =

= o(λnβ
−1(cα(λn))) (n→∞) for each c ∈ (0,+∞).

Suppose that α(λn+1/p) = (1 + o(1))α(λn/p) as n→∞.
If the function G has generalized regular growth and

κn[G] :=
ln |gn| − ln |gn+1|

λn+1 − λn
↗ +∞, n0 ≤ n→∞,
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then

%α,β [F ]G = lim
n→∞

β

(
1

p
+

1

λn
ln

1

|gn|

)
β

(
1

p
+

1

λn
ln

1

|fn|

)
except for the cases when %α,β [F ] = %α,β [G] = 0 or %α,β [F ] = %α,β [G] = +∞.

If, moreover, F has generalized regular growth and κn[F ] ↗ +∞ as n0 ≤ n → ∞
then

λα,β [F ]G = lim
n→∞

β

(
1

p
+

1

λn
ln

1

|gn|

)
β

(
1

p
+

1

λn
ln

1

|fn|

)
except for the cases when λα,β [F ] = λα,β [G] = 0 or λα,β [F ] = λα,β [G] = +∞.

If we choose α(x) = ln x and β(x) = x for x ≥ 3 then from the de�nition of %α,β [F ]
and λα,β [F ] we obtain the de�nition of the R-order %R[F ] and the lower R-order λR[F ].
The quantities

%R[F ]G := lim
σ→+∞

M−1G (MF (σ))

σ
, λR[F ]G := lim

σ→+∞

M−1G (MF (σ))

σ

we will call the R-order and the lower R-order of F with respect to a function G, accordi-
ngly. From Theorems A and B we get the following statement.

Corollary 1. Except for the cases when %R[F ] = %R[G] = 0 or %R[F ] = %R[G] = +∞,
the inequality %R[F ]G ≥ %R[F ]/%R[G] is true and subject to the condition of the regular
growth of G (i. e. 0< λR[G] = λR[G] <∞) this inequality converts into an equality, and
except for the cases when λR[F ] = λR[G] = 0 or λR[F ] = λR[G] = +∞, the inequality
λR[F ]G ≤ λR[F ]/λR[G] is true and subject to the condition of the regular growth of G
this inequality converts into an equality.

If ln n = o(λn ln λn), ln λn+1 = (1 + o(1)) ln λn as n→∞, the function G has the

regular growth and κn[G] ↗ +∞ as n0 ≤ n → ∞ then %R[F ]G = lim
n→∞

ln |gn|
ln |fn|

except

for the cases when %R[F ] = %R[G] = 0 or %R[F ] = %R[G] = +∞, and if, moreover, the
function F has the regular growth and and κn[F ]↗ +∞ as n0 ≤ n→∞ then λR[F ]G =

= lim
n→∞

ln |gn|
ln |fn|

except for the cases when λR[F ] = λR[G] = 0 or λR[F ] = λR[G] = +∞.

Here we investigate the growth of F with respect to G in terms of R-types and
convergence classes.

2. Relative growth in terms of R-types

Suppose that %R[F ] = % ∈ (0, +∞). If we choose α(x) = x and β(x) = e%x for x ≥ 1
then from the de�nition of %α,β [F ] and λα,β [F ] we obtain the de�nition of the R-type
TR[F ] and the lower R-type tR[F ]. Similarly, the quantities

TR[F ]G := lim
σ→+∞

exp{M−1G (MF (σ))}
exp{%R[F ]Gσ}

, tR[F ]G := lim
σ→+∞

exp{M−1G (MF (σ))}
exp{%R[F ]Gσ}
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are called the R-type and the lower R-type of F with respect to G, respectively.
The following two statements cannot be derived from Theorems A and B, but are

their analogues.

Proposition 1. Suppose that the function G has regular growth. Then except for the
cases when TR[F ] = TR[G] = 0 or TR[F ] = TR[G] = +∞, the inequality TR[F ]G ≥
≥ (TR[F ]/TR[G])1/%R[G] is true and subject to the condition of the strongly regular growth
of G (i. e. 0 < tR[G] = TR[G] < ∞) this inequality converts into an equality, and
except for the cases when tR[F ] = tR[G] = 0 or tR[F ] = tR[G] = +∞, the inequality

tR[F ]G ≤ (tR[F ]/tR[G])1/%R[G] and subject to the condition of the strongly regular growth
of G this inequality converts into an equality.

Proof. Since G has the regular growth, from Corollary 1 we get %R[F ]G = %R[F ]/%R[G].
Therefore,

TR[F ]G = lim
σ→+∞

exp{M−1G (MF (σ))}

exp
{
%R[F ]
%R[G]σ

} = lim
σ→+∞

(
exp{%R[G]M−1G (MF (σ))}

exp{%R[F ]σ}

)1/%R[G]

,

i.e.

(TR[F ]G)%R[G] = lim
x→+∞

exp{%R[G]M−1G (x)}
exp{%R[F ]M−1F (x)}

≥

≥ lim
x→+∞

ln x

exp{%R[F ]M−1F (x)}
lim

x→+∞

exp{%R[G]M−1G (x)}
ln x

=

= lim
σ→+∞

ln MF (σ)

exp{%R[F ]σ}
lim

σ→+∞

exp{%R[G]σ}
ln MG(σ)

=

=
TR[F ]

TR[G]
.

If G has the strongly regular growth then there exists lim
σ→+∞

ln MG(σ)

exp{%R[G]σ}
and as

above we have

(TR[F ]G)%R[G] = lim
x→+∞

exp{%R[G]M−1G (x)}
exp{%R[F ]M−1F (x)}

=

= lim
x→+∞

ln x

exp{%R[F ]M−1F (x)}
lim

x→+∞

exp{%R[G]M−1G (x)}
ln x

=

=
TR[F ]

TR[G]
.

The �rst part of Proposition 1 is proved.
The proof of second part is similar. Indeed,

(tR[F ]G)%R[G] = lim
x→+∞

exp{%R[G]M−1G (x)}
exp{%R[F ]M−1F (x)}

≤

≤ lim
x→+∞

ln x

exp{%R[F ]M−1F (x)}
lim

x→+∞

exp{%R[G]M−1G (x)}
ln x

=
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= lim
σ→+∞

ln MF (σ)

exp{%R[F ]σ}
lim

σ→+∞

exp{%R[G]σ}
ln MG(σ)

=

=
tR[F ]

tR[G]

and if there exists lim
σ→+∞

ln MG(σ)

exp{%R[G]σ}
= tR[F ] = TR[F ] then

(tR[F ]G)%R[G] = lim
x→+∞

ln x

exp{%R[F ]M−1F (x)}
lim

x→+∞

exp{%R[G]M−1G (x)}
ln x

=
tR[F ]

tR[G]
.

�

To get the analogue of theorem B we use thefollowing lemma following which can
be obtained from Lemma 1 in [4], if we will choose α(x) = x and β(x) = e%x for x ≥ 1.

Lemma 1. Suppose that for entire Dirichlet series (1) ln n = o(λn) as n → ∞.

Then TR[F ] = lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn , and if, moreover, λn+1 = (1 + o(1))λn and

κn[F ]↗ +∞ as n0 ≤ n→∞ then tR[F ] = lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn .

Proposition 2. Suppose that the exponents of entire Dirichlet series (1) and (2) satisfy
the conditions ln n = o(λn) and λn+1 = (1 + o(1))λn as n→∞.

If the function G has the strongly regular growth and κn[G]↗ +∞ as n0 ≤ n→∞
then

(3) (TR[F ]G)%R[G] = k∗ :=
%R[G]

%R[F ]
lim
n→∞

|fn|%R[F ]/λn

|gn|%R[G]/λn

except for the cases when TR[F ] = TR[G] = 0 or TR[F ] = TR[G] = +∞.
If, moreover, the function F has the strongly regular growth and κn[F ] ↗ +∞ as

n0 ≤ n→∞ then

(4) (tR[F ]G)%R[G] = k∗ :=
%R[G]

%R[F ]
lim
n→∞

|fn|%R[F ]/λn

|gn|%R[G]/λn

except for the cases when tR[F ] = tR[G] = 0 or tR[F ] = tR[G] = +∞.

Proof. By Proposition 1 and Lemma 1 we have

(TR[F ]G)%R[F ]G =
TR[F ]

TR[G]
= lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn lim
n→∞

e%R[G]

λn|fn|%R[G]/λn
≤

≤ lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn
e%R[G]

λn|fn|%R[G]/λn
=
%R[G]

%R[F ]
lim
n→∞

|fn|%R[F ]/λn

|gn|%R[G]/λn
= k∗.

On the other hand, let k∗ > 0. Then for every ε ∈ (0, k∗) there exists an increasing to
∞ sequence (nk) of integers such that

|fnk
|%R[F ]/λnk

%R[F ]
> (k∗ − ε) |gnk

|%R[G]/λnk

%R[G]
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and, thus,

lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn > (k∗ − ε) lim
n→∞

λn|gn|%R[G]/λn

e%R[G]
.

Since G has the strongly regular growth, that is TR[G] = tR[G], hence by Lemma 1
we obtain the inequality TR[F ] > (k∗ − ε)TR[G], i. e. in view of arbitrariness of ε the

inequality (TR[F ]G)%R[G] =
TR[F ]

TR[G]
≥ k∗ is true. For k∗ = 0 the last inequality is obvious.

The �rst part of Proposition 2 is proved.
For the proof of the second part we remark that since the function G has the strongly

regular growth, by Proposition 1 and Lemma 1

(tR[F ]G)%R[F ]G =
tR[F ]

tR[G]
= lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn lim
n→∞

e%R[G]

λn|fn|%R[G]/λn
≥

≥ lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn
e%R[G]

λn|fn|%R[G]/λn
=
%R[G]

%R[F ]
lim
n→∞

|fn|%R[F ]/λn

|gn|%R[G]/λn
= k∗.

On the other hand, if k∗ < +∞ then for every ε > 0 there exists an increasing to ∞
sequence (nk) of integers such that

|fnk
|%R[F ]/λnk

%R[F ]
< (k∗ + ε)

|gnk
|%R[G]/λnk

%R[G]

and, thus,

lim
n→∞

λn
e%R[F ]

|fn|%R[F ]/λn < (k∗ + ε) lim
n→∞

e%R[G]

λn|gn|%R[G]/λn
,

whence by Lemma 1 it follows that tR[F ] < (k∗ + ε)tR[G] and in view of arbitrariness

of ε the inequality (tR[F ]G)%R[G] =
tR[F ]

tR[G]
≤ k∗ is true. The last inequality is trivial, if

k∗ = +∞. The proof of Proposition 2 is completed. �

We remark that if %R[F ]G = %R[F ]/%R[G] then the R-type and the lower R-type of
F with respect to G can be de�ned also by formulas

T ∗R[F ]G := lim
σ→+∞

exp{%R[G]M−1G (MF (σ))}
exp{%R[F ]σ}

, t∗R[F ]G := lim
σ→+∞

exp{%R[G]M−1G (MF (σ))}
exp{%R[F ]σ}

.

Then in Proposition 1 the inequalities TR[F ]G ≥ (TR[F ]/TR[G])1/%R[G] and tR[F ]G ≤
≤ (tR[F ]/tR[G])1/%R[G] can be replaced by the inequalities T ∗R[F ]G ≥ TR[F ]/TR[G]

and t∗R[F ]G ≤ tR[F ]/tR[G], and in formulae (3) and (4) instead of (TR[F ]G)%R[G] and

(tR[F ]G)%R[G] one can put T ∗R[F ]G and t∗R[F ]G.

3. Convergence classes

Generalizing the convergence class introduced by Valiron for entire functions,
P. Kamthan [5] showed that if the sequence (λn) has a positive �nite step, that is
0 < h ≤ λn+1 − λn ≤ H <∞ for n ≥ 0, and κn(F ) ↑ +∞ as n→∞ then in order that

(5)

∞∫
0

lnMF (σ)

e%σ
dσ < +∞,
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it is necessary and su�cient that
∞∑
n=1
|fn|%/λn < +∞. Giving up a condition on the step

of exponents in [6] it is well-proven that if lnn = O(λn) as n→∞ then in order that (5)
holds, it is necessary and in the case when κn(F )↗ +∞ (n→∞), it is su�cient that
∞∑
n=1

(λn − λn−1)|fn|%/λn < +∞.

If TR[F ]G = 0, that is in view of the equality T ∗R[F ]G = (TR[F ]G)%R[F ]G we get
T ∗R[F ]G = 0, for a characteristic of the growth of F we introduce a convergence class
with respect to G by the condition

∞∫
0

exp{%R[G]M−1G (MF (σ))}
exp{%R[F ]σ}

dσ < +∞.

Proposition 3. If a function G has the positive lower R-type and the �nite R-type then
a function F belongs to the convergence class with respect to G if and only if F belongs
to the convergence class de�ned by Kamthan.

For the proof of this statement it is enough to use the estimations

0 < t ≤≤ ln MG(σ)

exp{%R[F ]σ}
≤ T < +∞.

As in [7], we say that an entire Dirichlet series (1) belongs to the generalized
convergence αβ-class, if

(6)

∞∫
σ0

α(lnMF (σ))

β(σ)
dσ < +∞,

The following theorem is proved in [7].

Theorem C. Let α be a concave on [x0, +∞) function, α(ex) ∈ L0 and a function

β ∈ L0 satis�es conditions xβ′(x)/β(x) ≥ h > 0 for x ≥ x0 and
∞∫
x0

α(x)

β(x)
dx < +∞.

Suppose that lnn = o(λnβ
−1(α(λn))) as n → ∞. Then in order that entire Dirichlet

series (1) belongs to the generalized convergence αβ-class, it is necessary and in the case
when κn(F )↗ +∞ (n→∞), it is su�cient that

∞∑
n=1

(α(λn)− α(λn−1))β1

(
1

λn
ln

1

|fn|

)
< +∞, β1(x) =

∞∫
x

dσ

β(σ)
.

Finally, in view of the de�nition of %αβ [F ] by the condition %αβ [F ] = 0 we say that
F belongs to a generalized convergence αβ-class with respect to G, if

∞∫
σ0

β(M−1G (MF (σ)))

β(σ)
dσ < +∞.

The following statement is true.
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Proposition 4. If a function G has the positive generalized lower order and the �nite
generalized order then a function F belongs to a generalized convergence αβ-class with
respect to G, if and only if F belongs to a generalized convergence αβ-class de�ned by
condition (6).
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Íåõàé F i G � öiëi ôóíêöi¨, çàäàíi ðÿäàìè Äiðiõëå çi çðîñòàþ÷èìè äî
+∞ ïîêàçíèêàìè, à %R[F ]G � R-ïîðÿäîê ôóíêöi¨ F ñòîñîâíî ôóíêöi¨ G.
Âåëè÷èíè

TR[F ]G := lim
σ→+∞

exp{M−1
G (MF (σ))}

exp{%R[F ]Gσ}
, tR[F ]G := lim

σ→+∞

exp{M−1
G (MF (σ))}

exp{%R[F ]Gσ}
íàçâåìî R-òèïîì i íèæíiì R-òèïîì ôóíêöi¨ F âiäíîñíî ôóíêöi¨ G. Çíàéäå-
íî çâ'ÿçîê ìiæ TR[F ]G, tR[F ]G i R-òèïàìè òà íèæíiìè R-òèïàìè ôóíêöié
F i G.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, âiäíîñíå çðîñòàííÿ, êëàñ çáiæíîñòi.
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