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For an entire Dirichlet series F (s) =
∞∑
k=0

fk exp{sλk} and a Dirichlet seri-

es G(s) =
∞∑
k=0

gk exp{sλk} with �nite abscissa of the absolute convergence the

Dirichlet series (F ∗G)(s) =
∞∑
k=0

fkgk exp{sλk} is called the Hadamard composi-

tion. In terms of generalized orders the growth of this composition and their
derivatives is investigated. A relation between the behavior of the maximal
terms of the Hadamard composition of the derivatives and of the derivative of
the Hadamard composition is established.

Key words: Dirichlet series, Hadamard composition, generalized order,
maximal term.

1. Introduction

For power series f(z) =

∞∑
k=0

fkz
k and g(z) =

∞∑
k=0

gkz
k with the convergence radii

R[f ] and R[g] the series (f ∗ g)(z) =

∞∑
k=0

fkgkz
k is called the Hadamard composition. It

is well known [1, 2] that R[f ∗ g] ≥ R[f ]R[g]. Properties of this composition obtained by
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J. Hadamard �nd applications [2, 3] in the theory of analytic continuation of the functi-
ons represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the article [4].

For 0 ≤ r < R[f ] let µf (r) = max
{
|fk|rk : k ≥ 0

}
be the maximal term of the

power expansion of f . Studying [5, 6] a connection between the growth of maximal terms
of a derivative of the Hadamard's composition of two entire functions f and g and the
Hadamard composition of their derivatives M. Sen [6], in particular proved, that if the
function (f ∗ g) has order % and lower order λ then for every ε > 0 and all r ≥ r0(ε)

r(n+2)λ−1−ε ≤
µf(n+1)∗g(n+1)(r)

µ(f∗g)(n)(r)
≤ r(n+2)%−1+ε.

Since Dirichlet series with positive increasing to +∞ exponents are direct generali-
zations of power series, a problem becomes natural on similar results for a Hadamard
composition of such series.

So, let Λ = (λk) be an increasing to +∞ sequence of nonnegative numbers
(λ0 = 0), and S(Λ, A) be a class of Dirichlet series

(1) F (s) =

∞∑
k=0

fk exp{sλk}, s = σ + it

with the exponents Λ and the abscissa of absolute convergence σa[F ] = A . If F ∈ (Λ, A1)

and G(s) =

∞∑
k=0

gk exp{sλk} ∈ (Λ, A2) the Dirichlet series

(2) (F ∗G)(s) =

∞∑
k=0

fkgk exp{sλk}

is called [7] the Hadamard composition of F and G.
For a Dirichlet series (1) with σa[F ] = A[F ] = A > −∞ and σ < A we put

M(σ, F ) = sup {|F (σ + it)| : t ∈ R}, and let µ(σ, F ) = max {|fk| exp{σλk} : k ≥ 0} be
the maximal term, ν(σ, F ) = max {k : |fk| exp{σλk} = µ(σ, F )} be the central index and
Λ(σ, F ) = λν(σ,F ). The following result is proved in [7].

Proposition 1. Let n ∈ Z+, m ∈ N and m > n. If σa[F ] = σa[G] = +∞ and ln k =
= o(λk ln λk) as k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[f ∗G]

and (if %R[f ∗G] < +∞)

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[f ∗G],

where %R[f ] and λR[f ] are respectively the R-order and the lower R-order of entire Diri-
chlet series (1). If σa[F ] = σa[G] = 0 and ln k = o(λk/ ln λk) as k →∞ then

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%(0)[f ∗G]
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and

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λ(0)[f ∗G],

where %(0)[f ] and λ(0)[f ] are respectively the order and the lower order of Dirichlet series
(1) with σa[F ] = 0.

Here we will consider the case, when σa[F ] = +∞ and σa[G] ∈ (−∞+∞).

2. Convergence and growth

We put

A[F ] = lim
k→+∞

1

λk
ln

1

|fk|
, A[F ] = lim

k→+∞

1

λk
ln

1

|fk|
.

It is known ([8],[9]) that σa[F ] ≤ A[F ] and if ln k = o(λk) as k →∞ then σa[F ] = A[F ].
It is easy to see that if A[F ] > −∞ and A[G] > −∞ then A[F ∗ G] ≥ A[F ] + A[G].
Therefore, if σa[F ] = +∞ and A[G] > −∞ then A[F ∗G] = +∞.

We remark also [7] that if σa[F ] = +∞ and σa[G] > −∞ then

σa[F ∗G] ≥ σa[F ] + σa[G] = +∞.

Further, we will also assume that σa[G] = A[G].
In [7] it is proved that

σa[F ∗G] = σa[(F ∗G)(n)] = σa[F (n) ∗G(n)]

for every n ∈ N, whence we get the following statement.

Proposition 2. If σa[F ] = +∞ and σa[G] > −∞ then

σa[F ∗G] = σa[(F ∗G)(n)] = σa[F (n) ∗G(n)] = σa[F ] = +∞

for every n ∈ N.

By L we denote the class of non-negative continuous on (−∞, +∞) functions α
such that α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x → +∞. We say that
α ∈ L0, if α ∈ L and α((1 + o(1))x) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ Lsi, if
α ∈ L and α(cx) = (1 + o(1))α(x) as x → +∞ for each c ∈ (0, +∞), i.e. α is a slowly
increasing function. Clearly, Lsi ⊂ L0.

If α ∈ L, β ∈ L and F ∈ (Λ,+∞) then the quantities

(3) %α,β [F ] := lim
σ→+∞

α(ln M(σ, F ))

β(σ)
, λα,β [F ] := lim

σ→+∞

α(ln M(σ, F ))

β(σ)

are called the generalized (α, β)-order and the generalized lower (α, β)-order of F . If
in (3) we substitute ln µ(σ, F ) instead of ln M(σ, F ) then we obtain quantities, which
we denote by %α,β [ln µ, F ] and λα,β [ln µ, F ] respectively. Substituting Λ(σ, F ) instead of
ln M(σ, F ) by analogy we de�ne %α,β [Λ, F ] and λα,β [Λ, F ]. The following lemma is true
[9, 10].
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Lemma 1. Let α ∈ Lsi, β ∈ L0 and
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for each

c ∈ (0,+∞) and F ∈ (Λ,+∞). If for each c ∈ (0,+∞)

(4) ln k = o(λkβ
−1(cα(λk))), k →∞,

then

(5) %α,β [F ] = %α,β [ln µ, F ] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) .
If, moreover, α(λk+1) ∼ α(λk) and κk[F ] :=

ln |fk| − ln |fk+1|
λk+1 − λk

↗ +∞ as k0 ≤ k → ∞

then

(6) %α,β [F ] = %α,β [ln µ, F ] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) .
We need also the following lemmas.

Lemma 2. If F ∈ (Λ,+∞), α(ex) ∈ Lsi, β ∈ L0 and α(x) = o(β(x)) as x→ +∞ then
%α,β [ln µ, F ] = %α,β [Λ, F ] and λα,β [ln µ, F ] = λα,β [Λ, F ].

Proof. We use the equality (see [8], [9])

(7) ln µ(σ, F )− ln µ(0, F ) =

σ∫
0

Λ(x)dx, 0 ≤ σ < +∞.

From (7) it follows that for every ε > 0 and all σ ≥ 0

(8)
εσ

1 + ε
Λ

(
σ

1 + ε
, F

)
≤ ln µ(σ, F )− ln µ(0, F ) ≤ σΛ(σ, F ).

Hence ln µ(σ, F ) ≥ Λ

(
σ

1 + ε
, F

)
for all σ > 0 large enough and, thus,

%α,β [Λ, F ] = lim
σ→+∞

α(Λ(σ, F ))

β(σ)
≤ lim
σ→+∞

α(µ((1 + ε)σ, F ))

β((1 + ε)σ)
lim

σ→+∞

β((1 + ε)σ)

β(σ)
,

λα,β [Λ, F ] = lim
σ→+∞

α(Λ(σ, F ))

β(σ)
≤ lim
σ→+∞

α(µ((1 + ε)σ, F ))

β((1 + ε)σ)
lim

σ→+∞

β((1 + ε)σ)

β(σ)
.

Therefore, %α,β [Λ, F ] ≤ %α,β [ln µ, F ]B(ε) and λα,β [Λ, F ] ≤ λα,β [ln µ, F ]B(ε), where in

view of condition β ∈ L0 we get [11] B(ε) = lim
σ→+∞

β((1 + ε)σ)

β(σ)
→ 1 as ε→ 0, and thus,

%α,β [Λ, F ] ≤ %α,β [ln µ, F ] and λα,β [Λ, F ] ≤ λα,β [ln µ, F ].
On the other hand, if on the contrary %α,β [Λ, F ] < %α,β [ln µ, F ] then for every

% ∈ (%α,β [Λ, F ], %α,β [ln µ, F ]) and all σ ≥ σ0(%) we have Λ(σ, F ) ≤ α−1(%β(σ)) and,
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thus, ln µ(σ, F ) ≤ (1 + o(1))σα−1(%β(σ)) as σ → +∞, i.e.

α(ln µ(σ, F )) ≤ (1 + o(1))α(σα−1(%β(σ))) =

= (1 + o(1))α(exp{ln σ + ln α−1(%β(σ))}) ≤
≤ (1 + o(1))α(exp{2 max{ln σ, ln α−1(%β(σ))}}) =

= (1 + o(1))α(exp{max{ln σ, ln α−1(%β(σ)}}) =

= (1 + o(1)) max{α(σ), %β(σ)}) ≤
≤ (1 + o(1))(α(σ) + %β(σ)}) =

= (1 + o(1))%β(σ)), σ → +∞,

whence %α,β [ln µ, F ] ≤ %, which is impossible. Thus, %α,β [ln µ, F ] = %α,β [Λ, F ]. The proof
of the equality λα,β [ln µ, F ] = λα,β [Λ, F ] is similar. �

Lemma 3. If α ∈ L0 and β ∈ L0 then %α,β [F ] = %α,β [F ′] and λα,β [F ] = λα,β [F ′].

Proof. Since [7] for σ < +∞ and 0 < δ(σ) < +∞

(9) M(σ, F ′) ≤ M(σ + δ(σ), F )

δ(σ)

and for σ0 < σ

(10) M(σ, F ) ≤ (σ − σ0)M(σ, F ′) +M(σ0, F ),

using δ(σ) = 1 and σ0 = 0 we have

(1 + o(1)) ln M(σ, F ) ≤ ln M(σ, F ′) ≤ ln M(σ + 1, F ), σ → +∞,

because for every entire Dirichlet series ln σ = o(ln M(σ, F )) as σ → +∞. Since α ∈ L0

and β ∈ L0, we get %α,β [ln µ] = %α,β [Λ] and λα,β [ln µ] = λα,β [Λ]. �

Using Lemma 1 we prove the following statement.

Proposition 3. Let the functions α, β and the sequence (λk) satisfy the conditions of
Lemma 1, A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞. Then %α,β [F ∗G] = %α,β [F ] and
if, moreover, α(λk+1) ∼ α(λk), κk[F ] ↗ +∞ and κk[G] ↗ A[G] as k0 ≤ k → ∞ then
λα,β [F ∗G] = λα,β [F ]

Proof. Clearly, if A[F ] = +∞ then
1

λk
ln

1

|fk|
→ +∞ as k → ∞. On the other hand,

since −∞ < A[G] ≤ A[G] < +∞, we have
1

λk
ln

1

|gk|
= O(1) as k →∞. Therefore,

β

(
1

λk
ln

1

|fk|
+

1

λk
ln

1

|gk|

)
= β

(
1

λk
ln

1

|fk|
+O(1)

)
=

= β

(
1 + o(1)

λk
ln

1

|fk|

)
=

= (1 + o(1))β

(
1

λk
ln

1

|fk|

)
, k →∞,
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and by Lemma 1

%α,β [F ∗G] = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fkgk|

) = lim
k→∞

α(λk)

β

(
1

λk
ln

1

|fk|

) = %α,β [F ∗G]

and similarly λα,β [F ∗G] = λα,β [F ]. �

Lemma 3 implies the following statement.

Proposition 4. If α ∈ L0 and β ∈ L0 then

%α,β [F ∗G] = %α,β [(F ∗G)(n)] = %α,β [F (n) ∗G(n)]

and
λα,β [F ∗G] = λα,β [(F ∗G)(n)] = λα,β [F (n) ∗G(n)]

for each n ≥ 1.

Indeed, by Lemma 3 we have that

%α,β [F ∗G] = %α,β [(F ∗G)′] and λα,β [F ∗G] = λα,β [(F ∗G)′],

that is

%α,β [F ∗G] = %α,β [(F ∗G)(n)] and λα,β [F ∗G] = λα,β [(F ∗G)(n)]

for each n ≥ 1, and since F (n) ∗G(n) = (F ∗G)(2n), we have that

%α,β [F ∗G] = %α,β [F (n) ∗G(n)] and λα,β [F ∗G] = λα,β [F (n) ∗G(n)].

3. Behavior of the maximal terms of Hadamard compositions

The following is the main result in the section.

Theorem 1. Let α(ex) ∈ Lsi, β ∈ L0,
dβ−1(cα(x))

d ln x
= O(1) as x→ +∞ and (4) holds

for each c ∈ (0,+∞). If A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞ then for n ∈ Z+,
m ∈ N and m > n

(11) lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
= %αβ [F ].

If, moreover, α(λk+1) ∼ α(λk), κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

(12) lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
= λαβ [F ].

Proof. The following inequalities proved in [7] play an important role in the proof of
Theorem 1

(13) Λm−n(σ, (F ∗G)(n)) ≤ µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤ Λm−n(σ, (F ∗G)(m))

for σ < σa[F ∗G]. Since α(ex) ∈ Lsi, we have

α(Λm−n(σ, (F ∗G)(n))) = α(exp{(m− n) ln Λ(σ, (F ∗G)(n))}) =

= (1 + o(1))α(exp{ln Λ(σ, (F ∗G)(n))}) =

= (1 + o(1))α(Λ(σ, (F ∗G)(n))), σ → +∞,
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and, therefore, (13) implies

α(Λ(σ, (F ∗G)(n))) ≤ (1 + o(1))α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤ α(Λ(σ, (F ∗G)(m)))

as σ → +∞, whence

%αβ [Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤

≤ %αβ [Λ, (F ∗G)(m)]

(14)

and

λαβ [Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

β(σ)
α

(
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))

)
≤

≤ λαβ [Λ, (F ∗G)(m)].

(15)

We remark that the condition
dβ−1(cα(x))

d ln x
= O(1) as x → +∞ for each c ∈ (0,+∞)

implies the condition α(x) = o(β(x)) as x → +∞. Therefore, applying Lemma 2,
Lemma 1, Proposition 4 and Proposition 3 consequently, we obtain %αβ [Λ, (F ∗G)(n)] =

= %αβ [ln µ, (F ∗ G)(n)] = %αβ [(F ∗ G)(n)] = %αβ [F ∗ G] = %αβ [F ] and similarly

λαβ [Λ, (F ∗G)(n)] = λαβ [F ]. Therefore, from (14) and (15) we get (11) and (12). �

Choosing m = 2n we obtain the following corollary.

Corollary 1. Let the functions α, β and the sequence (λk) satisfy the conditions of
Theorem 1, A[F ] = +∞ and −∞ < A[G] ≤ A[G] < +∞ then for n ∈ N

lim
σ→+∞

1

β(σ)
α

(
µ(σ, F (n) ∗G(n))

µ(σ, (F ∗G)(n))

)
= %αβ [F ].

If, moreover, α(λk+1) ∼ α(λk), κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

β(σ)
α

(
µ(σ, F (n) ∗G(n))

µ(σ, (F ∗G)(n))

)
= λαβ [F ].

4. Hadamard compositions of the finite R-order

If we choose α(x) = ln x and β(x) = x for x ≥ 3 then from (3) we obtain the
de�nition of the R-order

%R[F ] := lim
σ→+∞

ln ln M(σ, F )

σ

and the lower R-order

λR[F ] := lim
σ→+∞

ln ln M(σ, F )

σ

introduced by J. Ritt [12] for a function F ∈ S(Λ, +∞).
The functions α(x) = ln x and β(x) = x satisfy the conditions of Lemmas 1 and

3 and do not satisfy the condition α(ex) ∈ Lsi of Lemma 2. But it follows from (8)
that %R[Λ, F ] = %R[ln µ, F ] and λR[Λ, F ] = λR[ln µ, F ]. Therefore, as in the proof of
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Theorem 1, we have %R[Λ, (F ∗ G)(n)] = %R[F ] and λR[Λ, (F ∗ G)(n)] = λR[F ]. On the
other hand, from (13) we get

(m− n) ln Λ(σ, (F ∗G)(n)) ≤ ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n) ln Λm−n(σ, (F ∗G)(m))

(16)

and, thus, the following theorem is true.

Theorem 2. If A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞), and ln k = o(λk ln λk) as
k →∞. Then for n ∈ Z+, m ∈ N and m > n

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[F ].

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[F ].

If we choose m = 2n+ 2 then from Theorem 2 we obtain the following analogue of
the above-mentioned result of M.K. Sen.

Corollary 2. A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞, and ln k = o(λk ln λk) as
k →∞. Then for n ∈ Z+

lim
σ→+∞

1

σ
ln
µ(σ, F (n+1) ∗G(n+1))

µ(σ, (F ∗G)(n))
= (n+ 2)%R[F ].

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞, and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

σ
ln
µ(σ, F (n+1) ∗G(n+1))

µ(σ, (F ∗G)(n))
= (n+ 2)λR[F ].

Let now 0 < %R[F ] < +∞. If we choose α(x) = x and β(x) = exp{%R[F ]x} for
x ≥ 0 then from (3) we obtain the de�nition of the R-type,

TR[F ] = lim
σ→+∞

ln M(σ, F )

exp{%R[F ]σ}
,

and the lover R-type,

tR[F ] = lim
σ→+∞

ln M(σ, F )

exp{%R[F ]σ}
.

It is clear that the functions α(x) = x and β(x) = exp{%R[F ]x} do not satisfy the
conditions of Lemma 1, but the following lemma is true (see for example [10], [12], [13]).

Lemma 4. If F ∈ (Λ,+∞) and ln k = o(λk) as k →∞ then

TR[F ] = TR[ln µ, F ] = lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk .

If, moreover, λk+1 ∼ λk and κk[F ]↗ +∞ as k0 ≤ k →∞ then

tR[F ] = tR[ln µ, F ] = lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk .
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The following lemma indicates the connection between the growth of ln µ(σ, F ) and
Λ(σ, F ) in terms of R-types.

Lemma 5. Let F ∈ (Λ,+∞) and ln k = o(λk) as k →∞. Then

(17)
TR[Λ, F ]

e%R[F ]
≤ TR[ln µ, F ] ≤ TR[Λ, F ]

%R[F ]

and

(18)
tR[Λ, F ]

e%R[F ]
≤ tR[ln µ, F ] ≤ TR[Λ, F ]

%R[F ]
ln
e%R[F ]TR[ln µ, F ]

TR[Λ, F ]
.

Proof. From (7) for σ ≥ 1/%R[F ] we have

ln µ(σ, F )− ln µ(0, F ) ≥
σ∫

σ−1/%R[F ]

Λ(x)dx ≥ Λ(σ − 1/%R[F ])

%R[F ]
,

i.e.,

TR[ln µ, F ] ≥ lim
σ→+∞

Λ(σ − 1/%R[F ])

%R[F ] exp{%R[F ]σ}
= lim
σ→+∞

Λ(σ − 1/%R[F ])

e%R[F ] exp{%R[F ](σ − 1/%R[F ])}
,

whence TR[ln µ, F ] ≥ TR[Λ, F ]

e%R[F ]
. Similarly, tR[ln µ, F ] ≥ tR[Λ, F ]

e%R[F ]
. Thus, the inequalities

on the left side in (17) and (18) are proved.
On the other hand, if TR[Λ, F ] < +∞ then Λ(σ) ≤ T exp{%R[F ]σ} for every

T > TR[Λ.F ] and all σ ≥ σ0(T ). Therefore,

ln µ(σ, F )− ln µ(σ0(T ), F ) ≤ T
σ∫

σ0(T )

exp{%R[F ]x}dx =

=
T

%R[F ]
(exp{%R[F ]σ} − exp{%R[F ]σ0(T )}),

whence TR[ln µ, F ] ≤ T/%R[F ], i.e. in view of the arbitrariness of T we get TR[ln µ, F ] ≤
TR[Λ, F ]/%R[F ].

Finally, suppose that tR[ln µ, F ] > 0 and TR[Λ, F ] > 0. Then for every
t ∈ (0, tR[ln µ, F ]) and T ∈ (0, TR[Λ, F ]) there exists an unbounded set E ⊂ [0, +∞)
such that ln µ(σ, F ) ≥ t exp{%[F ]σ} and Λ(σ) ≥ T exp{%R[F ]σ}. Therefore, for σ∗ ∈ E
and σ > σ∗

ln µ(σ, F ) = ln µ(σ∗, F ) +

σ∫
σ∗

Λ(x, F )dx

≥ ln µ(σ∗, F ) + Λ(σ∗, F )

σ∫
σ∗

dx ≥

≥ t exp{%R[F ]σ∗}+ (σ − σ∗)T exp{%R[F ]σ∗}.



92
Oksana MULYAVA, Myroslav SHEREMETA

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2019. Âèïóñê 88

Therefore,
ln µ(σ, F )

exp{%R[F ]σ}
≥ t+ (σ − σ∗)T

exp{%R[F ](σ − σ∗)}
.

Since the maximum of the function ϕ(x) =
t+ Tx

exp{%R[F ]x}
is reached at the point

x =
T − t%R[F ]

T%R[F ]
, we obtain TR[ln µ] ≥ T

e%R[F ]
exp

{
%R[F ]t

T

}
and in view of the arbi-

trariness of t and T we get

TR[ln µ, F ] ≥ TR[Λ, F ]

e%R[F ]
exp

{
%R[F ]tR[ln µ, F ]

TR[Λ, F ]

}
,

whence the right side of (18) follows. The proof of Lemma 5 is complete. �

Lemma 6. For every entire Dirichlet series (1) TR[F ] = TR[F ′] and tR[F ] = tR[F ′].

Proof. Choosing δ(σ) = 1/(σ + 1) for σ ≥ 0 from (9) we obtain

ln M(σ, F ′)

exp{σ%R[F ]}
≤ ln M(σ + 1/(σ + 1), F ′) + ln (σ + 1)

exp{σ%R[F ]}
=

=
ln M(σ + 1/(σ + 1), F ′)

exp{(σ + 1/(σ + 1))%R[F ]}
exp

{
%R[F ]

σ + 1

}
+

ln (σ + 1)

exp{σ%R[F ]}
,

whence TR[F ′] ≤ TR[F ] and tR[F ′] ≤ tR[F ]. On the other hand, in view of (10)
ln M(σ, F ) ≤ (1 + o(1)) ln M(σ, F ) as σ → +∞, whence TR[F ] ≤ TR[F ′] and
tR[F ] ≤ tR[F ′]. �

Using Lemma 4 we prove the following statement.

Proposition 5. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and ln k = o(λk) as
k →∞. Then

(19) TR[F ] exp{−A[G]%R[F ]} ≤ TR[F ∗G] ≤ TR[F ] exp{−A[G]%R[F ]}

and if, moreover, λk+1 ∼ λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

(20) tR[F ] exp{−A[G]%R[F ]} ≤ tR[F ∗G] ≤ tR[F ] exp{−A[G]%R[F ]}.

Proof. By Proposition 3 %R[F ∗G] = %R[F ]. Therefore, by Lemma 4

TR[F ∗G] = lim
k→∞

λk
e%R[F ∗G

]|fkgk|%R[F∗G]/λk =

= lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
,

whence

TR[F ∗G] ≤ lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk lim
k→∞

exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
=

= TR[F ] exp

{
−%R[F ] lim

k→∞

1

λk
ln

1

|gk|

}
=

= TR[F ] exp{−A[G]%R[F ]}.
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and

TR[F ∗G] ≥ lim
k→∞

λk
e%R[F ]

|fk|%R[F ]/λk lim
k→∞

exp

{
−%R[F ]

1

λk
ln

1

|gk|

}
=

= TR[F ] exp

{
−%R[F ] lim

k→∞

1

λk
ln

1

|gk|

}
=

= TR[F ] exp{−A[G]%R[F ]},

i.e. we get (19). The proof of (20) is similar. �

Finally, Lemma 6 implies the following statement.

Proposition 6. The equalities

TR[F ∗G] = TR[(F ∗G)(n)] = TR[F (n) ∗G(n)]

and

tR[F ∗G] = tR[(F ∗G)(n)] = tR[F (n) ∗G(n)]

are true for each n ≥ 1.

Therefore, the following theorem is true.

Theorem 3. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and ln k = o(λk) as k →∞.
Then for n ∈ Z+, m ∈ N and m > n

%R[F ]TR[F ∗G]

exp{A[G]%R[F ]}
≤ lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ e%R[F ]TR[F ∗G]

exp{A[G]%R[F ]}
.

(21)

Proof. From (13) it follows that

TR[Λ, (F ∗G)(n)] ≤ lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
) ≤

≤ TR[Λ, (F ∗G)(m)].

(22)

Using Proposition 6, Lemmas 5 and 4 from (22) we get (21). �

Remark 1. Similarly, we can prove that if the conditions of Theorem 3 are satis�ed and,
moreover, λk+1 ∼ λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

exp{%R[F ]σ}
m−n

√
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤ e%R[F ]tR[F ∗G]

exp{A[G]%R[F ]}

We were not able to obtain a lower estimate for this lim, because there is no such an
estimate for tR(Λ).
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5. Hadamard compositions of the finite logarithmic order

In the theory of entire Dirichlet series, the logarithmic order

%l[F ] :== lim
σ→+∞

ln ln M(σ, F )

ln σ

and lower order

λl[F ] := lim
σ→+∞

ln ln M(σ, F )

ln σ

are also used. We remark that λl[F ] ≥ 1 for each entire Dirichlet series.
The function α(x) = β(x) = ln x not hold the condition of Lemma 1, but the

following statement is true [13].

Lemma 7. If F ∈ (Λ,+∞) and

(23) lim
k→∞

ln ln k

ln λk
< 1

then %l[F ] = lim
k→∞

ln λk

ln
(

1
λk

ln 1
|fk|

) + 1. If, moreover, ln λk+1 ∼ ln λk and κk[F ] ↗ +∞

as k0 ≤ k →∞ then λl[F ] = lim
k→∞

ln λk

ln
(

1
λk

ln 1
|fn|

) + 1.

As in the proof of Proposition 3 using Lemma 7 we get the following statement.

Proposition 7. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and (23) holds. Then
%l[F ∗ G] = %l[F ]. If, moreover, ln λk+1 ∼ ln λk, κk[F ] ↗ +∞ and κk[G] ↗ A[G] as
k0 ≤ k →∞ then λl[F ∗G] = λl[F ].

From (9) with δ(σ) = 1 and (10) we obtain %l[F
′] = %l[F ] and λl[F

′] = λl[F ]. From
(8) with ε = 1 we obtain

σ

2
Λ
(σ

2
, F
)
≤ ln µ(σ, F )− ln µ(0, F ) ≤ σΛ(σ),

whence %l[ln µ, F ]− 1 = %l[Λ, F ] and λl[ln µ, F ]− 1 = λl[Λ, F ]. Finally, (16) implies the
inequalities

(m− n)%l(Λ, (F ∗G)(n)) ≤ lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n)%l(Λ, (F ∗G)(m))

and

(m− n)λl(Λ, (F ∗G)(n)) ≤ lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
≤

≤ (m− n)λl(Λ, (F ∗G)(m)).

Therefore, as usual, we arrive at the following theorem.
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Theorem 4. Let A[F ] = +∞, −∞ < A[G] ≤ A[G] < +∞ and (23) holds. Then for
n ∈ Z+, m ∈ N and m > n

lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)(%l[F ]− 1).

If, moreover, ln λk+1 ∼ ln λk, κk[F ]↗ +∞ and κk[G]↗ A[G] as k0 ≤ k →∞ then

lim
σ→+∞

1

ln σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)(λl[F ]− 1).
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Äëÿ ñòåïåíåâèõ ðÿäiâ f(z) =
∞∑
k=0

fkz
k i g(z) =

∞∑
k=0

gkz
k iç ðàäióñàìè

çáiæíîñòi R[f ] i R[g] ðÿä (f ∗ g)(z) =
∞∑
k=0

fkgkz
k íàçèâà¹òüñÿ àäàìàðîâîþ

êîìïîçèöi¹þ. Äëÿ 0 ≤ r < R[f ] íåõàé µf (r) = max{|fk|rk : k ≥ 0} � ìàêñè-
ìàëüíèé ÷ëåí ñòåïåíåâîãî ðîçâèíåííÿ ôóíêöi¨ f . Âèâ÷àþ÷è çâ'ÿçîê ìiæ
çðîñòàííÿì ìàêñèìàëüíèõ ÷ëåíiâ ïîõiäíèõ àäàìàðîâî¨ êîìïîçèöi¨ äâîõ öi-
ëèõ ôóíêöié f òà g i àäàìàðîâîþ êîìïîçèöi¹þ ¨õ ïîõiäíèõ Ì. Ñåí çîêðåìà
äîâiâ, ùî ÿêùî ôóíêöiÿ (f ∗ g) ìà¹ ïîðÿäîê % i íèæíié ïîðÿäîê λ, òî äëÿ
êîæíîãî ε > 0 i âñiõ r ≥ r0(ε)

r(n+2)λ−1−ε ≤
µf(n+1)∗g(n+1)(r)

µ(f∗g)(n)(r)
≤ r(n+2)%−1+ε.

Îñêiëüêè ðÿäè Äiðiõëå ç äîäàòíèìè çðîñòàþ÷èìè äî +∞ ïîêàçíèêàìè ¹
ïðÿìèì óçàãàëüíåííÿì ñòåïåíåâèõ ðÿäiâ, òî ïðèðîäíî ïîñòà¹ ïèòàííÿ ïðî
ïîäiáíi ðåçóëüòàòè äëÿ àäàìàðîâî¨ êîìïîçèöi¨ òàêèõ ðÿäiâ. Îòæå, íåõàé
Λ = (λk) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë (λ0 = 0), i

S(Λ, A) � êëàñ ðÿäiâ Äiðiõëå F (s) =
∞∑
k=0

fk exp{sλk}, (s = σ + it), ç ïîêàç-

íèêàìè Λ i àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi σa[F ] = A. ßêùî F ∈ (Λ, A1) i

G(s) =
∞∑
k=0

gk exp{sλk} ∈ (Λ, A2), òî ðÿä Äiðiõëå

(F ∗G)(s) =

∞∑
k=0

fkgk exp{sλk}

íàçèâà¹òüñÿ àäàìàðîâîþ êîìïîçèöi¹þ ôóíêöié F òà G.
Äëÿ ðÿäó Äiðiõëå F (s) ç σa[F ] = A[F ] = A > −∞ äëÿ σ < A ìàêñèìàëüíèì
÷ëåíîì íàçèâàòèìåìî µ(σ, F ) = max{|fk| exp{σλk} : k ≥ 0}. Âiäîìî, ùî
äëÿ n ∈ Z+, m ∈ N i m > n, ÿêùî σa[F ] = σa[G] = +∞ i ln k = o(λk ln λk)
ïðè k →∞, òî

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%R[f ∗G]

i (ÿêùî %R[f ∗G] < +∞)

lim
σ→+∞

1

σ
ln
µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λR[f ∗G],
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äå %R[f ] i λR[f ] âiäïîâiäíî R-ïîðÿäîê òà íèæíié R-ïîðÿäîê öiëîãî ðÿäó
Äiðiõëå. ßêùî σa[F ] = σa[G] = 0 i ln k = o(λk/ ln λk) ïðè k →∞, òî

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)%(0)[f ∗G]

i

lim
σ↑0
|σ| ln µ(σ, (F ∗G)(m))

µ(σ, (F ∗G)(n))
= (m− n)λ(0)[f ∗G],

äå %(0)[f ] i λ(0)[f ] âiäïîâiäíî ïîðÿäîê òà íèæíié ïîðÿäîê ðÿäó Äiðiõëå ç
σa[F ] = 0.
Ó ïðàöi îòðèìàíî àíàëîãi÷íi ðåçóëüòàòè äëÿ âèïàäêó σa[F ] = +∞ i σa[G] ∈
(−∞+∞).

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, êîìïîçèöiÿ Àäàìàðà, óçàãàëüíåíèé ïîðÿ-
äîê, ìàêñèìàëüíèé ÷ëåí.


