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1. I n t r o d u c t i o n 

Suppose that Л = (An) is a sequence of positive numbers, increasing to +oc , and 
S(A, A) is the class of Dirichlet series 

oo 
(1) F(s) = ^ an exp{sAn} , s = a + it, 

n=0 

with abscissa of absolute convergence cra = А Є (—oo, +00]. For a < A we put 

M (a, F) = sup{|F(<7 + it)| : t Є R} , 

and let 

/z(cr, F) = max{|a„| exp (a\n ) : n > 0} 

be the maximal term of series (1), 
F) = max{n > 0 : |û„|exp(<7A„) = /i(cr,F)} 
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be its central index and 
^ _ ln |a„| - ln |a,i+i| 

•Vi+1 — 

By П(Л) we denote the class of positive functions Ф, unbounded on ( - о с , Л), 
such that the derivative Ф' is continuously differentiable, positive and increasing to 
+00 on ( - 0 0 , A). For Ф Є f!(.4) let 1p be the function inverse to Ф' and let 

b on associated with Ф in the sense of Newton. Then [1; 2, p. ЗО] Ф is continuously 
differentiable and increasing to .4 on ( - o c . ,4) and is continuously differentiable 
and increasing to A on (0, +00). 

As in |3], we say that Dirichlet series belongs to a convergence Ф-class if 
A 
Г < 

(2) J 
<I>'(cr)ln Mia. F) , 
—v ' v -da < +00. ФЧ<7) 

V0 

By Cauchy inequality from (2) it follows that 

(3) J Ф 4 ) < + o c -
fu 

The next question arises: which conditions do ensure that (3) implies (2)? Further 
we assume that either .4 = +00 or .4 = 0, because the case .4 Є (—oo, + o c ) can be 
reduced to the case A = 0 by substituting s — A for s. 

In [4] it is proved that if 
к 

r -
Ф'(а) ln Ф'(<х) , 

then for each entire ( A — +00) Dirichlet series with A„ = n relations (2) and (3) are 
equivalent. We remark that from (4) it follows that ln Ф'(<т) = о(Ф(<7)) as er — +00. 

If Ф(сг) = є" 7 ( о > 0) then from (2) we obtain the definition of a convergence 
class, introduced in [5]. For such convergence class in [6| the following theorem is 
proved. 

T h e o r e m A . For the relations 
00 oc 
Г ln M (a, F)J . Г ln ti(a, F) . 
/ ;—Г-da < +00 and / ——^da < +эс 

J expier} J ехр{о(т} 
о о 

to be equivalent for each F Є S(Л, +oo ) it is necessary and sufficient that 

In n = 0 ( A n ) (n —• 00). 
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If Ф(сг) = ffP (p > l ) for с > со then from (2) we obtain the definition of a 
logarithmic convergence class, for which the following theorem is true |7]. 

T h e o r e m B . For the relations 

J <7- ( p + 1 ) In M(<г, F)da < +00 and J <т-<"+1> In F)da < + o o 

і і 

to be equivalent for each F Є S ( A , + o c ) it is necessary and sufficient that 

l n n = 0 (AP / ( p - I >) (n —» oo). 

For Dirichlet series with <ja = 0 the convergence class is defined [8] by condition 
(2) with Ф(<т) = \a\~e (o > 0). The following theorem is true. 

T h e o r e m C . For the relations 
о о 

J |<t|c-1 In M(er, F)da < + o o and J 1 In /і(<т, F)da < +oo 

- і - і 

to be equivalent for each F Є 5 (Л,0) it is necessary and sufficient that 

In Iii n = o(ln A„) (n — oo). 

Finally, if we choose in (2) Ф(<т) = e^1"1 (o > 0) then we obtain [8] the definition 
of the convergence class for Dirichlet series with (7„ = 0 of finite Л-order. In [9| the 
following theorem is proved. 

T h e o r e m D. For the relations 

ОС 00 

a о 
and 

- l - l 

to be equivalent for each F € S (A. 0) it is necessary that 

In n = 0 ( A „ / l i i 2 An) (n — oo) 

and sufficient that 

\пп = 0(Хп/\п" К) {ті —* oo) with q > 3. 

The aim of the present investigation is to find condition on (A„), under which 
the relations (2) and (3) are equivalent in the case when the function Ф increases 
rapidly enough, that is Ф'(<т)/Ф(<т) is a nondecreasing function. 
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2. Sufficient condition 

Let. n(t) — <t 1 be the counting function of the sequence (A„). From the proof 
of Theorem 1 from [ 10] the following statement follows. 

L e m m a 1. Let either A = + o o or A — 0, Ф Є П(Л), and Ф'(<т)/Ф(ст) be a function, 
nondecreasiny on [cr0, A). If ln /i(cr, F) < Ф(<т) for all а Є |<т0, Л) and ln n(t) — o(t) 
as t —> +00, then M(cr,F) < n{o,F)n(~({a)) + 1 for а Є [<т0, Л), where 7(сг) = 

+ and 0(a) = Ф(сг)/Ф'(Ф_1(<г))-

Using Lemma 1 we prove the following theorem. 

T h e o r e m 1. Let either A = + o o or A = 0, Ф Є П(Л), Ф'(<т)/Ф(сг) be a function, 
nondecreasiny on [eg, A), and 

Ф"(а)Ф(а) „ rr 
, , 2 < Я < +00 

(Ф'(а))2 

for all а Є [сто. Л). Then, for conditions (2) and (3) to be equivalent for any function 
f Є S(Л, A) it is sufficient that 

(5) I 
to 

ln n(t) , 
w dt< +OC. 

Proof. Since 

we have 

(Ф(Ф(¥>(0)) 

_ Ф » Ф ( а ) Ф(Ф(У(0) ) > Ф ( г ( 0 ) 
* w (Ф'(е)Г- ' ф ' ( ф Ш ) ) - Ф ' Ш ) 

ос 

lim Ф(Ф(*?(і))) / 
оо J 

dx 
хФ{<1>(ір(х))) 

t 

> .. (Ф(Ф(^(0) ) ) а = 

ф ( ф ( ^ ( 0 ) ) ( Ф ' ( у ( 0 ) ) 2 

Ф(у(0 ) (Ф'(У(0))Д = . 
о о Ф ' Ы О ) Ф " Ш ) Ф Ш № ( 1 ) 

Therefore, for every £ > 0 and all t > to(s) we obtain from (5) 

є > 

ос оо 
Г l n n ( x ) f dx 

J х ф ш у р ь ь ^ ч Щщф. 
t t 

))) 
( l + o ( l ) ) l n n f t ) 

2 Ф ( Ф М « ) ) ) ' 
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whence it. follows that 

But Ф(Ф(¥>(«))) < Ф(¥>(()) = O(t) as t -> +00, because Ф(<т) = О ( Ф ' И ) as a î A. 
Thus, In n(t) — o(t) as t —» +00. 

From (3) it follows that In ц(а, F) < Ф(ег) for all <7 Є [<т0, Л). Therefore, by 
Lemma 1 In M(cr, F ) < In F ) + ln n(y(cr)) + o ( l ) as a î A. Hence it follows that 
(3) implies (2) provided 

From the nondecrease of Ф'/Ф it follows [10] that, a + ß(a) < Ф" 1 (<7) a n c l Ф(<7) < 
еФ(Ф(<т)) for <70 < а < A. Therefore, 

In n(t) = О ( Ф ( Ф ( І ^ ( 0 ) ) ) as t — + 0 0 . 

A 

(6) 

A 

- e f Ф ' ( Ф - ' И ) in » ( Ф ^ Ф ' Ч Ф ' Ч с ) ) ) ) < / Ф ~ У ) 
. / Ф ( Ф - » ( < Т ) ) Ф ( Ф - ' И ) 

А 

І--1 (сто) 
/4 

< еН 

4--'(сто) 
Since 

(*(Ф))У = *(ф)) 

hence and from (5) we obtain 
oo 

oo 
rr [ Ф'(у>(д)) ' » n ( z ) *(¥>(*)) 

- e J Ф(ф)) ф(ф(¥>(*))) 

ОС 

e H j 

that is (6) holds, and Theorem 1 is proved. 
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3. Necessary condition 

We need the following lemmas. 

L e m m a 2. 110, 11] Suppose that 7 , defined on (0, -roc), is a positive, continuous 
and increasing to +00 function and 

,. In n 
hm ——-r > 1. 

n — -fOcT^H j 

Then there exists a subsequence (A£) of the sequence (A„) such that 

к < exp{7(AJ)} + 1 for all к > I and kj > е х р { і ( А ^ )} 

for an increasing sequence of (kj) of positive integers. 

L e m m a 3. [3] The relation (3) holds if and only if 

m 
<*o 

L e m m a 4. [12, p. 115 ] / / I n n = o(A„) as n —> 00 then 

,. In |a„| 
a„ = - hm — . 

n—(-ЭО "tl 

Using Lemmas 2-4, we prove the following theorem. 

T h e o r e m 2. Suppose that A = + o c or A = 0 and the function Ф Є is such 
that 

Ф ' Ы „ Ф'(сг) , „ 
r r y - r î +00, -TöH- 1 о 
Ф(сг) Ф2(<т) 

а« сг t A and 
Ф(^(ж))Ф'(Ф~1(а:)) = 0(х2) as х - » +ос . 

Then, for relations (2) and (3) to be equivalent for any function F Є S(.\, A), it is 
necessary that 

Proof. At first we note that 
о т" 

T +OC 
ф ^ ф - ^ х ) ) 

and 
X 

! 0 as X — +00. 
Ф ' ( Ф _ , ( ® ) ) 
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Now we assume that the sequence Л does not satisfy condition (8). Then there 
exists defined on (0, +oo ) , positive, continuous and slowly increasing to + э с function 
I such that 

( 9 ) Ä r 0 ' 
and 

о о ) Hm ф ' ( ф : : ; у ; ' n " > i -
n—+00 n) 

Conditions of Theorem 2 imply 
' x2l(x) \ \ 

• +00 

as х- —» +00. Indeed, if 

І т ' Л - і ( д 2 / ( д ) " Л 
x ' V* ^ ( » - Ч « ) ) / / 

for some I<o = const > 1 and a sequence (x*..) increasing to + o c then 

Ф Ы К о Х к ) ) Ф ' ( Ф - ' ( » * ) ) ^ „ Ф ( ^ ( х а ) ) Ф ' ( Ф - 1 Ы ) 
Koxk Xk 

which is impossible. Hence it follows that there exists defined on (0, +oc ) , positive, 
continuous and increasing to +oc function L such that 

l(Xk) < ^ _ " < /Co 2 = O ( l ) , к - оо, 

> xL(x) , X > x 0 . (11, )) 
ia 2 there exists a 

е х р \ ф ' ( ф - 1 ( Л - ) ) J 
f } 

' \ Ф ' ( Ф - Ч А ^ ) ) / 

In view of (10) by Lemma 2 there exists a subsequence (X'k) of the sequence (A„) 
such that 

fc<ex p i ^ S K l 

for all к > 1 and 

kj > exp • 

for an increasing sequence of (kj) of positive integers. 
For A„ 0 (A£) we put n„ = 0 and in the obtained Dirichlet series we replace \'k 

by A„. We come to Dirichlet series (1) with the exponents An satisfying following 
conditions 

and 

(13) In n j > г — Ф'(Ф-1(Л„,)) 
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for an increasing sequence of ( n ; ) of positive integers. We can consider that the 
sequence (rij) is sucli that > 2n ; and \„,1 > 2Xnj for mj = [nJ +1/2] and all 
j > 1, and 

( 1 4 ) £ щ Ь л < + о с -

Let (qk) be a sequence, increasing to A. We put щ = 0, <i„0 = 1, a n = 0 for all 
Tlj < П < 771 

і 
(15) a„j+l = J I exp{-9fc(An j l + 1 - A „ J } , j = 0 , 1 , . . . , 

fc=0 

and 

(16) a„ = cinj e x p { - g j ( A „ - A „ , ) } . m 3 < n < n J + 1 , 

that is we obtain the Dirichlet series 
oc / n,+ i - l \ 

(17) F'(s) = < 4 exp{sA t l j } + o „ e x p { s A n } . 

j=0 y ,i=nij J 

From (15) and (16) it follows that 

In a,tj - In anj+1 _ In аП] - In a,,,, _ In anj - In a n , + i _ 
Xitj+I — Anj Xmj — Anj -^»j+i ~ ХП] 

In an - In a n + , 
= — : г = 9j, " i j <n< Uj+i — 1. 

^ n + l — 

Therefore, if <?j < с < qj+i then u(cr, F') = nJ + i and /і(<т. F*) = o„J + 1 exp { f fA n j + 1 } . 
Since 

Ф"((т)Ф(<т) - ( Ф ' И ) 2 = Ф2(<т)(Ф'(о-)/Ф(<т))' > 0, 

hence we have 
Л зо Чі+1 x Чі+l 

l à * 
'/1 3~ 1j 1 41 

mon < v A T î w ^ ^ 
{18) - J ( Ф ' И ) 2 - ^ Ф ' Ы " J-1 ,J 

On the other hand, 
" j - i - i 

(19) M{q:,F')> Y^ a n e x P { ? j ^ n } = ( i j + i — rrij)[i(qj, F') > Kitij+i, 
n=mj 

where K\ = const. 
We choose ^ 

«7+1 
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Then from (19) and (13) we obtain 

In M(Qj, F') > In rij+i + In K\ > ф , ( ф - 1 ( А п i ) } + l n «і = + 1" 

that is the relation (2) does not hold, because (2) implies ln M(a,F) = о(Ф(ст)), 
a t A. 

From (18), (11) and (14) we have 
A ~ oc 

f X«'-F">do < У 

V \ч" ( ' і> - ' (Ап , + 1 ) ) ; 
that is by Lemma 3 relation (3) holds. 

Finally, we prove that aa = A. Since qk Î .4 (к —» oo), from (15) we have 
j 

,„ „ - E <?«:(лп1+1 - A n J 
oo. 

An J 
X) (^"k+i - ^ " t ) 

Ic—O 
If TTij < n < n J + i and .4 = 0 then from (16) we obtain 

ln a„ _ In a n j \n , _ 9 + ^n,- = о f - g f l - — 1 = 
n ^n^ An V J \ A„ ) 

n 
Лпі 

and if A = +00 then 

1,1 a » s „ Л А " Л ^ Із 

o ( l ) , n —» oc, 

— 00, J —» oo. 

Therefore, 
.. In a n lim — — = - Л , 

An T J — ' + O C 

and since, in view of (12) and (9), ln n = o(A„) (n —> oc) by Lemma 4 we have 
aa - A. 

Thus, if the sequence Л does not satisfy condition (8) then there exists a function 
F € 5(Л, A), for which relation (2) and (3) are not equivalent. Theorem 2 is proved. 

4. Remarks 

Using Theorems 1 and 2, it is easy to prove the following statement, which is a slight 
generalization of Theorem D. 

Coro l lary 1. Let q > 0. For the relations 
о 0 
f ln M {a, F ) , , , f In ß(a, F) , 
/ і—iö У ./n da < +00 and / ——\ da < +оо 

J |<т|2ехр{»/|(т|} J \а\- exp{g/|a|} 
- і - і 
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to be equivalent for any function f Є 5 (Л,0) , it is sufficient that 

(20) Г In t , I -yr- In n(t)dt < +00 

and necessary that In n(t) = 0(t In 2 t) (t —* +00) . 

Indeed, for 

we have 

and since 

we also have 
' Ч ш ї Н И*)І 

lv(®)l = 
( l + o ( l ) ) g 

In X 

a n d 

Therefore, 

Ф Ы х ) ) = * ш г = (±as г _ + о с . 

ф ' ( < 7 ) 
î +00, 

In2 X 

Ф ' ( < 7 ) 
1 0 as er î О 

and 

Finally, 

Ф(<7 ) ' ' Ф2(<Т) 

Ф(і^(х))Ф'(Ф -1(а;)) = (1 +о (1 ) )ж 2 as х - +ос . 

Ф"(<т)Ф(<т) 2|g| 
(Ф'(ст))2 ' о ' 

Thus, the function 

kl J 
Ф(сг) = exp < 

satisfies all conditions of Theorems 1 and 2. Since Ф(сг) = -|ff|(l + |c|/в) we have 

4 ( * W ) : 
' - { f t O ^ ) " ' } 

_ (l + o ( l ) ) M ^ j (1 + 0(1)) Ф И 
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as ст f 0 and, thus, 

•<*<*.)» = 
e In X 

as X — + 0 0 , which implies equivalence of (5) and (20). Finally, since 

Ф' (Ф _ 1 (х ) ) = 
xln2 X 

the conditions (8) and In n(t) = 0(t I n - 2 t) (t —» +oo ) are also equivalent. Corollary 
1 is proved. 

Coro l lary 2. Let p > 1. For the relations 
+OC 

/ стр~' In M(a,F) , 
; : der < +00 

ехр{<тР} 

and 
+ x> 

a " - 1 In p(o.F) , 
-da < +00 / exp{<TP} 

ао 

to be equivalent for any function f Є S(Л, +oo ) , it is sufficient that 

(21) 

r in (p-D/p t 
/ In n(t)dt < + 0 0 

and necessary that In n(i) = 0 ( t l n ~ ( p - 1 ) / p t) (t -» +oo ) . 

Indeed, for 

Ф(<т) = ехр{стр} (ст > сто) 

we have 

Ф'(ст) = pa"'1 ехр{стр}, ф - ' ( х ) = (In i ) 1 ^ , ф ' ( ф - ' ( і ) ) = px(ln x ) ( p - 1 ) / p 

and since 
p ^ x ^ - ' e x p {(*>(*))"} = * 

we also have 
ф ) = ( l + o ( l ) ) ( l n x ) 1 / p 

and 

Ф ( ф ) ) = ( x / p ) ( v : ( x ) ) - ( p - 1 ) = (1 + o ( l ) ) (x /p ) ( ln x ) - ' " - 1 ) ^ as x - +oc . 

Therefore, 
Ф'(ст) , Ф'(ст) , n - f - f Г +00, і 0 as CT -> +00 
Ф(ст) Ф-(ст) 

and 
Ф(^(х ) )Ф ' (Ф - 1 (х ) ) = (1 + о(1) )х 2 as x —» +00 . 
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Finally, 
W W . . ( p - 1 ) 

(Ф'(а))2 paP ' 
Thus, the function Ф(сг) = ехр{<т''} satisfies all conditions of Theorems 1 and 2. 
Since Ч'(ст) = a - \/{pap~x) we have 

* < * , . „ - ««n f - ( . - £ ) ' } - i ^ i ) } -

as a —» + 0 0 and, thus, 

Ф(Ф(у>(х))) = Ü £ ^ - ( l n x ) - ( p - 1 ) / p as X - . + 0 0 , 
e v 

whence it follows that (5) and (21) are equivalent. Finally, since Ф ' ( Ф " ' ( х ) ) = 
px( ln x ) ' " - ' ) / " the conditions (8) and In n(t) = 0(tln~(p~1)/'' t) ( t - > + o c ) are also 
equivalent. Corollary 2 is proved. 

We remark that (21) holds provided ln n(t) = 0(t l n " Q t) (t — 4-oc ) with a > 
( 2 p - l ) / p . 
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