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Summary
A relation between the growth of maximum modulus and the growth of maximal term
of Dirichlet series in terms of a convergence class is investigated.
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1. Introduction

Suppose that A = (\;) is a sequence of positive numbers, increasing to +oo, and
S(A, A) is the class of Dirichlet series

o0
(1) F(s)= Zanexp{s,\,,}, s=o0+it,
n=0

with abscissa of absolute convergence o, = A € (—0o0, +]. For ¢ < A we put
M(o, F) = sup{|F(c +it)| : t € R},

and let
(o, F) = max{|an|exp (¢An) : n > 0}

be the maximal term of series (1),

v(o, F) = max{n > 0: |a,|exp (cAn) = u(o, F)}
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be its central index and
_ In |an| — In |ap41|
/\n+l 2 An ’

By Q(A) we denote the class of positive functions ®, unbounded on (—oc, A),
such that the derivative ®' is continuously differentiable, positive and increasing to
+00 on (=00, A). For ® € Q(A) let ¢ be the function inverse to ® and let
P(o)

(o)
b on associated with @ in the sense of Newton. Then [1; 2, p. 30] ¥ is continuously
differentiable and increasing to A on (—oc, A) and ¢ is continuously differentiable

and increasing to A on (0, +00).
As in [3], we say that Dirichlet series belongs to a convergence ®-class if

n

V(o)=0—

4 A
) /‘b ")(11,"2(‘1)(" DM g 200
By Cauchy inequality from (2) it follows that
A
®'(¢)In plo, F
(3) / %—ldo < +00.
oo

The next question arises: which conditions do ensure that (3) implies (2)? Further
we assume that either A = +00 or A = 0, because the case A € (—o0,+oc) can be
reduced to the case A = 0 by substituting s — A for s.

In [4] it is proved that if

]c¢’(a) In d'(c)

& (o)

do < +00,

then for each entire (A = +00) Dirichlet series with A,, = n relations (2) and (3) are

equivalent. We remark that from (4) it follows that In ®'(¢) = o(®(7)) as ¢ — +o0.
If ®(c) = e?? (o > 0) then from (2) we obtain the definition of a convergence

class, introduced in [5]. For such convergence class in [6] the following theorem is

proved.

Theorem A. For the relations

mln M(o, F) P —— °cln ulo, F)

—reNA), do < +o0
J exp{oc} J exp{oc}

to be equivalent for each F' € S(A, +00) it is necessary and sufficient that
Inn=0(\,) (n — o0).
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If ®(0) = o? (p > 1) for ¢ > 09 then from (2) we obtain the definition of a
logarithmic convergence class, for which the following theorem is true [7].

Theorem B. For the relations
oc

oc
/ o~ ®*n M(o, F)do < +o0 and / e~ Pt 1n p(o, F)do < +00
1 1
to be equivalent for each F € S(A, +oc) it is necessary and sufficient that

Inn=0/®N)  (n— oo).

For Dirichlet series with o, = 0 the convergence class is defined [8] by condition
(2) with (o) = |o|~¢ (0 > 0). The following theorem is true.

Theorem C. For the relations

0 0
/la’l‘:‘*l In M(o, F)do < +00  and /[al"'1 In p(o, F)do < +o0
-1 =1

to be equivalent for each F € S(A,0) it is necessary and sufficient that

In In n = o(ln A,) (n — o).

Finally, if we choose in (2) ®(¢) = €2/!?! (o > 0) then we obtain [§] the definition
of the convergence class for Dirichlet series with o, = 0 of finite R-order. In [9] the
following theorem is proved.

Theorem D. For the relations

In M(o, F) In p(e, F)

0
——————do < +o00 and /———-do’ < +00
J ToPexple/lol} J ToPexplefloT}

to be equivalent for each F € S(A,0) it is necessary that
Inn=0M\/In®>)) (n— o)
and sufficient that
Inn=0O(A\/In? Ap) (n — o0) with ¢ > 3.

The aim of the present investigation is to find condition on ()\,), under which
the relations (2) and (3) are equivalent in the case when the function ® increases
rapidly enough, that is ®'(¢)/®(o) is a nondecreasing function.
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2. Sufficient condition

Let n(t) = 3y, <. 1 be the counting function of the sequence (An). From the proof
of Theorem 1 from [10] the following statement follows.

Lemma 1. Let either A= +o00 or A=0, ® € Q(A), and ®'(c)/P(a) be a function,
nondecreasing on (09, A). If In p(o, F) < () for all o € [09, A) and In n(t) = o(t)
as t — +oo, then M(o,F) < p(o, F)n(v(c)) + 1 for o € [00,A), where (o) =
(V= (o + B(0))) and B(o) = ®(0)/¥' (P~} (0)).

Using Lemma 1 we prove the following theorem.

Theorem 1. Let either A = +00 or A =0, ® € Q(A), ®'(0)/P(c) be a function,
nondecreasing on [og, A), and
$"(0)2(0)
(®'(0))?
for all o € (00, A). Then, for conditions (2) and (3) to be equivalent for any function
f e S(A,A) it is sufficient that

. T In n(t)
(5) _/_—_t(b(\k(<p(t)))dt < +oc.

<H< 4+

Proof. Since

8" (o) (o) BU(o(1)) . Bo(t))
VO =" ™ FEe) > ¥(0)

we have

lun D( ‘I’(»’(t)))/l“f’—r)))

- (@) _
’:—Txt‘l’(‘l’(»ﬁ(t)))q”(‘l’(sﬂ(i)))‘I"(tﬁ(t))s?'(l)
o 2W)  (®(e(0)?
t=+00 B (P (p(2))) D" (0(2)) R ((2))te' (¢)
10 N 4 10))
t=+o0 P (0(1)) D"(0(2)) D ((t))t" (¢)
Therefore, for every ¢ > 0 and all ¢ > £y(c) we obtain from (5)

T In n(z)
P / 20U (@) =2 "(t)/ sa(a:)))
(1+0(1))In n(t)
= Q(W(v(t))) '

t — +o00,
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whence it follows that
In n(t) = o(®(¥((t)))) as t— +oo.

But ©(W(p(t))) < (p(t)) = O(t) as t — +00, because ®(c) = O(P'(¢)) as o T A.
Thus, In n(t) = o(t) as t — +oo.

From (3) it follows that In p(o, F) < ®(c) for all ¢ € [0g, A). Therefore, by
Lemma 11n M (o, F) < In p(o, F)+1In n(v(c))+o0(1) as o T A. Hence it follows that
(3) implies (2) provided

A
(©) 1) = [ (10 + §(0)))

B2(0) do < +oc.

%0

From the nondecrease of ®’/® it follows [10] that ¢+ 3(c) < ¥~ !(¢) and ®(0) <
e®(¥ (o)) for o9 < o < A. Therefore,

A
i e / (o) In n(®(¥H( B o))

®(o) P(o)
(Vo)) In n(@(¥(¥"1(0)))) . _
P(¥-1(c)) ®(¥-1(0))
e [F(I(0) In n(@'(¥1 (¥} (o)) d¥ (o) _
N J 2(¥=ia) B(¥-1(0)) (L-1(o))
o P'(0) In n(®'(L1(9))) v
=e (o) (o) V'(o)do
W=1(a0)
%'(0) In n(®' (¥~ (0)))
| Wy e@
W=1(aq)
Since e
(¥(p(a))y = 282,
hence and from (5) we obtain
(¥ In n(z) ®(o(z))
e / SO S e s

o) Inla) e, [_innl)
<eH/ T S 2= | sty < o

that is (6) holds, and Theorem 1 is proved.
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3. Necessary condition

We need the following lemmas.

Lemma 2. (10, 11] Suppose that vy, defined on [0,+oc), is a positive, continuous
and increasing to +oo function and
Inn

lim > 15

n—too¥(An)
Then there exists a subsequence (\,) of the sequence (\,) such that
kE<exp{v(A))}+1 forall k=1 and k;=exp{y(\;))}

for an increasing sequence of (k;) of positive integers.

Lemma 3. [3| The relation (3) holds if and only if

A
5 Av(c.F)
(7) / LDy < 4.

co0

Lemma 4. [12, p. 115 ] Iflnn=o0()\,) as n — oo then

0o = — lim ]n_]a_,,l

n—+o0 n

Using Lemmas 2-4, we prove the following theorem.

Theorem 2. Suppose that A = +oc or A = 0 and the function ® € Q(A) is such
that
¥'(0)
®(0)

P'(0)
$2(0)

T 400,

10

aso T A and
O(¢(x))® (2~ (z)) = O(x®) as T — +oc.

Then, for relations (2) and (3) to be equivalent for any function F € S(A, A), it is
necessary that

2
(8) 1’]'7”:0(21)'(«1):\—?()‘)))’ n — oo.

Proof. At first we note that
2
e

TEiE)

and
T

_— — 3
(I”((I’"(z'))'o as = — +o©
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Now we assume that the sequence A does not satisfy condition (&). Then there
exists defined on (0, +00), positive, continuous and slowly increasing to +oc function
[ such that

zl(z)
(9) m — 0, = — +o0,
and
(10) lim (@A) In n S 1.

=00 ’\;)1[(’\")
Conditions of Theorem 2 imply

= (+ (se)) -+

as r — +o0o. Indeed, if

for some Ky = const > 1 and a sequence () increasing to +oc then

d(p(Kozi)) (I)’((])"l(wk)) i Q(Q(Ik))(l)l(‘l’—l(mk)) - .
Kozy, i < Ko 22 =0(1), k— .

l(zx) < Ko

which is impossible. Hence it follows that there exists defined on (0, +o0), positive,
continuous and increasing to +oo function L such that

11) @' («I)“ (%)) >zL(z), = > 0.

In view of (10) by Lemma 2 there exists a subsequence (A},) of the sequence (A,,)

such that .
CARIE RIS
P'(P-1(A;))

= \2 -
i exp{ (8, )°LA,) }

kgexp{

for all k > 1 and

‘I),((I)_l(/\;:: ))

for an increasing sequence of (k;) of positive integers.

For A, & (A;) we put a,, = 0 and in the obtained Dirichlet series we replace A},
by An. We come to Dirichlet series (1) with the exponents \, satisfying following
conditions

A21(\n)

2 < —1 - > 1
(12) Inn< q,:(q,—l(,\"))+1’ n>1
and

AZ-U X
(13) Inn; > ;)

'(@=1(An,))
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for an increasing sequence of (n;) of positive integers. We can consider that the
sequence (n;) is such that nj.; > 2n; and A, > 2A,, for m; = [nj+1/2] and all
j=>1,and

(14) ZL(,\

Let (gi) be a sequence, increasing to A. We put ng = 0, an, = 1, a, = 0 for all
n; <n <m;,

n,...l)

3
(15) Qnypy = H exp{—qx(Apy, — Ane)}y 7=0,1,...,
and
(16) an = @n; exp{—q;(An — An,)}, Mm; SN < mysq,

that is we obtain the Dirichlet series

oo nj41=1
(17) F*(s) = Z (a,,) exp{sin, } + Z an exp{s,\,,}) ‘

1=0 n=my,
From (15) and (16) it follows that

Ina,; —Ina,,, . Ina,;, —In ap, _ In an; —In an;41 _
TR W S R T
_Inap —Inays
/\n+1 = /\n
Therefore, if ¢; < 0 < gj+1 then v(o, F*) = nj41 and p(o, F*) = an,,, exp{cin,,, }-
Since

N4

=g, mj<n<njq-—1L

P (0)B(0) — (2'(0))* = B*(0)(P'(0)/®(0))’ 20,

hence we have
qi+1

A
Av(o,F) l‘ Vg ’\u(a Fe) do
/ (]) Z / (I)(a-) Sl e z/\"ﬁ-l ‘I’_(O'_j =

q

=) D41 o0
" (o)do Anjis
(18) %0 / I 5 S
,.5;: ] @O S 50

On the other hand,
njs1—1

(19) M(q;, F*) 2 Z anexp{gjAn} = (nje1 — my)u(g;, F*) = Kinju,

n=m;

" =‘I’~l n,...ll(’\ﬂ;u)
! (@ (Mnyia)) )

where K| = const.
We choose
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Then from (19) and (13) we obtain
/\;-',J_l {(Anjn)
(2 (Anyy1))
that is the relation (2) does not hold, because (2) implies In M (o, F) = o(®(7)),
ol A
From (18), (11) and (14) we have
A

Au(o,F") - /\nm &
[t <, 0 <3 Zy <
0 I=1 gt ((I)—l < N1 ( ":-‘l) )) i=1 n,-l

(21 (Anyy, )

that is by Lemma 3 relation (3) holds.
Finally, we prove that o, = A. Since g, T A (k — o), from (15) we have

In M(q;, F*) 2 Innjay +1n Ky > +In K; = ®(q;) +In K,

ks /\"k )
"" 1
ln Qan 1

Anjas

L—A, j—oo.

"k+) = "k)

T Mh i [VJ“'

Ifmj <n<njyand A=0 Lhcn from (16) we obtain

lnn,,_lna,,) /\,,, " An; _ An, An; ol
T g oy —qj q,)‘ =0 ™ q; -y =o0(1), n— oo,

and if A = +oc then

In ay, An q; :
& s e N AT e — 00.
N, S q; (1 5 00, j—o00

Therefore,
In a,
nl—l‘—r'l:w A" N A’
and since, in view of (12) and (9), In n = o(\,;) (n — oc) by Lemma 4 we have
Gpi=rA:
Thus, if the sequence A does not satisfy condition (8) then there exists a function
F € S(A, A), for which relation (2) and (3) are not equivalent. Theorem 2 is proved.

4. Remarks

Using Theorems 1 and 2, it is easy to prove the following statement, which is a slight
generalization of Theorem D.

Corollary 1. Let o > 0. For the relations

0
In M(c, F) / In p(o, F)
————— " _do < +o0 and ——————do < +0
/, lof? exp{e/loT} lof? exple/loly ™ = 7
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to be equivalent for any function f € S(A,0), it is sufficient that

Tin? ¢t
(20) / ‘—lt— In n(t)dt < +oo

to

and necessary that In n(t) = O(tln™2 t) (t — +00).

Indeed, for

®(o) = exp {i}

o}
we have
0 0
d'(0) = —5 ex {—‘—-},
@)= o P o]
(I)'l = i (I)’ (I)_l e ﬁ
B @) =, # @ (@) =
and since

0 i .
lp@)z P { e (@)] } =

we also have

1+o(1
otz = {LEolL))e
and "
B(play) = Al _ (L+olllme o 4, 4o
0 5z
Therefore,
®'(0) (o)
(o) T 400, Wlo as 10
and
O(p(x))d' (P~ (z)) = (1 +0(1))z® as z — +oc.
Finally,
P"(0)®(0) _ 2|o|
@@y e
Thus, the function
®(o) = exp {Fgl}
satisfies all conditions of Theorems 1 and 2. Since ¥(o) = —|c|(1 + |o|/p) we have

®(P(o)) =exp {i (l + -l-‘;—l)_l}

—_— {_;: (1- Qorolniely} _ oy,

g 0 €
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as o 1 0 and, thus,

B(¥(p())) = LAz

eln® z
as ¢ — 00, which implies equivalence of (5) and (20). Finally, since
2
B (@) = T2

the conditions (8) and In n(t) = O(tIn~> t) (t — +00) are also equivalent. Corollary
1 is proved.

Corollary 2. Let p > 1. For the relations

+oc
/ o~ 'In M(c, F)

d o)
exp{aP} o < +00

a9

and
400

/ o n p(o, F)

d.
xp{a?} o < 400

Legi]

to be equivalent for any function f € S(A, +00) , it is sufficient that

°°ln(p—l)/ﬂ ¢
(21) /t—2 In n(t)dt < +oc
to

and necessary that In n(t) = O(tIn~ P~V ¢) (£ = +00).

Indeed, for
®(o) = exp{c?} (¢ > 00)
we have
P'(c) = poP~Lexp{o?}, @ (z)=(lnz)'?, @' (®~!(z)) = pax(ln x)P~V/P
and since
plp(@))P~" exp {(¢(2))P} = =
we also have
(@) = (1 +o(1))(In )"/
and
®(p(z)) = (x/p)(e(x)" PV = (1+0o(1))(z/p)(In z)~®=V/? a5 2 - +oc.

Therefore,
(o) P'(0)

(D(G)T-i-oo, Wlo as o — +o0

and
®(p(z))® (@ (z)) = (1 +0(1))z® as z — +oo.
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Finally,
V(o)) _ |, (p=1)
(@'(0))? 22
Thus, the function ®(c) = exp{c?”} satisfies all conditions of Theorems 1 and 2.
Since W(o) = o — 1/(poP~!) we have

®(¥(0)) = exp {o" (l - L)p} = exp {a” (1 - 1+0(1))} = i +o(l))fl’(a)

pc? aP €

as o — +o00 and, thus,

1+o(l)x
B(p(a)) = LA
whence it follows that (5) and (21) are equivalent. Finally, since ®'(®~1(z)) =
pz(In z)®P=1/P the conditions (8) and In n(t) = O(tIn™P~V/? t) (t — +oc) are also
equivalent. Corollary 2 is proved.

We remark that (21) holds provided In n(t) = O(tIn™® t) (t — +oc0) with a >
(2p-1)/p.

(In z)~P-D/P a5 — 400,
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ZALEZNOSC MIEDZY NAJWIEKSZYM MODULEM
I NAJWIEKSZYM WYRAZEM SZEREGU DIRICHLETA
W TERMINACH KLASY ZBIEZNOSCI

Streszczenie
Zbadana zostala zalezno$¢ miedzy wzrostem najwiekszego modutu i wzrostem najwiek-
szego wyrazu szeregu Dirichleta w terminach klasy zbieznosci.



