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GENERALIZED PROCEDURE OF SEPARATION OF VARIABLES
AND REDUCTION OF NONLINEAR WAVE EQUATIONS

L I Yuryk UDC 517.9:519.46

We propose a generalized procedure of separation of variables for nonlinear wave equations and
construct broad classes of exact solutions of these equations that cannot be obtained by the clas-

sical Lie method and the method of conditional symmetries.

1. Introduction
One of efficient methods for the construction of exact solutions of linear partial differential equations is the
method of separation of variables. For example, it is known that the heat equation

u, —u, =0 (1)
has the solutions with separated variables [1]
ulx,t) = keM cosh(\/x.ﬁ- 8), A >0,
u(x,t) = keM cos(ﬁx«rﬁ), A <O,
which can be obtained by the substitution
(2)

u = alx)b(t).

A method for the construction of exact solutions of nonlinear differential equations that generalizes the
classical method of separation of variables was presented in [2]. According to this method, solutions are sought

in the form

k
u(x,t) = Y, fi()a;(x), 3)

i=1

where f;() and a;(x) are smooth functions to be determined. In [3, 4], the construction of solutions in the

form of this finite sum was used for the analysis of various classes of nonlinear equations.
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Substitution (2) can be regarded as an ansatz that reduces Eq. (1) to an ordinary differential equation with
unknown function a = a{x) (or with unknown function b = b(z)). Ansatz (2) is also efficient for the deter-
mination of particular solutions of nonlinear partial differential equations. In the present paper, we consider the
following generalization of ansatz (2):

i

M= Zu),-_(r)ai(x_) + f(x,1), m=1. (4)

i=1

Ansatz (4) contains an unknown function f(x,7), m unknown functions «;(x), and m unknown functions
®;(t), which are determined from the condition that ansatz (4) reduces the equation considered to a system of

m ordinary differential equations with unknown functions ®;(z). We consider the problem of finding this sys-
tem by using the following nonlinear wave equations as an example:

2 o :
U, = U, +au, +u", (5)

2 -
Uy = Ui, + au, + byx + byu. (6)

Jid

Solutions of the form (4) are called solutions with separated variables, and the method for the construction of
these solutions is called the generalized procedure of separation of variables.
Note that we do not require that the function f(x,) in ansatz (4) be represented in the form of the finite

sum (3). Equation (5) was investigated in [5]. For b, = b, =0 and a =1, Eq.(6) reduces to the equation

u, = uit,, + auy, which was investigated in [5-8].

2. Separation of Variables for the Nonlinear Equation (5)

Consider the generalized procedure of separation of variables for the nonlinear equation (5). For the con-
struction of solutions of this equation, we use the ansatz

u = 0,(0)dx) + oy, (7)

where ®,(f), ®(z), and d(x) are unknown functions and, furthermore, the function d(x) is not a constant.
We determine these functions from the condition that ansatz (7) reduces Eq. (5) to a system of two ordinary dif-

ferential equations with unknown functions ®,(t) and ®,(z). To obtain the required system of equations, we
substitute (7) into (5). As a result, we get

ojd + of — @f — 07(dd” +ad’* +d*) — 0,©,(d” +2d) = 0. (8)

In Eq. (8), the coefficients 1 and d of the functions «; and @] are linearly independent over R. We re-

quire that the coefficients of the functions ®; and ®gw; be representable in the form of a linear combination
of the functions 1 and d over R. This requirement means that Eq. (8) can be rewritten in the form



GENERALIZED PROCEDURE OF SEPARATION OF VARIABLES AND REDUCTION OF NONLINEAR WAVEEQUATIONS 1057

0,(0y. ©), 0F, ©)) + do,(0y, ®,, 0f, o) = 0, )

where the functions ¢, and ¢, depend only on the variable 7, and the function 4 depends only on the vari-
able x. As aresult, we obtain Eq. (9) with separated variables ¢+ and x. Thus, Eq. (9) splits into the system of
two ordinary differential equations

o, =0, ¢, =0.
It follows from Eq. (8) that
d” = A+ud, A,MeR. (10)
If w0 in(10), then performing the substitution
=B, é)():wo-&m,, (1
IS [

we obtain the ansatz

u= 0 d(x) + @(1).

Substitution (10) does not change the function u but transforms d(x) into the function a?(x}, for which
d” = 1.1(?. Thus, in ansatz (7), we can assume that

d” = nd, n#o0. (12)
Consider possible cases.
1. Case u < 0. A general solution of Eq. (12) has the form
d= C cos( |Li|~¥) + O, sin( |].L|x), (13)

where C, and C, are arbitrary constants and Cf’ ~i-C22 # 0. Then

dd” + ad’® + d* = A 0052( |u|.r)+A2 sing( |u|x)+A3cos( lj.L|x)S'm( |;.L|x), (14)
Ay = -|p|CT +a|p|CF +CE, A, = -|u|CF +a|p|CT +CF,
(15)

Ay = (=2|u| - 2a|u| +2)C ;.



1058 L. I. YURYK

Since the coefficient dd” + ad’> + d° is a linear combination of the functions 1 and d over R, it follows
from (14) and (15) that

1
= —, -1.
“-ll a+1 e

Thus, ansatz (7) has the form

U= !C,cos{ all_x}+C25i11[1’a11x]]03](t)+m0(r)

and reduces Eq. (5) to the equation

which splits into the system

” 2 a L 2 - ok
W — O — Cr+Cy)oy = 0, 16
0 e ].( 1 5) @ (16)
2a+1
(B” =rl a_(DOGJ[ = 0 (17)
o
In the case a = 1, the obtained ansatz can be reduced to the ansatz
y2 |
= ens) = (1) + 0y,

which was considered in [5].
If @ # —1/2, then, using Eq. (17), we get

can' LN (18)
2a+1 @, '

W, =

Substituting (18) into Eq. (16), we obtain the following equation for the function ®,:

3a:21 o, (@) + 20](0}) M(C, G;)o; = 0. (19)
(a+1)’

" L

2
m,’m, - 20,07 )
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It can be shown that any solution of the equation

g2 MatD o o 2 2 (20)
a+1

satisfies Eq. (19). If condition (20) is satisfied, then, using (18), we obtain ®, = A®,. The corresponding solu-
tion of Eq. (5) has the form

u = [C,cos[,} ll.\']J&-Czsi_n{J ll.r]+a\/cf+c§]m,(r), g==#1,
a a

where ®, is a solution of Eq. (20).
If

6(a+1)
2a+1°

then we obtain the following solution of Eq. (5):

u = | Ccos 1’ ] x |+ C,sin 1/ : X +6(a+1') p(1),
a+1 ; = a+1 2a+1

where p(r) is the Weierstrass function with invariants g» =0, g3, and

5 w3 i
2 +C2 = —6(““1 .
- 2a+1)”

2. Case | > 0. Asin the previous case, it can be shown that ansatz (7) has the form

I [
u = |C; cosh = x|+ Cysinh| /- x| () + wpt), a<-1,
a+1 a+1

and reduces Eq. (5) to the system

W — g~ %(c,2 ~Hal =0, 1)
2a+1
@] - a 0,0, = 0. (22)

a+1
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The system of equations (21), (22) is analogous to system (16), (17). Consequently, Eq. (5) has the solution

u = [C]cosh( - : .x]+Czsinh(1’_ l x]+6(a+1)]p(tf), a<-1,
a+1 a+1 2a+1

where p(r) is the Weierstrass function with invariants g, =0, g3, and

s 2 36(a+1)?
e R —
2a+1)"
Using the ansatz

U= 0,(1)dy(x) + ®()d (x) + 0y(2),

where the functions 1, d;(x), and d,(x) are linearly independent, for the construction of solutions of Eq. (5)
and repeating the arguments presented above, we obtain the following ansatzes and reduced systems:

(a) the ansatz

; .
U = m,()cos 1’ X |+ () sin 1/ . x| +o,), a>-1,
= a+1 a+1

and the reduced system

,  2a+1
o 0@ = 0,
- a+1 -
2a+1
17— 0,0, = 0,
a+1
0% (03 x (co,2+03§) = 0

(b) the ansatz

1 f
u = wz(r)cosh[ - x) + ml(r'}sinh[ - . x] + wp(t), a<-1,
a+1 a+1

and the reduced system

. 2a+41
iy (00{0», = 0,
- a+1 -




GENERALIZED PROCEDURE OF SEPARATION OF VARIABLES AND REDUCTION OF NONLINEAR WAVEEQUATIONS

2a+1
©f - ——wyo; =0,
a+1

) d 2 2
W, — O, — —(0; —0;) = 0.
0 0 a+l(' 2)

3. Separation of Variables for the Nonlinear Equation (6)
For the construction of Eq. (6), we first use the simple ansatz
u= f(t,x) + o,
which is a special case of the general ansatz (4). Ansatz (23) reduces (6) to the equation

A

0" = fo +02) + fyy = o —dfs —bif =baf = 0,

1061

(23)

(24)

which is an ordinary differential equation with unknown function ® = ®(¢). This implies that the coefficient

feo + by of @ inEq. (24) can be represented in the form f,, + b, = 2l,(7). Therefore,

f= m@Ox + 1, Ox+i1,0),

where [1,(f), W,(t), and p,(r) are certain functions of ¢ Using (23), we obtain the ansatz

u = WOx + L Ox+ 1,1, W=y +o.

Substituting (25) into Eq. (6), we obtain the following system of equations for the functions p,(z):

(2+4a)lhy + 25,1, + by,

]

”
My

loly + ali + by + byl .

Ko
Ansatz (23) is a special case of the more general ansatz
u = f(t,x)+o(t)d(x),

which reduces Eq. (6) to the equation

o"d — o(fd+2af d'+ fd” + b,d’ + byd) - 0*(dd” — ad’*) + f,— ff.. —af? = b f. —byf = 0.

(25)

(26)

(27)
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Equation (27) is an ordinary differential equation with an unknown function @ = @(r). This yields

dd”+ad?® =pd, BeR, (28)

fod+2af d’ + fd”+bd +b,d = olt)d . (29)

Therefore, the problem of finding exact solutions of the form (26) for Eq. (6) is reduced to the integration of a
system of ordinary differential equations one of which is linear. Consider the two cases that correspond to the
following particular solutions of Eq. (28):

d=x ifa:-E,B:O; d=x* if a=-
_ 5 ;
(a;) Case d= X, a= “3 Substituting d = x* into Eq. (29), we obtain

X2 f —axf, +6f = (a(t)—by)x> —byx. (30)
If oft)=05b, and b; =0, then the general solution of Eq. (30) has the form
f= i0x° +py0x°.
With regard for (26), we get

U= ;.L3(r_)x3 +W, (t).r:2 , M3 =f;+ 0. 3D

Ansatz (31) is a special case of the more general ansatz

= Pa(x + (X7 + 1, (0)x + (). (32)

Substituting (32) into Eq. (6) (the parameters b, and b, are arbitrary), we obtain the following system of
equations for the functions 1,(7):

K3 = bols,
» 2 2
Wy = =l + 211 + 3big + by,
# 2
My ==z Hillg * Ol + 2bily + byl

”

2 o
Ko = 2UpM, — glif + by + bolty.
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. 3 ) ) .
(a,) Case d= Xt , a=— Z As in the previous case, we obtain the ansatz

u = pyOx* + 30 + 1O+, (Ox + 1), (33)

where the functions p;(z) satisfy the system of equations

F o 3 5
Mg = 2UoHy — ;U; + byly,

M5 = = 6Ly, — Lol + 4byly + by,

"

9
e S Ml 125l + Sbylls + Byl
u;’ = 6].10],l3 = 3]1]}12 + 2b]“’}_ - bﬁul’

Ko = 2Mphs - %u]" + by + Dol
For the construction of exact solutions of Eq. (6), we use the ansatz
u = ft,x)+0,(0)d(x)+oy1), (24)
which contains four unknown functions ®y(z), ®(r), d(x), and f(r,x), where the function d(x) is nota

constant. We determine these functions from the condition that ansatz (34) reduces Eq. (6) to a system of two

ordinary differential equations with unknown functions ®,(r) and ®,(r). We obtain the required system of
equations by analogy with Eq. (5). Substituting (34) into (6), we get

o + of — o,(fod +2af d + fd" + byd’ + byd) — 0 (dd” + ad’?)

— 0y0,d" = Og(fo +by) + fy = e — af2 = byf, = bof = 0. (35)

The coefficients 1 and d of the functions ®f and @] in Eq.(35) are linearly independent over R. We re-

quire that the coefficients of the functions ®,, (0.2, w,0,, and ©, and the function f, — ff,, - gfy ~
bif. — bof berepresentable in the form of a linear combination of the functions 1 and ¢ whose coefficients
are functions of ¢. Tt follows from Eq.(35) that

d” = A+ ud, A,LeR. (10)
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If w=0, then one can easily verify that the function u = u(t,x) has the form (10). If w # 0, then we can as-
sume that

d’ = pd, A,ueR (36)
Two cases are possible.

1. Case p < 0. Equation (29) has the general solution

d= G cos(\/m;r)+ C, Si.l‘l( |u|r)

~

where C; and C, are arbitrary constants and C,2 +C5 # 0. Then

dd” + ad”? = A COSQ( |f¢|x)+ As si112( |u|.x)+ Az cos(\/m.r)sin(\[m,r),

(37)
A = -lu|(c? - ac3), A, = -|u|(ac? + G3),

A3 = —le.ll(CICg + ﬂCICQ).

Since the coefficient dd” + ad’’ is a linear combination of the functions 1 and d over R, it follows from
(37) that @ = — 1. The coefficient f_. + b, of ®, inEq.(35) can be represented in the form

fo Ty = o) + o (Hd, o,(t) + o) d .

Therefore,

= max® + mx + o) - Olt]u(?d

for certain functions W,(r). Performing the substitution

(1) = U),(t'}-(_)"_(QT f = f‘l‘a](t}d
I M

in ansatz (34), we obtain the ansatz
u= f+0,0d+ wy.

Therefore, we can assume that, in ansatz (34),

f= 1m0 +u(0x + py).
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Taking into account that the coefficient of ®, in Eq. (35) has the form

Bo() + By(0)d,

where B,(r) and B,(r) are certain functions of ¢, we get p, =0 and p, =0. Therefore, the substitution
®, = W, + W, reduces ansatz (34) to the ansatz

u = 0dx) + 0y .

Therefore, we can assume that f = 0 in ansatz (34). As a result, we obtain the ansatz
u = m,{r)[C. cos( |u|x) + C»s sin( |1.z|r)] + @o(1),
which reduces Eq. (6) with parameter @ = —1 to the system
o - b0, — W(C} +C3) o7 = 0,

0] — b0, — no,0, =0,

provided that b, = 0.
2. Case | > 0. Equation (36) has the general solution

d = € cosh({[u]x) + Cy sinh ({u]x).

where C; and C, are arbitrary constants and Ciz +€ § # 0. Asin case 1, we show that @ =—1 and ansatz
(34) has the form

U= o) [Cl cosh (Mx) + C, sinh( |u|x)] + 0y(t)
and reduces Eq. (6) with parameter ¢ = —1 to the system
o — byoy — W(CF - C3) o] = 0,
@] — o, — no,0, = 0,
provided that b; = 0.

Note that, using ansatz (34), one can reduce Eq. (6) with parameter ¢ =—1 to a system of two ordinary dif-
ferential equations if b, =0. If b; # 0 in Eq. (6), then we can use the ansatz
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= 0,(0)dy(x) + ©,(1) dy(x) + ©,(1),

where the functions 1, d,(x), and d,(x) are linearly independent. Reasoning as above, we obtain the follow-
ing ansatzes and reduced systems for Eq. (6) with parameter ¢ = —1:

(a) the ansatz
u =

u)z(t)sin( Ij.llx) + w;(t)cos( I;,le) +wpt), n<0,

and the reduced system

o = by0y — O] + H®; = 0,

o
®) — by,

It
=

= b 0y — Py o,
W5 = by, = bl\/; @y — HOew, = 0;

(b) the ansatz

" = u)g(r)sinh( |j.l|x) + u),(r_)cosh( |u|x) +@g(t), pn>0,

and the reduced system
” 2 2
0y = bywy — poj + Loy =0
0] = by, — b/ ©; — Loy, = 0,

05 — by, — b,\/;m, - Loy, = 0.

4. Reduction and Exact Solutions of the Equation u, = wu,, + uf

The equation

2
Uy = U, + U

(38)

is a special case of Eq. (6). Tts group properties were studied in detail by the Lie method in [7, 8]. The algebra
of invariance of Eq. (38) is four-dimensional and is generated by the operators
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d d d d d
hi=a B % T YE M
(39)

d
Y=-t—+2u—.
ot ou
Algebra (39) has only the following one-dimensional subalgebras:

(R), (P.), (x+Y), (X+aY), aeR, a#l; (P +aX+Y)), acR.

P

/ ) and ( P ) are associated with the following symmetric ansatzes:

The subalgebras different from (

(i) the subalgebra (ﬂ +a(X+Y )), a € R, is associated with the symmetric ansatz
= e w(z), z = e"x;

(i) the subalgebra (X +Y) is associated with the symmetric ansatz
u = x>o);
(iii) the subalgebra (X + aY), ae R, a#1, isassociated with the symmetric ansatz

2(a-2) T
W= offg). z =2"%

). (P.), and (X +Y) are associated with solutions of Eq. (38) with separated var-

The subalgebras ( P :
iables r and x. The other symmetric ansatzes for Eq. (38) are exhausted by ansatzes of the form

w = di)o(z), z = alt)x, (40)

where afr) and d(r) are certain functions of 7. Generalizing ansatz (40), we pose the problem of finding

ansatzes of the form
(41)

u = dit)ofz) + f(t,x), z = a(t)x + b(1)

that reduce Eq. (38) to ordinary differential equations with an unknown function ® = ®(z). Ansatz (41) reduces

Eq. (38) to the equation
(42)

Byo” - a’d*(®')* + B0’ — a’d’0w” + Byo + B; = 0,
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where

By = d@x+b)* —d*df, B, = d@’x+b")+2d(a'x+ V') - 2adf,,

B, = d" — fud. By= f,—fl— ffu.

If Eq. (42) is an ordinary differential equation with an unknown function ® = ®(z), then the coefficient
can be rewritten in the form

d(@x+b)? - azdf = u(z:')azdz.
Hence,

(@x+b")?

2
a

f=-mz)d +

Performing the substitution
® = 0-wz, f=f+w2d,
we obtain the ansatz
u= dd) + ft,x), z= al)x+ b@).

Therefore, we can assume that, in ansatz (41),

. (@x+D)?
f = 2 2
a
i.e., ansatz (41) has the form
.2
= dit)m(z) + :’;, z = a(thx + b(r).

To determine ansatzes of the form (43), it is necessary to determine the following three functions: a = a(r),

(43)

b =

b(t), and d = d(t). We solve this problem under the assumption that d = a’. Tf a” =0, then we obtain the

following ansatzes and reduced equations:

(a) the ansatz
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and the reduced equation

00" + (@) -0 -2 = 0;

(b) the ansatz

) 1
u= o+t x>+ w0, 2= o+ gutﬁ, e R,
and the reduced equation
” 2 ’ 2
00" + (@) - Sue” - 50u" = 0.

Assume that a” #0 in ansatz (43). Taking into account that d = a’, we rewrite the reduced equation
(42) in the form

-a%ow” - %(@)* + B0’ + B,o + B; = 0, (44)
where

B, = a*(@"x+b"), By = 2ua’,

2a"x +b")> L 2dx V@AD" 8a(@x b x+b")  2a"(alx+ by

2 2 3 3
a a a a

If Eq. (44) is an ordinary differential equation with an unknown function ® = ®(z), then the coefficient B,

”

can be represented in the form B, = 20a®, A eR, ie., a” =Aa’. By analogy, we get

By =uwa(ax+b+8), W deR,

ie.,
A@x+b") = naax+b+9). (45)
It follows from (45) that p = A and
b’ = ha*(b+9), (46)
a”x + b” = dha’d(ax+b+8) + Aat(@x +b). (47)

Taking (46) and (47) into account, we determine the coefficient Bs:
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By = 20 %a%(ax + b+ 8).
Thus,
B, = Ma®(z+8), B, = 2ha®, B, = 2A2a%(z +9)?,

and the reduced equation (44) has the form

0" + (@)% = Az +8)0 - 2ho - 247 (z +8)* = 0.

We can assume that & = 0 in (49) and ansatz (43) has the form

(a'x + b)?
u = a)’o@) + ———— z = a)x + b(o).
a
where @ = a(t) is a solution of the equation
a’ = 7\,615
and b = b(t) is a solution of the equation
b” = ha'b.

Ansatz (50) reduces Eq. (38) to the equation

00’ + (@)% - Az’ - 2Am — 24222 = 0.

System (51), (52) has the following particular solutions:

3/2

3
V2 p=uw?, uer, if l:z,

a=t

’;

1/ l =, st ".!1 ¥ 3
b= sl [pds, wer, if A=-2g
= 0

a = p(r) 3
where p(7) is the Weierstrass function with invariants g, = 0 and g;.
These solutions are associated with the following ansatzes and reduced equations:

(¢) the ansatz

T 1 4, .3 2 312
u =1t o+ -Er x+§w , =1 "x+Ww"", WLWER,

I. 1. YURYK

(48)

(49)

(50)

(51)

(52)
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and the reduced equation
(0(0” 4 (mr}ﬂ e

(d) the ansatz

2

N v | A - i -
= p~ o)+ p) ’[Ezp(r) ‘+§ug3‘p(n3’-] ,

~ RN S
z= D) W Eugfp(r} szp(s_) ds
: 0
and the reduced equation

00" + (@) + > 2,20 + S g0 — 2gl2 =0
4(?3& 283 883/» .

For Eq. (38), ansatzes (a)—(d) can also be obtained by using conditional symmetries.
We present other ansatzes for Eq. (38). The ansatz « = () reduces Eq.(38) to the equation ®” = 0.
As a result, we obtain the following family of solutions of Eq. (38):

w=Ct+C,, C; and C, areconstants.
The ansatz u = ®(¢) is a special case of the more general ansatz
u = f(t,x) + o), (53)
which reduces Eq. (38) to the equation
” 2
@ —f_x:xm*‘fr.r-fx —ﬂ.r_x = 0,

which is an ordinary differential equation with an unknown function u = ®(t). Hence, f,, = 2u,(¢). There-
fore,

f=m0x* +u0x + [0,

where [i,(), W,(7), and W,(r) are certain functions of r. Using (53), we obtain the ansatz

U= WOx +Ox + L@, Ky =f,to. (54)
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Ansatz (54) was presented in [6]. Function (54) is a solution of Eq. (38) if the functions ;(¢) satisfy the sys-

tem of equations

Wy =613,  Bi=6uony, WG = Wi +2p0m,,
i.e., we obtain the system presented in Sec. 3 for ¢ = 1. Therefore, Eq. (38) has the solutions
u = xp(t) + A1),

where A(r) is the Lamé function, which satisfies the equation A” = 2pA,

-

= Cy o =
u= 122 +Cx+—L8+Cr ' + Gy,
54 = =
where C,, C,, and C; are arbitrary constants, and
2
= 2(x+1t7)

if W() =0, w() =2, and py(r) = 2¢ in (54).
Ansatz (54) is a special case of the more general ansatz

u = f(t,x)+ o)d(x).

Ansatz (55) reduces Eq. (38) to the equation

w’d - ©*(d"”? +dd") - o2f d'+ fd"+ fd) + f, — fF - ff, =0,

x

which must be an ordinary differential equation with an unknown function @ = @(¢). This yields

d?+dd” = pd, PeR,
fod+2fd +fd" = at)d.
Equation (56) has the following particular solutions:
d=x" if =0 and d=x* if B=6.
Substituting d = x/? into Eq. (57), we obtain

9 1 .
x_f.rx + Xftt = Zf = C"(r}x”z-

(53)

(56)

(57)

(58)
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Equation (58) has the general solution

4 2 _1/2
f = Fu(r_}xz + u,(r)x”' + Wyt x g

Using (55), we obtain

U= W, x>+ W (2) £? + Wo () x'”"}, (59)

where W,(f) = %a(r)+m(r), W,(), and p,(z) are unknown functions to be determined. Substituting (59)

: 1
into (38), we get W, =0, ps = Gu?}, and puy = -42111112. Therefore, Eq. (38) has the following solutions:

u=t>x*+ (Clr5’r3+C2r"3r2)x”2, il = t(C,.x+C2)”2,

where C; and C, are arbitrary constants.

For d = .'rz* we do not obtain new ansatzes.

5. Conclusions

The generalized procedure of separation of variables developed in the present paper can be used for the de-
termination of solutions of a broad class of nonlinear differential equations and systems of nonlinear reaction-
diffusion equations (see, e.g., [9]). By using ansatz (4), one can construct solutions that cannot be obtained using
the classical Lie method or the method of conditional symmetries. For example, ansatz (32) for Eq. (6) with pa-
rameter ¢ = —2/3 and ansatz (33) with parameter a = —3/4 determine exactly these classes of solutions of
Eq. (6). These solutions have the form (3) with four and five terms, respectively, and, hence, it is inefficient to
seek these solutions in the form of sum (3).

Ansatz (53), which is a special case of the general ansatz (4), is simple. By using this ansatz, one can easily
obtain ansatz (54) presented in [6] for Eq. (38). This ansatz can also be used for the determination of solutions of

. . - - " " >
other equations, e.g., the nonlinear equations of acoustics u, = uu, and the Boussinesq equation u, +u; +
Ul + U = 0.
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