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GENERALIZED PROCEDURE OF SEPARATION OF VARIABLES 
AND REDUCTION OF NONLINEAR WAVE EQUATIONS 

1.1. Yuryk U DC 5 i 7.9:519.46 

We propose a generalized procedure of separation of variables for nonlinear wave equations and 
construct broad classes of exact solutions of these equations that cannot be obtained by the clas-

i . Introduction 

One of efficient methods for the construction of exact solutions of linear partial differential equations is the 
method of separation of variables. For example, it is known that the heat equation 

ut -
 Uxx = 0 0 ) 

has the solutions with separated variables [I] 

u ( x , t ) = be cosb(^[Xx + Ô ) , X > 0 , 

u(x, 0 - ke7* c o s ( i / j T j j r + ö ) , X < 0, 

which can be obtained by the substitution 

и = а(л') bit). (2) 

A method for the construction of exact solutions of nonlinear differential equations that generalizes the 
classical method of separation of variables was presented in [2]. According to this method, solutions are sought 
in the form 

u(x,t) = ^ f i ( t ) Oi(x), 
t=i 

(3) 

where f j ( t ) and at(.v) are smooth functions to be determined. In [3, 4], the construction of solutions in the 
form of this finite sum was used for the analysis of various classes of nonlinear equations. 
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Substitution (2) can be regarded as an ansatz that reduces Eq. (1) to an ordinary differential equation with 
unknown function a = aix) {or with unknown function b - b(t)). Ansatz (2) is also efficient for the deter-
mination of particular solutions of nonlinear partial differential equations. In the present paper, we consider the 
following generalization of ansatz (2): 

u = V t O j d J f l ^ j ) + f i x , t ) , m > 1. (4) 

Arisat? (4) contains an unknown function f (x, t), m unknown functions a^x), and m unknown functions 
10,(0, which are determined from the condition that ansatz (4) reduces the equation considered to a system of 
m ordinary differential equations with unknown functions (0, (0- We consider the problem of finding this sys-
tem by using the following nonlinear wave equations as an example: 

un = mm + au' 4- u~, (5) 

ua - uu xx + aux + Ьф + b2u. (6) 

Solutions of the form (4) are called solutions with separated variables, and the method for the construction of 
these solutions is called the generalized procedure of separation of variables. 

Note that we do not require that the function f(x, t) in ansatz (4) be represented in the form of the finite 
sum (3). Equation (5) was investigated in [5]. For — l~>2 — 0 and a = 1, Eq. (6) reduces to the equation 

tig = uua + au~, which was investigated in [5—8]. 

2. Separation of Variables for the Nonlinear Equation (5) 

Consider the generalized procedure of separation of variables for the nonlinear equation (5). For the con-
struction of solutions of this equation, wre use the ansatz 

« = (»,(0 + co0(/>, (7) 

where co0{f), (Oj(f), and rf(.v) are unknown functions and, furthermore, the function d(x) is not a constant. 
We determine these functions from the condition that ansatz (7) reduces Eq. (5) to a system of two ordinary dif-
ferential equations with unknown functions w0U) and to( (r). To obtain the required system of equations, we 
substitute (7) into (5). As a result, we get 

©JW + a>o - ml - m\{dd" + ad'1 + d 2 ) - ю0ш}(d" + 2d) = 0. (8) 

Tn Eq. (8), the coefficients 1 and d of the functions ©Q and are linearly independent over R. We re-

quire that the coefficients of the functions to^ and (OQCQ, be representable in the fonts of a linear combination 

of the functions 1 and d over R. This requirement means that Eq. (8) can be rewritten in the form 
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^ ( © „ . © ^ © J . o T ) + ^ (a ) o , (o 3 , a )o , f l> j0 = 0, (9) 

where the functions (|)| and <t>2 depend only on the variable t, and the function d depends only on the vari-
able .r. As a result, we obtain Rq. (9) with separated variables / and x. Thus, Bq. (9) splits into the system of 
two ordinary differential equations 

ôj = 0 , 4>2 = 0. 

It follows from Bq. {8} that 

d" = X + \ld, R. (10) 

If ji, # 0 in (10), then performing the substitution 

2 % à x 
d = ~ + d , 0 ) 0 = co0 t o . , 

M JJ, 
{11} 

we obtain the ansatz 

u = 0>s(Oc/(.v) + w0(r). 

Substitution (10) does not change the function u but transforms d(x) into the function et(x) , for which 
A A 
d" = jit/ . Thus, hi ansatz (7), we can assume that 

d" = \id, ^ # 0 . (12) 

Consider possible cases. 

1. Case m < 0. A general solution of liq. (12) has the form 

d = Cj cos(Vf|T|.ï) + C2 sm(VH-v) , (13) 

where C, and C, are arbitrary constants and c f + CJ * 0. Then 

dd" + ad'1 + d2 = Al cos2 + A2 sin2 { /̂TÏ̂ T )̂ + A 3 ( ^ / K ^ ) ^ ( - n / Î Î ^ Î ^ ) ' (14) 

Aj = - | n . | C , +a\\L\Cj + C f , A2 = ~|M |C2- + a\\i\Cf + C j , 

A3 = { - 2 | M | - 2a\\i\ + 2 ) C ] C 2 . 

(15) 



Î05S 





і osa L t . V D R V K 





1062 I. I. YtJRYK 

Equation (27) is an ordinary differential equation with an unknown function w = o>(r). This yields 

dd" + ad = ft?, pe R, (28) 

fxxd + 2afxd' + fd" + | j # + b2d = a(t)d . (29) 

Therefore, the problem of finding exact solutions of the form (26) for Eq. (6) is reduced to the integration of a 
system of ordinary differential equations one of which is linear. Consider the two cases that correspond to the 
following particular solutions of Bq. (28): 

d = x3 if a = - - . (3 = 0; d = xA if a = - - . (3 = 0. 
3 4 

2 
(a,) Case d= x3, a= - — . Substituting d= into Eq, (29), we obtain 

= (a(t)~b2)x2-bvx. (30) 

If a(t)~b2 and bl = 0, then the general solution of Eq. (30) has the form 

With regard for (26), we get 

(31) 

Ansatz (31 ) is a special case of the more general ansatz 

(32) 

Substituting (32) into Eq. (6) (the parameters b] and b2 are arbitrary ), we obtain the following system of 

equations for the functions fi ;(r); 

( 4 = b 2 \ i j , 

2 t 
Ma = - tMS + + + 

li'i = - ~ H i l h + 6 |x 0 m + 2b^\i2 + 

2 ^ 
Mo = - g W + W I + M o -
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(a2) Case d - x , a = — —. As in the previous case, we obtain the ansatz 

U = JU4{r)X4 +JLt3(/>^-1 4-fi2(r)x2 +M-i(f).t + M.o(0, (33) 

where the functions | i f(r) satisfy the system of equations 

3 2 

JJ-3 = - 6fi,(x2 - ]i2\i3 + + b2\i3, 

.2 9 
1^2 = - W| - + + 30^3 + b2\l2. 

JLto = 2 M l 2 - - H i + îM-i + hH-

For the construction of exact solutions of Ecj. (6), we use the ansatz 

m = f ( t , x ) + (a](t)d(x) + (à0(t), (24) 

which contains four unknown functions to0{r), C0J(T) , d(x), and f ( t , x ) , where the function d{x) is not a 
constant. We determine these functions from the condition that ansatz (34) reduces Bq. (6) to a system of two 
ordinary differential equations with unknown functions (00(f) and o>,{r), We obtain the required system of 
equations by analogy with Bq. (5). Substituting (34) into (6), we get 

< + m% - w , ( / x t r f 4- 2 a f x d ' + fil" + b^V + b2d) - t o \ ( d d * + ad'2) 

- WqCO j I" - W 0 ( / „ +. b2) + fa - ff^ - a f ; - b j x - b2f = 0. (35) 

The coefficients i and d of the functions Û>Q and <J}'s' in Eq. (35) are linearly independent over R. We re-

quire that the coefficients of the functions to, , w 2 , <D0(f|> and © 0 and the function fu - f f ' a - a f 2 -

h\ jfg - b2f be representable in the form of a linear combination of the functions 1 and d whose coefficients 

are functions of t. It follows from Bq. (35) that 

d" - X + \id, X,\i€ R. (10) 
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If p = 0, then one can easily verify that the function u = u(t,x) has the form (10). If jl ^ 0, then we can as-
sume that 

d" = ]i.d , X , M R. 

Two cases are possible. 

I. Case ).( < 0. Eiquation (29) has the general solution 

d - Cs cos (vJm^T )̂ + sin (yf j i f . ï j , 

(36) 

where C, and C2 are arbitrary constants and Cf + C | * 0. Then 

dd" + ad'2 ~ A1 cos2 f ^ T f j c j + An sin2 M f T m + A3 cos^/jp| .v)sin ( ^ 1 ] , v | , 

= -|p](c,2
 - a C i ) , A2 = -|>t|(aCf + Cf), 

= -2|pj{C,C2 + aCiC2). 

(37) 

Since the coefficient dd" + ad'2 is a linear combination of the functions 1 and d over R, it follows from 

(37) thai a = - 1. The coefficient /Xï + b2 of co0 in liq. (35) can be represented in the form 

fxx + h = M > + + v-x(t)d 

Therefore, 

/ = f l i f f l ^ + + M 0 -
«1 (t) 

H 1 

for certain functions p / 0 . Performing the substitution 

co,(0 = toi(r) - &i(0 

W M 

in ansatz (34), we obtain the ansatz 

u - f + &i{t)d + to0(/). 

Therefore, we can assume that, in ansatz (34), 

/ = M'20)*2 + P | ( 0 * + JlftCf). 
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Taking into account that the coefficient of tOj in Bq. (35) has the form 

where [30(n and (3j(n are certain functions of t, we get [i, - 0 and \l2 = 0 . Therefore, the substitution 

= w0 + fi0 reduces ansatz (34) to the ansatz 

u = »,(0 d(x) + w0(r). 

Therefore, we can assume that f = 0 in ansatz (34). As a result, we obtain the ansatz 

u = (0 | (o [C | cos(7|m~|*) + c 2 sin(VUTJ^)] + 'ifto(f), 

which reduces Eq. (6) with parameter a = - 1 to the system 

(Oy - Z>2G>0 - ft(Cf + C^^S&f = 0, 

l o f - i><,G>| - JJ.C0000| = 0, 

provided that b\ = 0. 

2. Case !i > 0. Equation (36) has the general solution 

d = Cj cosh U\&\x) f C2 sinh ( ^ 7 ] x ) , 

where CI and C2 are arbitrary constants and Cf + C2 # 0. As in case 1, we show that a = - 1 and ansatz 
(34) has the form 

u = C i } j ( r ) w m y ^ x ) + c 2 s i n h ^ p i j ^ J + o>0(r) 

and reduces Eq. (6) with parameter a = - 1 to the system 

- - j l (C2 - = 0. 

e f - &2(0| - |ic00t0j 0, 

provided that % = 0. 
Note that, using ansatz (34), one can reduce Bq. (6) with parameter a = ~ 1 to a system of two ordinary dif-

ferential equations if b} = 0. If bx ^ 0 in Eq. (6), then we can use the ansatz 
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P = 2 p = — x - t - - x — ~ 4m A 7 A
 3.V7

 Â; 3.ï 3M ' 

y ~ _ ; — 4- 2U —•. 31 3M 

(39) 

Algebra (39) has only the following one-dimensional sub algebras: 

( P r ) , ( P r ) , ( x + r ) , ( x + o r ) , ae R, a* 1; {Pt+a(X + Y)), azR. 

The subalgebras different from ( P r ) and {Px ) are associated with the following symmetric ansatzes: 

(t) the subalgebra ( Pt + a(X + K)), a e R, is associated with the symmetric ansatz 

M = e 2a'(û(z), Z = ea'x ; df 

(ii) the subalgebra ( X + Y } is associated with the symmetric ansatz 

u = jrco(r); 

(iii) the subalgebra {X + aY), « e P , a # 1, is associated with the symmetric ansatz 

2(a-2) 1 
U =s / Û>(z), Z 5= ^ ' " " X . 

The subalgebras { P. ) , ( P v ) , and ( X + K) are associated with solutions of Bq. (38) with separated var-

iables t and .v. The other symmetric ansatzes for Eq. (38) are exhausted by ansatzes of the form 

M = d(t)<s>(z), z = A ( 0 * > (40) 

where a(r) and c/(r) are certain functions of t. Generalizing ansatz (40), we pose the problem of finding 
ansatzes of the form 

M = d(t)(0(z) + f i t , x), z = a(t)x + b(r) (41) 

that reduce Eq. (38) to ordinary differential equations with an unknown function to = co(z). Ansatz (41) reduces 
Eq. (38) to the equation 

P0to" - a2d2{to')2 + PjCO' - a~dz(i>Oi" + B2to + B} = 0, 1j2, (42) 



Ї06К I. I. YURYK 



GENERALIZED PROCEDURE o r SEPARATION OE VARIABLES AND REDUCTION OF NONLINEAR WAVE EQUATIONS 

and the reduced equation 

1069 

mm" + (« ' ) 2 - to' - 2 = 0 ; 

(b) the ansatz 

u - r c o ( z ) + t 2X2 + 2|a/3y + jj."f s , z = tx + - ( i f 6 , ti g /?. 
6 

and the reduced equation 

coco" + (CO')1 - 5 p . ( 0 ' - 50JLI2 = 0. 

Assume that a" & 0 in ansatz (43). Taking into account that d - a2, we rewrite the reduced equation 
(42) in the form 

-aetata" - a V ) 2 + 4- B2co 4- B3 = 0, (44) 

where 

B, = a"{a"x + b№), Bj = 2a«" , 

B, £ 2(a".x + b"T 2(a'x + h')(a'"x 4- b"') 8 a \ a ' x + b')(a"x 4- b" ) 2a"(a'x 4- b' f 

If Eq. (44) is an ordinary differential equation with an unknown function co = coiz}, then the coefficient B7 

can lie represented in the form B2 = 2Xa6, A s / ? , i.e., a" = A.a5. By analogy, we get 

= ^ (ax + b + 6), jl, 8 e R, 

a~{a"x 4- b") = ^ ( a x + h + S). (45) 

It follows from (45) that — A and 

b" = \a4(b + S), 

a"'x + b"' = 4Xa3a'(ax + b + S) 4- Xa4(a'x + b'). 

(46) 

(47) 

Taking (46) and (47) into account, we determine the coefficient B3 : 
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and the reduced equation 

? 3 3 9 7 
GXO" + (or)" zoo' ( 0 ?" = 0 ; 

4 2 8 

(d) the ansatz 

u m p(0 W ) + p(0 1 ^zp( r ) 

0 

and the reduced equation 

For Eq. (38), ansatzes (a)-(d) can also be obtained by using conditional symmetries. 
We present other ansatzes for Eq. (38). The ansatz u = ai(t) reduces Bq. (38) to the equation co" = 0. 

As a result, we obtain the following family of solutions of Eq. (38): 

a = Cxi + C2, C] and C2 arc constants. 

The ansatz u = №(/) is a special case of the more general ansatz 

which is an ordinary differential equation with an unknown function it = (o(f). Hence, = 2p 0 ( r ) . There 
fore, 

u = f(t,x) -f co(f), (53) 

which reduces Bq. (38) to the equation 

- fxx<» + ftt ~ fx ~ ffXX = 0, 

/ = p 2 ( r ) x 2 + + p - 0 ( 0 , 

where p 0 ( 0 , , and p 2 ( 0 are certain functions of t. Using (53), we obtain the ansatz 

u « p 2 ( r ) j f 2 + Pj(/)-* + M-o(f), M-o = M-o + œ • (54) 
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Equation (58) has the general solution 

5073 

Using (55), we obtain 

/ = — a ( 0 * 2 + JX^/) r , / 2 + | i 0 ( r ) . v 1 / 2 . 

u = ^2( /)-r2 + h , (0 j c" 2 + M » * 112 • (59) 

where JLI2C'J - — A ( / ) + c o ( 0 , f-ij(V), and J I 0 ( R ) are unknown functions to be determined. Substituting (59) 

7 15 
into (38), we get fi0 = 0 , = 6 u. 21 and Therefore, Bq. (38) has the following solutions: 

= r V - + (c i(5,2
 + c 2 r 3 , 2 )x" 2 , « = t(C\.x+C2)u2, 

where C, and C2 are arbitrary constants. 

For d = x2, we do not obtain new ansatzes. 

5. Conclusions 

The generalized procedure of separation of variables developed in the present paper can be used for the de-
tenu in at ion of solutions of a broad class of nonlinear differential equations and systems of nonlinear reaction-
diffusion equations (see, e.g., [9]). By using ansatz (4), one can construct solutions that cannot be obtained using 
the classical Lie method or the method of conditional symmetries. For example, ansatz (32) for Eq. (6) with pa-
rameter a = - 2 / 3 and ansatz (33) with parameter a = - 3 / 4 determine exactly these classes of solutions of 
Eq. (6). These solutions have the form (3) with four and five terms, respectively, and, hence, it is inefficient to 
seek these solutions in the form of sum (3). 

Ansatz (53), which is a special case of the general ansatz (4), is simple. By using this ansatz, one can easily 
obtain ansatz (54) presented in [6] for Eq. (38). This ansatz can also be used for the determination of solutions of 

other equations, e.g., the nonlinear equations of acoustics utt = uu ^ and the Boussinesq equation utt+u2 + 

UUjcx + Uxxxx ~ 
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