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 Matrix formulae for calculating of the fast Fourier and Hartley 
transforms for a sequence of radar signal readings are obtained. The 
formulae obtained allow us to implement the “sliding” (or “galloping”) 
spectrum analysis with rational using of information about the spectrum 
of a previous step for each new position of a time window. The matrix 
formulae of the Hartley transforms with an arbitrary base are obtained. 
These formulae are a generalization of the well-known Hartley formula 
for splitting of the initial sequence into the two sequences, namely, with 
the even and odd numbers. 
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Introduction. To solve the problems of spectral analysis, in digital signal processing 
devices it can be used the principle of the “sliding” (“running” or “galloping”) window. This 
principle is implemented on the basis of the discrete Fourier transform (DFT) or the discrete 
Hartley transform (DHT). To reduce the time of these transforms, it is used a variety of 
algorithms of the fast transforms, namely, the algorithms of the fast Fourier transforms (FFT) 
and the algorithms of the fast Hartley transforms (FHT). 

Methods. The DFT of a finite sequence {х(n)}, 0 ≤ n ≤ N-1, is defined by the formula 
[1]: 
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where 1( )X k and 2 ( )X k are the N/2-point DFT of the sequence of even elements 

1( ) (2 )x n x n= and the N/2-point DFT of the sequence of odd elements 2 ( ) (2 1)x n x n= + , 
respectively. 

The process of calculation of the FFT with the decomposition of the processed signal 
sequence into the even and odd parts (2) is called the decimation-in-time. 

If it is used an another way, namely, the decimation-in-frequency than the input 
sequence is decomposed into the two sequential parts 
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The even and odd samples of the DFT of the input sequence (2 )X k and (2 1)X k +  are 
the N/2-point DFTs of the sequences ( )f n  and ( )g n  

1 2( ) ( ) ( )f n x n x n= + , 1 2( ) [ ( ) ( )] , 0,1,..., ( / 2 1),n
Ng n x n x n W n N= + ⋅ = −  

which can be read by the formulae 
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Theory/calculation. If a sequence of N samples of the input signal is rows arranged in a 
matrix of dimension [L M]× , where L and М are the number of rows and columns, 
respectively than the number n of the current sample can be represented as n = Ml + m, where 
l is the current row number and m is the current column number. Moreover, in this case, the 
current number of an element of the DFT output signal matrix can be read as k = Lr + s. In 
this case, the formula of the DFT takes the following form [1]: 
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According to the representation (5), the sequence of operations is as follows: 
1) calculate the L-point DFTs with the transform kernel WM for all columns (computation of 
the inner sum); 
2) multiply each element of the result of step 1 by the twiddle factor Wms; 
3) calculate the М-point DFTs for all rows, resulting from performing of step 1 and step 2, 
with the transform kernel WL (computation of the inner sum). 

Changing of the order of summation in (5) on the reverse order leads to the following 
expression 
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Taking into account (6), the following procedure of calculation of the Х(k) can be used 
1) multiply the signal samples х(1, r) by the twiddle factor Wms; 
2) calculate the М-point DFTs for all rows with the transform kernel Wms (computation of the 
inner sum); 
3) calculate the L-point DFTs for all columns with the transform kernel WM.  

Differences in the calculations according to (5) and (6) correspond to the difference 
between the FFT (the base 2 is used) with the decimation-in-time and decimation-in-
frequency, respectively. If the decimation-in-time is used than the multiplication to the 
twiddle factors is followed by the main operations of the DFT. In the case of the decimation 
in frequency, the multiplication follows after the operations of the DFT. 

The sequence of operations in (5) can be represented in a matrix form, and such 
representation is suitable for the practical implementation of the algorithm. For a fixed value 

0s  (the line number), it can write down 

0 0 0 0

TT T
0 S M S L S L SX(s , r) X (l,m) W (l) W (m,r) R (m,1) W (m,r) G (1, r) = ⋅ ⋅ = ⋅ =  ,            (7) 

where 0

T
S MR(m,1) X (l,m) W (l)= ⋅ , R(m,1)  is the column-matrix of dimension [M 1]× , 

0X(s , r)  is the row-matrix of the DFT output signals of dimension [1 L]× ,  



( )0
0

mLr S
S LW (m,r) W +=  is the matrix of the twiddle factors of dimension [M L]× , 

r 0,(L 1); m 0,(M 1)= − = − , 
X(l,m) x(l,m)=  is the matrix of values of the input samples of dimension [L M]× , 
l 0,(L 1)= − , 

( )0
0

lS M
S MW (l) W=  is the column-matrix of the twiddle factors of dimension [L 1]×  , 

l 0,(L 1)= − . 
The sequence of operations in (6) is represented in a matrix form for the fixed value 0s  

by the formula 

0 0 0 0

T T
0 S M S L S M SX(s , r) W (l) X(l,m) W (m,r) W (l) P(l, r) G (1, r) = ⋅ ⋅ = ⋅ =  ,                  (8)                        

where 0S LP(l, r) X(l,m) W (m,r)= ⋅ , P(l, r)  is the matrix of dimension [L L]× . 
According to the expressions (7) and (8), the sequences of operations are presented by Fig. 1 
and Fig. 2, respectively. 

 

 
An FFT representation as a product of the matrices (7) or (8) makes it relatively easy to 

count the number of elementary operations in the implementation of the FFT, and, what is the 
most importantly, to identify those operations (that digital information), the result of which 
can be used at each step of the “sliding” FFT. 

The “sliding” or “galloping” N-point DFT of the input discrete signal х(n) is given by 
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Fig.2. The scheme of calculation of the row-
matrix of DFT output signals of dimension 
[1 L]×  with the decimation-in-frequency.  
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Fig.1. The scheme of calculation of the row-
matrix of DFT output signals of dimension 
[1 L]×  with the decimation-in-time. 
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where m, k = 0, 1, …, (N-1). 
For a fixed number n, the function F(n, k) is being the DFT in the variable m of the 

interval x(n-m) of the data stream x(n). If n = 0, 1, 2, ... than the FFT is a “sliding” FFT. If the 
step Δn is greater than 2, the FFT is a “galloping” FFT. The function F(n, k) it is convenient 
to call the current Fourier spectrum. 

Let us schematically consider in a matrix form an offset of the time window containing 
N samples, representing the samples by their numbers in the incoming time sequence. For 
example, if N = 16 = 4×4 and Δn = 1 than 

1st window     2nd window     3rd window 
1 2  3 4     2 3 4 5     3 4 5 6 
5 6  7 8     6 7 8 9     7 8 9 10 
9 10  11 12     10 11 12 13     11 12 13 14 
13 14 15 16     14 15 16 17     15 16 17 18 

 
Fig. 3. Representation in a matrix form of the numbers of input time sequence 

 of the “sliding” FFT. 
 

The columns 2-4 of the first window are the columns 1-3 of the second window, the 
columns 2-4 of the second window are the columns 1-3 of the third window etc. This means 
that for each step (for the next time window position) the values (М-Δn) of the L-point 
column FFTs (М is the number of columns, L is the number of rows) can be used with the 
previous step. As one can see from Fig. 3, for the “sliding” FFT the data processing of the 
function x(n) should be carried out on columns according to the formulae (5) or (7) (see 
Fig.1). 

Another possible scheme can be realized by using the values of the row FFTs. For 
instance, if N = 16 = 4×4 and Δn = 4 than 

1 window     2 window     3 window 
1 2 3 4     5 6 7 8     9 10 11 12 
5 6 7 8     9 10 11 12     13 14 15 16 
9 10 11 12     13 14 15 16     17 18 19 20 
13 14 15 16     17 18 19 20     21 22 23 24 
 

Fig. 4. Representation in a matrix form of the numbers of input time sequence 
 of the “galloping” FFT with the step Δn=4. 

 
When the window of information processing is moved than the rows 2-4 of the first 

window are the rows 1-3 of the second window, the rows 2-4 of the second window are the 
rows 1-3 of the third window, etc. This means that for each step (for the next position of the 
time window), the values (L-1) of the М-point row DFTs can be used with the previous step. 
According to Fig. 4, for the “galloping” FFT with the step Δn = 4, the data processing of the 
function x(n) should be carried out in rows by using the formulae (6) or (8) (see Fig.2). 

Thus, fixing the length N for a certain time window and a step of displacement Δn, as 
well as comparing the features of the algorithms (5) and (6) (with the decimation-in-time or 
decimation-on-frequency, respectively), one can choose (relatively simple) the most high-
speed schematic decision of the FFT calculation in a “sliding” window. When the sliding 
procedures are implemented, the selection decision, which algorithm must be given priority 



(with processing by rows or columns) should be made depending on the step of sliding. For 
example, if the step of sliding 1n∆ =  (see Fig.3) than it should be selected the algorithms (5) 
and (7) – the processing by columns. If the step of sliding 4n∆ =  (see Fig.4) than it should be 
selected the algorithms (6) and (8) – the processing by rows. 

For the case N 16= , let us arrange the input values in a matrix of dimension 4 4× . In 
this case L M 4; l 0,1,2,3; m 0,1,2,3= = = = ; r 0,1,2,3; s 0,1,2,3= = . The matrices are 
 

0 0 0

0 0 0 00 0 0 0

0 0 0 0 00 0 0 0

00 0 0 0

(4 S ) 0 (8 S ) 0 (12 S ) 00

S S S SS 1 (4 S ) 1 (8 S ) 1 (12 S ) 1

S L 2S 2S 2S 2SS 2 (4 S ) 2 (8 S ) 2 (12 S ) 2

3SS 3 (4 S ) 3 (8 S ) 3 (12 S ) 3

1 1 1 1W W W W
W j W W j WW W W W
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W W W WW W W W
W jW W W W
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For the various values of  0s 0,1,2,3= , the corresponding matrices are 

0L
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1 j 1 j
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1 j 1 j
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. 

The column-matrix of the twiddle factors ( )0
0

lS M
S MW (l) W=  for N 16=  is 

( ) ( ) ( )0 0 0 0 0 0 0 0
l T TS M S M 0 S M 1 S M 2 S M 3 4S 8S 12SW W W W W 1 W W W⋅ ⋅ ⋅ ⋅= = . 

For the values 0s 0,1,2,3= , the corresponding column-matrices are 
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The algorithms (5) and (6) suggest a different number of performed operations. The 

algorithm (5) suggests the N of the L-point transforms (sums), the N of the М-point 
transforms, and the N multiplications by the twiddle factors. In the algorithm (6), it is 
implemented the N of the L-point transforms (sums), the N×L of the М-point transforms, and 
the N×L multiplications by the twiddle factors. More operations of the algorithm (6) can be 
explained by the fact that the inner sum has more factors than it has in the algorithm (5), and 
it is a function of three variable parameters instead of two. 

Results. Thus, using the uniform matrix approach to the FFT algorithm described in [1], 



it is easy to synthesize algorithms allowing us to implement the operation of the “running” (or 
“galloping”) spectral analysis with the optimal using of information about the spectrum of the 
previous position of the time window. Moreover, in the case of the matrix approach, in the 
algorithm it is contained the main grouping fragments allowing to efficiently parallelize of the 
computational process. 
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Along with the Fourier transform, it is possible to use the Hartley transform in the 

digital signal processing tasks [2]. The Hartley transform is a real-valued function of a real 
argument. The DHT for the samples of the function x(i), i  = 0, l ,  . . . ,  (N-l)  can be defined 
as follows 

( ) ( ) ( )∑
−

=

π⋅=
1

1
/21 N

i
Nk ic a six

N
kH , k = 0, l ,  . . . ,  (N-l) ,   (10) 

where casβ = cosβ + sinβ. 
The Hartley transform is symmetric; the inverse transform is as follows 
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The Hartley transform can be represented as the sum of the even and odd components 
Н(k) = Е(k) + O(k), wherein 

Е(k) = (H(k) + H(N-k))/2, O(k) = (H(k- H(N-k))/2. 



As it was shown by R.N. Bracewell in [2], there is a relationship between the Fourier 
and Hartley transforms. If the Fourier transform is represented as F(k) = R(k) + i X(k) than 

R(k) = (H(k) + H(N-k))/2, 
  X(k) = -(H(k) - H(N-k))/2 .      (12)  

The spectral density Z2 is 

  Z2(k) = R2(k) + X2(k) = [H2(k) + H2(N - k)]/2.   (13) 

To estimate the phase of the Fourier transform, one can compute the value 

( ) ( ) ( )
( ) ( )

( )
( )






−=








+−
−−

=
kE
kO

kHkNH
kHkNHxF a r ca r c t ga r g .                (14) 

In work [2], it is described the principles of construction of the FHT algorithms. If the 
input N-element sequence x(i) is decomposed into the two sequences with the even and odd 
numbers (decimation-in-time) — {х(0), 0, х(2), 0, х(4), ...}, {х(1), 0, х(3), 0, х(5) ,...}, and for 
them is calculated the Hartley transforms Н1(k) and Н2(k) with the period N than the Hartley 
transform of the input sequence can be calculated by the formula 

  H(k) = H1(k) + H2(k)·cos(2πk/N) + H2(N - k) ·sin(2πk/N).  (15) 

The values Н1(k) and Н2(k) can be obtained by the repeated decomposition until, for 
example, of the four-element sequences consisting of the two-element segments; the 
conversion of the two-element sequence includes two operations of addition and no any 
operations of multiplication. 

It is suggested that if N = 2P than the computation of the FHT requires performing of the 
number of operations proportional to N×P [2]. As it is in the case of the FFT, in order to 
increase the speed of computation of the FHT algorithm, it should be used the dimension N = 
4P  with the basic four-element DHT [2]. 

In a number of scientific publications, it has suggested that the FHT is faster than the 
FFT. Such conclusion could be obtained if we compare the transforms of the real-valued data 
sequence by the FHT and FFT, but such approach is incorrect. The FFT is an ideal tool for the 
data processing in the complex form. The FHT can be used for processing of arrays of the real 
numbers (for instance, for imaging). 

From the viewpoint of uniform matrix approach, the formula for the FHT, which is 
similar to the formula (5) for the FFT, is given by 
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In the equations (5) and (16), it is expressed the main difference between the Fourier 
and Hartley transforms in terms of the synthesis of fast algorithms, namely, the separability of 
the Fourier transform kernel that provides a variety of realization according to the 
characteristics and features of tasks and the inseparability of the Hartley transform kernel that 
substantially limits of the possible realizations. The conversion of the cas-function leads the 
equation (16) to the following form 
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Let us show that the Hartley formula (15) is a particular case of (17) with М = 2. In this 
case, the input data matrix has two columns (m = 0, 1) and L = N/2 rows. If one sets the 



source array elements by their numbers than the elements in the matrix are arranged as 
follows 

0 1 
2 3 
4 5 

…… 
N-2 N-1 

The first and second columns consist of the elements with the even and odd numbers, 
respectively. Transform the expression (17), taking into account the notations adopted in the 
transition to the matrix representation of the input sequence (see the formula (5)) 

( ) ( ) ( ) +





















 +

π
+⋅






 π

= ∑
−

=

1

0
)(2c o s,0,2,

L

l
sL r

N
llxlxM l s

N
c a srsH  

( ) =













 +

π
⋅






 π
−+ ∑

−

=

1

0
)(2s i n,2L

l
sL r

N
llxM l s

N
c a s  

( ) ( )+⋅





 π







 +

π
+⋅






 π

= ∑∑
−

=

−

=

llxl s
N

c a ssL r
N

lxl s
N

c a s
L

l

L

l
,22)(2c o s0,22 1

0

1

0
 

( ) =⋅





 π
−






 +

π
+ ∑

−

=

llxl s
N

c a ssL r
N

L

l
,22)(2s i n

1

0
 

( ) ( ) ( ) ( )kHkNHk
N

kHk
N

kH =−⋅





 π

+⋅





 π

+= 221
2s i n2c o s ,  (18)  

where H1(k) and H2(k) are the Hartley transforms with the period N of the sequences 
consisting of the elements of the columns {х(0), 0, х(2), 0, х(4), 0, ...} and {х(1), 0,  х(3), 0, 
х(5), 0, ...}, respectively. 

Thus, it was proven that the Hartley formula (15) is a particular case of the matrix 
algorithm (17). 

By analogy with the FFT on the base 4, which in some cases it is considered preferable 
from the standpoint of the number of operations [1], the practical interest has the algorithm of 
the Hartley transform on the base 4. Represent the elements of the source array by their 
numbers in a matrix with such four columns 

0 1 2 3 
4 5 6 7 
8 9 10 11 

…… 
N-4 N-3 N-2 N-1 

For the case М = 4, from the formula (17) it can be obtained 

( ) ( ) ( ) ( ) ( ) +





 π

⋅+





 π

⋅−+





 π

⋅+= k
N

kHk
N

kNHk
N

kHkHkH 22c o2s i n2c o s 2110

 ( ) ( ) ( ) 





 π

⋅−+





 π

⋅+





 π

⋅−+ k
N

kNHk
N

kHk
N

kNH 32s i32c o s22s i n 332  .            (19) 

In (19) H 0 (k),  H 1(k), H2(k), and H3(k) are the Hartley transforms of the sequences 
consisting of the elements of the columns {х(0),0,0,0,х(4),0,0,0,х(8),0...}, 
{х(1),0,0,0,х(5),0,0,0,х(9),0...}, х(2),0,0,0,х(6),0,0,0,х(10),0...}, and 
{х(3),0,0,0,х(7),0,0,0,х(11),0...}, respectively. Combining of the Hartley transforms of the 
separable columns is realized by means of the two multiplications and one addition by each 
column. Such procedure significantly increases the total number of multiplications. In 



general, in the case of the matrix representation of the input sequence of dimension N = L×M, 
the number of operations of multiplication Km and addition Ка are 

Km = (N-l)×[2(М-1) + МKLm], Ка = (N-l) × [2(M-1) + MKLa] + M-1,  

where KLm and KLa  are the number of multiplications and additions, respectively in 
calculating of the Hartley transform of a single column (with L elements). The number of 
operations is counted taking into account the assumption that in the calculation of Н(0) (when 
k = 0), the operations of multiplication are not used. For N = 16 and M = L = 4 we have Km 
= 90 and Ка = 125. For the algorithm (18), this is suitably 82 and 105. Although the algorithm 
(19) requires more operations, it allows substantial opportunity of the parallezation of the 
computational process, which makes it attractive for the implementation. 

Differences between the transforms are evident in the implementation of the “running” 
procedures by using the matrix algorithm. 

The “running” FHT is given by 
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In work [3], it is described a matrix algorithm of realization of the “running” FHT (the 
base 2 is used) with the decimation-in-time. This algorithm is based on the principle of 
repeating decomposition of the input sequence into the two parts. 

As it is followed from the relation (16), unlike to the case of the FFT, the calculation of 
the FHT permits only the column processing of samples presented in a matrix form. The 
calculation of the number of operations showed that the practical utility has only the 
algorithms of computation of the Hartley transform on the base 2 or 4. As it is in the case of 
the column FFT data processing presented in the form of a matrix with 2 or 4 columns (see 
Fig. 3), to calculate the current spectrums in the “sliding” window, it should be used the 
methods of using of the spectrum values from the previous step. 

Results. Thus, using the uniform matrix approach to the FFT algorithm described in [1], 
it is easy to synthesize algorithms allowing us to implement the operation of the “running” (or 
“galloping”) spectral analysis with the optimal using of information about the spectrum of the 
previous position of the time window. Moreover, in the case of the matrix approach, in the 
algorithm it is contained the main grouping fragments allowing to efficiently parallelize of the 
computational process. 

The general formula for calculating of the Hartley transform with the arbitrary base for 
the data sequence presented in a matrix form is obtained. It is shown that the well-known 
Hartley formula using splitting of the input sequence into the two parts, namely, with the even 
and odd numbers is a particular case of the formula obtained. It is proven that the algorithm 
with the base no more than four is a practically suitable. 
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