
Ukrainian Mathematical Journal, Vol. 52, No. 6, 2000 

NONLINEAR D'ALEMBERT EQUATION IN THE 
PSEUDO-EUCLIDEAN SPACE R2, n AND ITS SOLUTIONS 

I.  I .  Y u r y k  

We investigate the nonlinear D'Alembert equation in the pseudo-Euclidean space R2. n 

new exact solutions containing arbitrary functions. 

1. The nonlinear D 'A lember t  equation in the pseudo-Euclidean space R2, n has the form 

UDC 517.9:519.46 

and construct 

N u  + F ( u )  = 0, (1) 

where 

I-]g = Ull + U22--U33--...--Un+2,n+2 , Ula v = 
O2U ~Xv, 

Ox~t 

u -- u (x ) ,  x = (Xl, X 2 . . . . .  Xn+2), ~t ,v = 1 ,2  . . . . .  n + 2 ,  

and F ( u )  is a smooth function. 

elements 

where 

Equation (1) is invariant with respect to the Poincar6 algebra A P(2,  n)  with basis 

Pa = ~ ,  Ja~ = gaVxvb[ i -g~VxvO ~, (2) 

~)t~ = , g l l  = g22 = - g 3 3  . . . .  = --gn+2,n+2, 0~, [~,V = 1,2 . . . . .  n + 2 .  Ox,~ 

Exact  solutions of  Eq. (1) under various restrictions on the function F ( u )  were constructed in [ 1-5] .  In the present 

paper, we construct new broad classes of  exact solutions of  Eq. (1) containing arbitrary functions. To find them, we 

use the method proposed in [6, 7]. Its idea can be briefly formulated as follows: Consider a symmetric  ansatz for 
Eq. (1) and assume that it has the form 

u = f (x) tp(0)  1 . . . . .  0)k) + g (x ) ,  (3) 

where 0)1 = ~ (xl . . . . .  X n + 2 )  . . . . .  0)k = 0)k(X1 . . . . .  Xn+2) are new independent variables. Ansatz (3) selects a cer- 

tain subset S of  solutions o f  Eq. (1). We construct a new ansatz 

u = f(x)q~(0) 1 . . . . .  0)k, r . . . . .  0)l) + g (x ) ,  (4) 
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which is a generalization of  ansatz (3). New variables (ok+ 1 . . . . .  co I in Eq. (4) are to be determined. We find them 

from the condition that the reduced equation corresponding to ansatz (3) coincides with the reduced equation corre- 

sponding to ansatz (4). Ansatz (4) selects a subset S 1 of  solutions of  Eq. (1) containing the subset S. I f  the solu- 

tions of  the subset S are known, then it is also possible to construct the solutions of  the subset S 1 . The latter can be 

derived in the following way: Let  u = u(x ,  C 1 . . . . .  Ct) be a multiparameter family of  solutions o f  Eq. (1) having 

the form (3). We can obtain a more general family of solutions of  Eq. (1) if the constants C i in the solution u = 

u (x, C 1 . . . . .  Ct) are assumed to be arbitrary smooth functions of  (ok+ 1 . . . . .  (0/. 

2. We select certain ansatzes of  the type (3) and their generalizations of the type (4) for Eq. (1). 

1 ~ The ansatz u = ~p(x 1, x 3, (0), where (0 = (0(x 2, x 4 . . . . .  Xn+2) is an arbitrary solution of  the system 

32(0 aEm 32(0 

[ ] ( 0 -  3x2 2 3x4 2 2 = 0 ,  "'" 3Xn+2 

- - - ' i  = 0 ,  
~,~X 2 J ~.3x 4 J "'" i,.~Xn+2 J 

(5) 

is a generalization of  the symmetric ansatz u = ~P(Xl, x3) and reduces Eq. (1) to the equation 

32~0 32(p 
+ F(tp) = 0. (6) 3x? 

A broad class of exact solutions of  system (5) for n _> 3, which are called Smi rnov-Sobo lev  solutions, was con- 

structed in [8, 9]. If  n = 2, an arbitrary solution of  system (5) has the form f ( x  2 + x4), where f is a twice differen- 

liable function. Note that system (5) was completely integrated in [10] for n > 4. 

2 2 ~ . The ansatz u = ~p((01, (02, (03 ), where (01 = Xl 2 + x2 - x2 - ... - Xk, (02 = x l - x ~  and o) 3 =  

(x~ - x k ) / ( x 2 - - x k _ l ) ,  k > 4 ,  is a generalization of  the symmetric ansatz u = ~0((01, (02) and reduces Eq. (1)  to the 

equation 

where 

4(01 ~Pll + 4(02~,012 + 2k~01 + F(~0) = 0, 

32~p 

%v  = 3%t3(0v'  
bt, v = 1,2. 

2 
3 ~ The ansatz U-- (D((01, (02, (03, (04) , where  (01 = x? + x 2 -  x ~ - . . . -  Xk, (02 = Xl - x / o  ( 0 3 =  X2--Xk_ 1, 

and (04 = (X1 --Xk)/(X2 --Xk-1 ), k > 4, is a generalization of  the symmetric ansatz u = 9((01, (02, (03) and reduces 

Eq. (1) to the equation 

4(01 ~pl 1 + 4(02~Pl 2 + 4(03~pl 3 + 2kCPl + F(~p) = 0. 
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4 ~ The  ansatz u = t p ( x b  . . . .  Xn+2, 0)), 4 < k < n + 2, n > 4, where 0) is an arbitrary solution o f  the system 

320) 320)  320) 320) 

3x +3x  '" 3 X L l  - ~  

3X 1) + ~, 3X 2.] -- k 3X 3] "'" k,3X k-1.) 

(7) 

is a generalization o f  the symmetric  ansatz u = tP(xk, . . . .  Xn+2)  and reduces Eq. (1) to the equation 

32tD 32(p 
- ~ + F(tp) = 0. 3X2 "'" 2 3Xn+ 2 

Note  that, in the case k = 4, sys tem (7) is a sys tem o f  the type (5). 

2 5 ~ The ansatz u = tp(0),, 0) 2 . . . . .  0)t, 0)), where 0 ) , =  x 2 + x 2 -  x 2 - . . .  - x k, 0)2 = x k + l  . . . . .  0 ) l = X k ,  l _ l  , k 

>_ 3, k + l - 1 < n + 2, and 0) is an arbitrary solution o f  the sys tem 

320) 320) 320) 320) 

(V0))2 = ~.3X1) + ~,3X2) ~,~--~3] --o, "'" k3xk j 

30) 30) 30) 

is a generalization o f  the symmetric  ansatz u = tp(0) l, 0)2 . . . . .  C01) and reduces Eq. (1) to the equation 

329 3(p 32(p O2(p 
4oo 1 ~ + 2k ... = 30)2 30)2 30)2 + F(tp) 0. 

2 6 ~ The ansatz u = 9 ( 0 )  1, 0)2, 0)3), where 0)1 = xl ,  0)2 = x2 - x3 2 - ... - xk, and 0)3 is an arbitrary solution 

o f  the sys tem 

320)3 320)3 320.)3 
"" -- o,  

3x: ) k 3x3 ) "'" t, 3Xk J 

(8) 

is a generalization o f  the symmetric  ansatz u = tp(0) l, 0)2) and reduces Eq. (1) to the equation 
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3 2 ~  32 3 ~  

30)~ + 40)2 0~22 + 2(k - 1) 30)2 

7 ~ The ansatz u = t 9 ( 0 )  l ,  (02, 0)3 . . . . .  (01, 0) ) ,  where 0)1 = x1, 

Xk+l_ 2, k > 4 ,  

+ F ( ~ )  = 0. 

0)2 = X2 - x2 - - " ' " -  X2" (03 = Xk+ l . . . . .  

k + I - 2 < n + 2, and 0) = 0)(x 2, x 3 . . . . .  xk) is an arbitrary solution of  the system 

0)1 = 

[-]to = 0, (~70))2 = 0, V0) 2 �9 V(0 = 0, (9) 

is a generalization of  the symmetric ansatz u = tp(0) 1, 0)2, 0) 3 . . . . .  0)1) and reduces Eq. (1) to the equation 

32(P 32(P 2(k - 2) 3tp 329 32(p 
30)2 + 40) 2 3(02 + - -  - -  30)2 30)2 . . . -  30)--- 7 + F(tp) = 0. 

If k = 4, an arbitrary solution of  Eq. (9) is an arbitrary smooth function f (x ) ,  where 

t = X2X3 +- X44X2  + X2 -- X2 

x 2 + x 2 

The presented ansatzes 1 ~176 can be efficiently used for the construction of  broad classes of  exact solutions of  

Eq. (1) under various restrictions on the function F ( u ) .  

3. Let us construct several classes of exact solutions of  the Liouville equation 

[Su + ~ e x p u  = 0. (10) 

Equation (10) is invadant with respect to the extended Poincar6 algebra A/5(2, n), the basis of  which is formed by 
operators (2) and the operator 

D = - x  131 - x232 - . . .  - Xn+23n+ 2 + 23u.. 

(11) 

We use the following notation [3]: 

1 
A1 = - J 1 4 + J 2 3 ,  A2 = 2 ( J 1 2  + ' ] 3 4  - J 1 3  - J24) ,  D1 = J 1 4 + J 2 4  , 

1 
A 3 = ~ ( J 1 2 + J 3 4 + J 1 3 + J 2 4 ) ,  Z = Y 1 2 - J 2 4 + J 1 3 - J 3 4 ,  

N1 = P1 + P4, N2 = P2 + P3, Y1 = P 1 -  P4, ]72 = P 2 -  P3" 

Let Yl = Xl + X4, Y2 = Xl - X4, Y3 = X2 + X3, and y4 = x2 - x3. 

Operators (11) belong to the algebra A/3(2, 2), which is a subalgebra of  the algebra A/3(2, n). For the classi- 

fication of  subalgebras of the algebra A/5(2, 2) according to their ranks, see [3]. In what follows, we use several 

subalgebras of rank 3 of  the algebra AP(2, 2) to construct exact solutions of  Eq. (10). 
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1. The subaigebra (A 1 + ctD 1, D + [3D 1 ), tx > 0, tx ~ 1. Its principal invariants are the functions 

u + In 0)1, 

where 0)1 = Yl Y2 + Y3 Y4 and 0)2 -- Y2Y(41-tz)/(l+tx). 

0) = ln0)113+10)~ (1+~), 

The ansatz u = 9 ( 0 ) ) -  ln0)l reduces Eq. (10) to the equation 

4(~ 2 - 1)~ + 4(~ + 1)tp + ~,exp~a - 4 = 0, 

which, in the case [~ = 1, possesses a solution 

4 C e  ~  
~0= In 

1 + ~,Ce 0~/2" 

Therefore, the function 

u =  In 
4C0)2(1+c0/2 

1 + ~C0)10)2 (1+c0/2 

is a solution of  Eq. (10). Hence, in view of  3 ~ we obtain the following family of exact solutions of  the Liouville 

equation: 

u =  In 
4h(t) 

x 2 - x 3 + ~ h ( t ) ( x  2 + x 2 _ x 2 _ x 2 )  ' 

where h (t)  is an arbitrary twice-differentiable function of  t = ( x  I -x4)/(x 2 - x  3 ). 

2. The subalgebra (A 3 + N 1, T, D + t~A I + ( 1 + 3ct)D 1 ), ot # - 1/2. Its principal invariants are the functions 

0)2ct + 1 

u + 2tx+ll In 0)1, 0) = 0)~(tt+l)~2, 

w h e r e  0) 1 = Y4 a n d  0)2 -- 4Y 2 + 4 y 2 ( Y l  Y2 + Y3Y4). T h e  ansatz 

1 
u = 9(0)) - -  1n0)1 

2 o t + l  

reduces Eq. (10) to the equation 

16(2ot + l)e-O/(2~x+l)(2cz~ + (0) + ~expq) = O. 

If ot = 0, we obtain the equation 

16e-~ + X ex p 9  = 0, 

and the function 
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u = In 16~ 
~,0) 2 + CO) 2 

is its solution. Hence, in view of 3 ~ we obtain the following family of  exact solutions of the Liouville equation: 

u = In 4(x2 - x3) 
•[(X 1 --  X4) 2 + (X 2 -- X3)(X ? + X2 2 --  X 2 _ X2) I  + h ( l ) ( x  2 - x3)  2 '  

where h (t) is an arbitrary twice-differentiable function of  t = (x 1 - x 4) / (x 2 - x 3 ). 

3. The subalgebra (A 1 + D 1 + N 1, T, D + D 1 + I}N 1 ). 
dons 

u +ln(01, (0 = (,02 - ln(0113+1, 

where 

The principal invariants of  this subalgebra are the func- 

{~- [  2 X2 X2 x42+(Xl_X4) lnX2--~43]  } u = - l n  ~ x 1 + - Xl-- + C ( x  1 - x 4 )  

is a solution of  Eq. (10). Hence, in view of  3 ~ we obtain the following family of  exact solutions of  the Liouville 
equation: 

u = - l n { ~ ( x ~ + x 2 - x 2 - x 2 ) + ( x l - x 4 ) h ( t ) } ,  

where h ( t ) is an arbitrary twice-differentiable function of  t = ( x 1 - x 4 ) / ( x  2 - x3 ) .  

4. The symmetric ansatz u = tO(x 1, x3) reduces Eq. (10) to the equation 

32tO 32tO + ~,exptO = 0. (12) 
~x 2 3x 3 

Therefore, the function 

The ansatz u = tO((0) - In (01 reduces the Liouville equation to the equation 

Y2 

which, in the case 13 = 0, has a solution 

-4~1~ + 4+ + ~,exp tO = 0, 

tO= - l n ( ~ ( 0 + C ) .  

945 

~  = Y2 and (0 2 _ YlY2 + Y3Y4 + lnY4. 
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The general solution of  Eq. (12) 

I. I. YURYK 

8 i l(X 1 "4- X3)i/2(X 1 -- X3) 1 
q>(xl, x3) = In - )~ [hl(X---~l + x3)-- ~ h2(x----- 1 -- x3---~] 2 f ,  

where h 1 and h 2 are arbitrary differentiable functions, /~1 and ~ are their derivatives with respect to the corre- 

sponding argument, and ~,h 1 h 2 < 0, was obtained by LiouviUe in 1853. Thus, according to 1 ~ the Liouville equa- 

tion possesses the following family of  exact solutions: 

8 
u(x  1, x3) = In ~, [ f (x  1 + x3, co) + g(xl _ x3, to)]2 j .  

Here, f ( x  1 + X3, tO) and g(x I - x  3, tO) are arbitrary differentiable functions of  two arguments x I + x 3, tO and 

x 1 - x 3, tO, respectively, f and g are their derivatives with respect to the first argument, and tO is an arbitrary 

solution of  system (5). 

5. The symmetric ansatz u = 9(Xn+2) reduces Eq. (10) to the equation 

d2tp 
2 

dxn+2 
- ~  + ~,expq> = 0. (13) 

Integrating Eq. (13) and using 4 ~ we obtain the following families of  exact solutions of the Liouville equation: 

u = ln{(hl(tO) s e c 2 [ ~ ( x n + 2 + h z ( t O ) ) ] ) }  
2~, 

h l((O) < 0, ~, < 0, 

2hl(to)h2(to)exp~/hl(t.o)xn+ 2 } 
u = In ~ - ~ _ - - ~ x - ~ 2 1 2  , h i ( to )  > 0, ~.h2(to) > 0, 

u =  - t .  + h(to)}, 

where hi( to ), h2(to),  

tem (7) for k = n + 2. 

and h(to) are arbitrary twice-differentiable functions and to is an arbitrary solution of sys- 

4. We now construct several classes of  exact solutions of  the nonlinear D'Alembert  equation 

r-qu + )~u k = 0, k ;e 1. (14) 

Equation (14) is invariant with respect to the extended Poincar6 algebra A/3(2, n), the basis of which is formed by 
operators (2) and the operator 

D = " X l ~  1 - x 2 ~ 2 - . . . - X n + 2 ~ n + 2 +  ...2u 3u" 
k - 1  



NONLINEAR D'ALEMBERT EQUATION IN THE PSEUDO-EUCLIDEAN SPACE R2:, n AND ITS SOLUTIONS 947 

We use several  subalgebras o f  rank 3 o f  the algebra A/3(2, 2) to const ruct  solutions o f  Eq. (14). We  preserve 

notat ion (11) for  the operators  o f  the algebra A/3(2, 2). 

By  analogy with Sec. 3, using the subalgebras (A 1 + D 1 + N1, T, D + D 1 + ~ N  1 ), (A 3 + N 1, T, D + IxA 1 + ( 1 + 

3 ix)D1)  ( i x ; e - I / 2 ) ,  ( A 3 + N 1 ,  T, 2 D - A 1 - D I )  , (D1, T , D + I X ( A 2  + A3)  ) ( I x > 0 ) ,  (A 1 + I x D  1 , T , D  + ~ D 1 )  

(Ix > 0, Ix r 1 ), and (A 1 - D  1, A 3, T, D + ~ D  1 ), we obtain the solutions 

U = 
24[5 

)~[x? + x2 2 - x 2 - x4 2 + (x 1 - x 4 ) ( - l n ( x  1 - x4) 13 + h(t))] 2 '  

U 1 - k  
k(k - 1) 2 

16(k - 2) 
(x 2 - x3) -1 {[2(x 1 - x4 )  W ( x  1 + x 4 ) ( x  2 - x 3 ) ]  2 

-- (X 2 -- X3)2[(Xl + X4) 2 -- 4(X 2 + X3)] } + (X 2 -- x 3 ) h ( t ) ,  

g 16(x 2 - x3) 

[ h ( t ) _ ) ~ l n ( x  2 . . . . .  x3) l [4(x  2 x 4 ) 2 + 4 ( x 2  x3)(x  2 + x  2 x 2 x4)]2, 

U 2 = 8h(t) 
)~[1 - (x 2 + x 2 _ x 2 _ x2)h( t ) l  2'  

u l - k  - 1) 2 ( x  2 + x 2 _ x 2 _ x j )  + ( x  2 _ x3)h(t), = 

x 2) ]" ~,(k - 1) 2 x ) k - 2 }  
bt 1 -k  = (X? + X 2 -- X3 2 -- 4 l ~ -~ ~ 4- h( t ) (x  2 - 3 , 

respect ively.  Here,  h ( t )  is an arbitrary twice-different iable  funct ion o f  t = ( x  1 - x 4 ) / ( x  2 - x 3 ). 

5. The  solutions of  the nonl inear  D ' A l e m b e r t  and Liouvi l le  equat ions  presented above  can easily be general-  

ized to the case o f  arbitrary n. Cons ider  several  examples .  

The  symmetr ic  ansatz for  the D ' A l e m b e r t  equat ion in the case n = 3 takes the form 

b/ = (X? -t- X 2 X 2 X I X2) 1 / ( l - k )  t~O)),  
- -  - -  - -  5 

where  co= l n{ (x  2 + x 2 - x  2 - x  2 ~2,(1~-1)/2 - ~ 5  J ( x ,  - X s ) } .  

This  ansatz reduces  Eq.  (14) to the equat ion 

4(13 - 2) + 3(13 - 1) qo 9 + ~,q ok = 0, 
(~ - 1)(~ - 3 )~  + ; - - ~  (k - 1) 

which, in the cases ~ = 1 and ~ = 3, has the solutions 

~pl-k = ~.(k - 1) 2 + Cle_cO(3k_5)/2 and ~pl-k _ ~,(k - 1) 2 + Cle_CO 
2(3k - 5) 2(3k - 5) 

respect ively.  Hence,  we obtain the fo l lowing solutions o f  the D ' A l e m b e r t  equation: 
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U 1-k = ~ ~ ' ( k ' - l ) 2  X )-(3k-5) /2  l , X 2  
[ 2(3k - 5) + Cl(Xl - 5 f t 1 + x2 - x2 - x2 - x2) ,  

U 1 - k  _ ~ ( k -  1): (x? + d - d - ~4 ~ - x b  + 
2(3k - 5) 

Cl 
x 1 --  X 5 

(15) 

Acting by the group transformation exp (ad C2P 3) on these solutions, we derive the following solutions of  Eq. (14): 

U 1 - k  = { ~ ( k  + q ( x ~  - ~ t x ?  + - ( x 3  + - - 
1) 2 ] 

X5) - (3k -5 ) l  2 X 2 G) 2 X42 X 2 ] ,  
2(3k - 5) J 

/,ll - k  )~(k - 1) 2 [x 2 + x22 + - 5 + = 2 - -~ ' i  --" ~ - - ( X 3  C 2 ) 2  X24- -X2]  
Cl 

x I --  X 5 

Hence, in view of 3 ~ we obtain the following families of  exact solutions of  the D'Alembert  equation: 

U 1 ' k  = {)~(k - 1) 2 x5)_(3k_5)/2 
2-~ - -g )  + h,(,)(x, - } tx? + d - ( ~  + ~(,))~ - d - d ] ,  

U 1 - k  ~ , (k -1 )  2 [x 2 + x  2 _ ( x  3+h2( t ) )2  x ] x21 
- ~ k = g  - - ' + ~  

hi(t) 
X 1 -- X 5 

where h 1 (t)  and h 2 (t)  are arbitrary twice-differentiable functions of  (x 1 - x 5 ) / (x  2 - x 4). 

Acting by the group transformation exp [ad (C2P 1 + C3P5) ] on solutions (15), we obtain the following solu- 

tions of  Eq. (14): 

ul_k = ~ , ( k  - 1) 2 _ C3)_(3k_5)/2 } C2)2 + x2 2 x 2 x 2 (x 5 + C3)2], 
t 2 - - - ~ ' i [ . ~ -  ) + C l ( X  1 - x 5 + C 2 [ ( X l  + - _ _ 

u ~-~ ~ ( k - 1 ) ~  d d x4: ( x ~ + C ~ ) ~ l +  c, = 2-0-s [(xl + c~) :  + - - - 
X 1 -- X 5 + C 2 --  C 3 

Thus, on the basis of  7 ~ we obtain the following families of  exact solutions of  the D'Alembert  equation: 

U 1 - k  = { ~ , ( k  + h l ( t ) (X l  _ x5 + h2( t  ) _ I [ ( x l  + + - - - ( x 5  + 
1) 2 1 

h3( t ) ) - (3k -5 )  12 U2(t)) ~ X 2 x 2 x 2 ~3(t))21, 
2(3k - 5) 

u ~-k ~'(~'-1)~ d d x4 ~ (x~+ = 2-~-k'--~ [(xl + h2(t))2 + - - - h3(t))2] hi(t) 
Xl - x5 + h2(t) - N( t ) '  

where h l ( t  ), h2(t  ), and h3(t  ) are arbitrary twice-differentiable functions of  

t=  x2x3 +-x44x~ + x~ - x~ 
d + x~4 
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