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NONLINEAR D’ALEMBERT EQUATION IN THE
PSEUDO-EUCLIDEAN SPACE R, , AND ITS SOLUTIONS

L I Yuryk ' UDC 517.9: 519.46

We investigate the nonlinear D’ Alembert equation in the pseudo-Euclidean space R, , and construct
new exact solutions containing arbitrary functions.

1. The nonlinear D’ Alembert equation in the pseudo-Euclidean space R, , has the form

Ou+F(u) = 0, ¢y
where
Ou = Uyt Upp—Usz—... —Upyo py2s Uy = 3—22 oxy,
"
u=u(x), x=(XpXp.5X42), H,Vv=12..,n+2,

and F(u) is a smooth function. Equation (1) is invariant with respect to the Poincaré algebra A P(2, n) with basis
elements

Py = 0, Jop = gowxvaﬁ"gﬁvxvaw 2

where
aa= 5"—, 811 = 822 = —833 == —8ns2.n+2 Q,B,V= 1,2,...,n+2.
Xa,

Exact solutions of Eq. (1) under various restrictions on the function F(u) were constructed in [1-5]. In the present
paper, we construct new broad classes of exact solutions of Eq. (1) containing arbitrary functions. To find them, we
use the method proposed in [6, 7]. Its idea can be briefly formulated as follows: Consider a symmetric ansatz for
Eq. (1) and assume that it has the form

u = f(x)Q(0y, ..., ) + g(x), 3

where @) = @(xy, ..., X,49), ..., Op= 0 (xy,...,X,,,) are new independent variables. Ansatz (3) selects a cer-
tain subset S of solutions of Eq. (1). We construct a new ansatz

u '—'f(.X)(p(O)l,...,(&)k, 0)k+1,...,(01)+g(X), (4)
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which is a generalization of ansatz (3). New variables ®,, |, ..., ®; in Eq. (4) are to be determined. We find them
from the condition that the reduced equation corresponding to ansatz (3) coincides with the reduced equation corre-
sponding to ansatz (4). Ansatz (4) selects a subset S; of solutions of Eq. (1) containing the subset S. If the solu-
tions of the subset S are known, then it is also possible to construct the solutions of the subset S;. The latter can be
derived in the following way: Let u = u(x, Cy, ..., C;) be a multiparameter family of solutions of Eq. (1) having
the form (3). We can obtain a more general family of solutions of Eq. (1) if the constants C; in the solution u =
u(x, Cy, ..., C,) are assumed to be arbitrary smooth functions of @, ,..., ®;

2. We select certain ansatzes of the type (3) and their generalizations of the type (4) for Eq. (1).

1°. The ansatz u = @(xy, x3, @), where = (x,, Xy, ... , X, ) is an arbitrary solution of the system
2 2
ne-Fo_Pe_ _Fe

aX2 aX4 8xn+2

5)
2 2 2
(Vo)? = (_‘?9) - (Q‘_”_) R BN B
a.X'2 BX4 axn+2
is a generalization of the symmetric ansatz u = ¢(x;, x3) and reduces Eq. (1) to the equation

?e _ ¢

— —— + F = 0. 6

o2 a2 (® ©)

A broad class of exact solutions of system (5) for n = 3, which are called Smirnov—Sobolev solutions, was con-
structed in [8, 9]. If » =2, an arbitrary solution of system (5) has the form f(x, + x;), where f is a twice differen-
tiable function. Note that system (5) was completely integrated in [10] for » = 4.

2°. The ansatz u = @(w;, ®,, W3), where ®; = x12 + x% - x32 - - x,f, Wy = X —Xp and 3=
(xy—x)/(xy—x,_1), k=24, is a generalization of the symmetric ansatz u = @(®;, ®,) and reduces Eq. (1) to the
equation

40,01 + 40,015 + 2kQ; + F(9) = 0,

where
o%¢
Py = , MV =12
90,00,
3°. The ansatz u = Q(©, W,, ®3, 04), where ®; = x12 + x% - x32 - = x,%, Wy = X) —Xp, O3 =Xy —Xp_ 1,

and 4= (x;—x,)/ (%, —x_1), k=4, is a generalization of the symmetric ansatz u = @(®;, ®,, ®3) and reduces
Eq. (1) to the equation

401 @y + 40, Q15 + 403913 + 2k + F(9) = 0.
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4°. The ansatz u = Q(xp ..., X0, ®), 4<k<n+2, n=4, where ® is an arbitrary solution of the system

Q)

(8(0)2 (aco) (am) ( o )2
— 1 +|— - = =0
axl ax2 a.X3 axk_l

is a generalization of the symmetric ansatz # = @(x, ..., x,,,) and reduces Eq. (1) to the equation

az(p 82(p
- - ... + Fi = 0.
axl% a Xn+2 ((p)

Note that, in the case k=4, system (7) is a system of the type (5).

5°. The ansatz u = Q(®;, ®,, ..., 0, ®), where @, = x12 + x% -xI- .- x,f, Wy =Xy eee, Oy=
23, k+l-1<n+2, and o is an arbitrary solution of the system

Xerl-10 k

Po o e 0
Do=32+23 -3 .- =0
axl aJC2 ax3 Bxk

= (32) (32 - (5 - - (3 -
(Vo) ‘(axl ™ ) ) T

V(OI’V(O-—- xlgm+x2§9+ do
X

L x,— =0,
ox, kox,

is a generalization of the symmetric ansatz u = ¢(®;, ®,, ..., ®;) and reduces Eq. (1) to the equation

R op 9% %p
k—— — — - ...
4055 2 e, T el 8(0,2 + Flo) =

6°. The ansatz u = @(®,, 0,, W3), where ®; =x;, @y = x% - x32 - = x,f, and ®;3 is an arbitrary solution
of the system

2 2 2
d‘w; 0w, _ 0%,

... = 0,
ox?  ox? ox?

-] () -
sz BX3 . " axk ’

is a generalization of the symmetric ansatz u = ¢(®;, ®,) and reduces Eq. (1) to the equation

®)
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2
99 4o, 2 9 + 2k - ot 99 F(o) =
80)1 a 2

7°. The ansatz u = @(Wy, @y, W3, ..., O, ®), where ®; =x;, Wy = x% - x_% - - x,f, W3 = Xpypseees O =
Xpp1—2 k24, k+1-2<n+2, and ®=m(x,, x3,...,x;) is an arbitrary solution of the system

Do =0 (Ve)*=0, Va, Vo =0, ©
is a generalization of the symmetric ansatz u = @(®,, W, (3, ..., ®;) and reduces Eq. (1) to the equation
ER) 0% dp % e
—5 +40, — + 2k -2) - — — .. — + F
o0? 2 o003 k-2 00, 03 dw? (@) =

If k=4, an arbitrary solution of Eq. (9) is an arbitrary smooth function f(x), where

_ Xyt .X4'\/.X‘3 + x4 - x%

X3 +X4

The presented ansatzes 1°-7° can be efficiently used for the construction of broad classes of exact solutions of
Eq. (1) under various restrictions on the function F(u).

3. Let us construct several classes of exact solutions of the Liouville equation
Ou + Aexpu = 0. 10)

Equation (10) is invariant with respect to the extended Poincaré algebra AP(2, ), the basis of which is formed by
operators (2) and the operator

D = —xlal —XZaz —_—.— n+28n+2+ 28u

We use the following notation [3]:

1
Ay = —Jutly Ay = SUntlu-Jis=Ju) Dy =Ju+iu

1 ' *
Az = 5(112 thy+Di3+J), T =Jp-Jyu+Jiz-Jy, ab

N1=P1+P4, N2=P2+P3, Y1=P1—P4, Y2=P2—P3.

Let yp=x; + X3 Y2 =X — X4 Y3 =X+ X3, and ys =X — X3.

Operators (11) belong to the algebra AP(2,2), which is a subalgebra of the algebra AP(2, n). For the classi-
fication of subalgebras of the algebra AP(2,2) according to their ranks, see [3]. In what follows, we use several
subalgebras of rank 3 of the algebra AP(2, 2) to construct exact solutions of Eq. (10).
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1. The subalgebra {A; + oDy, D + BD;), 20, o # 1. Its principal invariants are the functions
u+lno, o= hoble;+,
where ©; =y, y, +y3ys and @, = y,y{™ "+ The ansatz u = ¢(®)-In o, reduces Eq. (10) to the equation
4B* -1+ 4P + Do + Aexpp — 4 = 0,
which, in the case B =1, possesses a solution

4Ce®'?
= In — .
? 1 + ACe®’?

Therefore, the function

4Ca)5(l+a)/2

u=In
1+ ACoyw, T2

is a solution of Eq. (10). Hence, in view of 3°, we obtain the following family of exact solutions of the Liouville
equation:

4h(t)
u=1In 3 3

Xy = X3 + M) (x2 + x5 ~ x3 — x3)
where h(t) is an arbitrary twice-differentiable function of 7= (x; —x4)/(x; — x3).

2. The subalgebra (A3 + N, T, D + 0A; + (1 +3a)D;), o #—1/2. Its principal invariants are the functions

200+1
+ Inw 0= 22—
oo P 2@’
where ®; =y, and ®, = 4y§ + 4 y,(y1¥2 + ¥3¥4). The ansatz
u=¢(m)- 1 In o,
200+1

reduces Eq. (10) to the equation
16Q20. + e~/ **D(20p + ¢) + Aexp = 0.
If oo =0, we obtain the equation
16e"® ¢ + Aexpg = O,

and the function
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16m,
u=In—--
Ao, + Coy

is its solution. Hence, in view of 3°, we obtain the following family of exact solutions of the Liouville equation:

ln 4(x2 - X3)
h[(xl - x4)2 + (xy — x3)(x12 + x% - xg - xi)] + h(t)(x,y — x3)2 ’

where h(r) is an arbitrary twice-differentiable function of 7= (x| —x4)/(x; — x3).

3. The subalgebra (A; + D; + N,, T, D + D| + BN;). The principal invariants of this subalgebra are the func-
tions

u+lnw, o= 0,-Inoft!,

where

Y1Y2 + Y3ya

Y2

The ansatz u = ¢(®) - In ®; reduces the Liouville equation to the equation
—4B¢ + 49 + Aexp = 0,
which, in the case B =0, has a solution

$9+)
= -ln(2w+C).
0} n(4co+

Therefore, the function

u= —-ln {2" [xlz + x% - x32, - x% +(x ~ x4)In X2 —x3] + C(x; —- x4)}
4 X1 — X4

is a solution of Eq. (10). Hence, in view of 3°, we obtain the following family of exact solutions of the Liouville
equation;

w= {2 e ad - - - mpho),
where h(t) is an arbitrary twice-differentiable function of 7= (x; —x4)/(x5 — x3).

4. The symmetric ansatz u = @(x;, x3) reduces Eq. (10) to the equation

aZ(P aZ(P
— - =L + A = 0. 12
axlz a.X3 * exp(p ( )
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The general solution of Eq. (12)

~ 8 (3, + x3) (o = X3)
¢G1,%3) = In { A [(xg + x3) + Bp(xy ~ x3)]2 }’

where h; and h, are arbitrary differentiable functions, kl and hQ are their derivatives with respect to the corre-
sponding argument, and A%, h, <0, was obtained by Liouville in 1853. Thus, according to 1 °, the Liouville equa-
tion possesses the following family of exact solutions:

- _8 f(x1 + X3, @) g(x) = X3, ®)
u(-xla x3) = In { )\, [f(xl + x3, Q)) + g(xl _ .X3, (0)]2 }.

Here, f(x; + x3, ®) and g(x; —x3, ®) are arbitrary differentiable functions of two arguments x; + x3, ® and

X — X3, @, respectively, f and g are their derivatives with respect to the first argument, and ® is an arbitrary
solution of system (5).

5. The symmetric ansatz u = @(x,,,) reduces Eq. (10) to the equation

2
- diz(p + Aexpep = 0. (13)

n+2

Integrating Eq. (13) and using 4°, we obtain the following families of exact solutions of the Liouville equation:

u=In {(ﬁlz(x&) sec? [———V'Zl("’) (%42 +h,2((o))D}, hi(w) <0, A<O,

W {_ 2y (@) (@) exp Ty (@) %, 4.2
7\,[1 - Iwz(w)expmxn+2]2

u=—-In {\/g Xp+2 + h(o.))},

where h;(®), h,(®), and h(w) are arbitrary twice-differentiable functions and ® is an arbitrary solution of sys-
tem (7) for k=n+ 2,

}, hi(®) >0, Ah(w)>0,

4. We now construct several classes of exact solutions of the nonlinear D’ Alembert equation
Ou+dufF =0, k=l (14)

Equation (14) is invariant with respect to the extended Poincaré algebra A13(2, n), the basis of which is formed by
operators (2) and the operator

2
D = -—xlal—X2a2—...— n+zan+2+ ;—_—L_l_i au.
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We use several subalgebras of rank 3 of the algebra AI~’(2, 2) to construct solations of Eq. (14). We preserve
notation (11) for the operators of the algebra AIB(Z, 2).

By analogy with Sec. 3, using the subalgebras {(A;+ D; + N, T, D + D; + BN;), (A3 + N, T,D+aA;+(1+
300)Dy) (o0#—-1/2), (A3 + N, T,2D-A;-Dy), (D, T,D+ a(A; + A3)) (a>0), (A + oD, T,D +BD,)
(020, % 1), and (A -D,, A3, T, D + BD,), we obtain the solutions

_ 24B
Mx? + 12 — x% = x3 +(x; = x4)(=In(x; — x) + h(e)P

- Mk —1
= lé(k )2)( 2~ X3) {[Z(xl = Xg)+ (X + x4)(xp — X3)]

= (2 = x3)° [0 + 2)° = 4(xy + )]} + (x5 ~ 13)h(0),

16(.7(2 - .X'3)
" () — My — x)][A0e — x3) + 4(xy — 1) + 32 — 22 — 2]

_ 8h(r)
ML - (xf + 23 — 52 = xDF

2

Ak = 7;((12— 12)) (2 + 53 — 32 = xD) + (x5 — x3) (1),

1-k 2
W' F = (xf +xf - x5 - 4){

Mk = 1) k=2
20 = 2)+h(t)(x2 x3) }

respectively. Here, A(¢) is an arbitrary twice-differentiable function of 7= (x; —x4)/ (% — x3).
5. The solutions of the nonlinear D’ Alembert and Liouville equations presented above can easily be general-

ized to the case of arbitrary n. Consider several examples. _
The symmetric ansatz for the D’ Alembert equation in the case n =3 takes the form

u = (xl +x§—x§—x - X5 )U(l"k)(p((o)

where @ = In{(x? + x3 — x} — x5 — x2)BD2(x — x)}.
This ansatz reduces Eq. (14) to the equation

-6 -3+~ 2D sp-n]o - LDy agk ~ 0

which, in the cases f=1 and B =3, has the solutions

2 2
o'k = Mk - 1) L Mk —1) + Ce®,
203k - 5) , 23k - 5)

respectively. Hence, we obtain the following solutions of the D’ Alembert equation:
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_ Mk -1 ~(3k—
R L el (L T R

26k - 5)
‘ (15)
1-k _ Mk— 1? 2_ 2,2 .2 G
+ —-x2—x3) + .
u 23k 5)( {+x5 —x3 - xj - x3) o

Acting by the group transformation exp (ad C,P;) on these solutions, we derive the following solutions of Eq. (14):

- Mk -1 —(3k—
ul =% = { { ? + Cy(x = x5) G 5)/2}[3‘12 +x5 - (x3 +C)* - X - xg

23k -5)
Mk = 1) 3 2 G
= 203k = 5)[ i (3 + C)* — x5 — x3] + g

Hence, in view of 3°, we obtain the following families of exact solutions of the D’ Alembert equation:

ul = {""‘ D% 4 ) - xp) O 5W}[x +2d = (1 + @) - o3 - 2],

203k - 5)
ok _ Mk=1 _ 2 ()
= 23k = 5)[ P+ xf - (x5 + h(®) ~ xf - 51+ PR

where h,(z) and h,(t) are arbitrary twice-differentiable functions of (x; —x5)/(x; —x3).

Acting by the group transformation exp [ad (C,P; + C3Ps)] on solutions (15), we obtain the following solu-
tions of Eq. (14):

- Mk -1 -(3k-
ul ™ = { k-1 + C(x — x5 + Cy — Gy 5)/2} [(x1 + C)? + 53 — x5 = x§ = (x5 + G,

23k - 5)
-k _ Mk=17 2 2 C
= +G) + x5 - x5 — +G)] + :
u 203k - 5) [(x +C)* + x5 = x4 —x = (x5 + G3)°] ¥~ x5+ C - G

Thus, on the basis of 7°, we obtain the following families of exact solutions of the D’ Alembert equation:

W= {;((;ck 1)5) + Iy(1) (o — x5+ hy(t) — By())™F” 5)/2} [ + @) + 25 = 35 — x5 = (x5 + )],
-k _ Mk=1? 2 2 2 ()
= 2Gk=5) [y + ) + x5 — x5 — xF — (x5 + 3(®))] =t @ —Tn®)’

where h (), hy(t), and h3(¢) are arbitrary twice-differentiable functions of

_Xpxs x41/x§ + xi - x%

X3+ x3
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