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DESIGN OF WORM GEARS WITH OPTIMAL GEOMETRIC
PARAMETERS BASED ON MINIMIZATION OF LOSSES IN GEARING

The mathematical model of definition of losses in gearing worm gears and their de-
crease on 10 ... 15 % is stated at definition on the basis of planning mathematical
experiment of rational parameters of transfers.

Keywords: mathematical model, worm gears, experiment, parameters.

Introduction. Gearing worm gears have wide spreading in driving gear of mod-
ern cars because of evenness and quiet work and big reduction ratio in one degree.
However, they have big losses on friction in gearing of worm gears [5]. That's why it
is connected with a solving of a problem of optimal designing of machine-building
constructions [9].

There are a lot of reports about researching of the problem of definition of losses
in gearing worm [e,g. 1, 2, 5, 15]. In these reports it was proved that geometry of
working surfaces of worm gearing has great influence on a quantity of losses in en-
gagement. Losses in engagement in these reported are determined by experiment [5]
or by liquid friction [1, 2] between working surfaces. The last one isn't confirmed ex-
perementally as far as it was installed in the report that there is a treatment of bounda-
ry friction in worm gearing.

This report is devoted to creation of mathematical model of definition of losses on
friction in points of the field of gearing worm gears in a treatment of boundary fric-
tion. There is creation of a policy of optimization parameters of worm pair for the pur-
pose of minimization of overall losses on friction of working surfaces of worm turns
and worm wheel teeth on this basis.

Objects and problems.

1. Mathematical Model of definition of losses on friction in gearing
Look at worm gears, equalization of worm turn, which is connected with it in a coor-
dinate system XY;Z; (the axis O;Z; is directed along the axis of worm)

xp =fiay —Rleos u, y1 =|fin) —Rpsinu; 21 = fo(2)+ Pu. (1)

Here, u,2 — parameter; fj, f» — optional functions, describing a profile of worm
turns in axial section (in further ; in the definition of function fj, /> will be missed);

R — radius of worm dividing cylinder; P — turn parameter.
Values of function f] and f, you can define using the references of the report

[10] is depends on geometry of abrasive wheel, which used in last worm processing.
Capacity of frictional force in gearing worm with worm wheel equals

AP* =qnfv12df . 2)

where g, is a loading on the unit of length of contact lines in gearing, directed along a
perpendicular of surface (1);
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f — a coefficient of friction between working surfaces, determinate with using refer-

ences [4, 13];v'2 — slip velocity in gearing worm gears [6, 14]; d¢ — length of contact
line of working surfaces [14].

We'll concern that there is a linear contact of working surfaces, including possible
reduction of burn-in worm pair even in that case when the first contact was localized
in a boundary gearing field. We'll also propose that in the result of running-in wear of
working surfaces of contact voltages by Gerts take on a fixed value on the whole line
of a momentary contact line. It is possible if constant load is in gearing.

Then, using Gerts formula we'll determine contact voltages and have

I
{[nxellz1+fINxTlz13dl
an.[ an

)

dn =

where 7j — rotational moment of worm barrel; X, — reduced curve of contact sur-
faces of worm turn and worm wheel [14]; [f xe;],; — moment projection of perpen-
dicular crosscut (1) on axis of worm; [7; x7]7; — moment projection of perpendicular
crosscut of surface (1), directed along relative velocity vector on worm axis; n —
vector with coordinates (1); e;,7 — vectors of perpendicular crosscut and tangent, in
the direction of the vector of slip velocity to surface (1), look [6, 14].

Capacity on worm barrel, made by force ¢,, from (3) equals

B =g, {1 xe1z1 + f1i1 xT1 71 joyde . “4)

It is known that losses on friction in gearing are characterized by a coefficient of
losses. It equals thickness ratio of friction force to Available capacity [5]. Consequent-
ly, momentary coefficient of losses on friction for a point of contact line equals (refer-

ence AP™ to P{k)

12
i 5)

e T <@z + 1T <z er

It follows that a coefficient of losses on friction depends on geometrical parame-
ters of a contact point and in whole from geometry of surface of turn worm. For mo-
mentary contact line capacity of force friction with using (2) equals

Asz'qnfvlzdf, (6)

Available capacity on a worm barrel for this contact line with using (4) will have
value

P =[q, 1 xelz1 + fli1 xTz1 [ wydl.} (7)

A coefficient of losses on friction for momentary contact line has value (reference
AP to P 1)

[qnfit2ar

- . 8
[an {7 xe1]z1 + 1 x 7171 jord! ®)

Vi
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Consequently, in a boundary field of gearing worm gears a coefficient of losses
on friction changes when it transitions from one contact line to another. It follows
there is a important conclusion that in an process in gearing worm pair with a perma-
nent whirling moment on the shaft of worm wheel whirling moment in a boundary
step in gearing on worm barrel is variable quantity. It makes variable load on motional
gear. This condition is right for all kinds of gears. We'll notice that the boundary of
integration for every contact line in (8) is determined in depending on its position in
the gearing field.

Now we'll determine the overall coefficient of losses on friction in gearing worm
gears. Work of friction forces in the gearing field with using (6) equals

1 X
Ay =— S [gv2ding, ©9)
® ;=]
where Ag =21k —Plu
K1

®1x> ©1,— angles of worm twist, corresponded to the gearing field. They are deter-
mined according to references [2, 6]; x; — number of momentary lines in the gearing
field. The current meaning of angle of turning is determined according to formula

Pl = Plu +iA(p (i = 1,2...](1) , (10)

) — angular velocity of worm.
The meaning of payload with using (7) equals

Kl
A, = .zqun{m xelz1 + f17 xT] 71 JdlAg . (11)

1=

Common coefficient of losses on friction in worm gears will equal

X 12
4 .qunfv dlAg
[//3 = m = l:1 . (12)

A, ko _
o] .Zlfqn{['l xez1 + [ xT)z1 JdlAp

1=

The more meaning " & ", the more coefficient of losses is bigger:

— The order of calculation of coefficient of losses is following: with using [6, 14];
we determine @, u @, , boundaries of fields of gearing according to reference [4];

— Put the value " & ";

— according to formula (10) we can determine ¢y;;

— for each @; we can determine a boundary of integration in (12) (we notice, that
the line ¢;; =const can consist of two filiations, as far as there is a recurrent contact

of working surface of worm);
— By a formula (12) we determine of a coefficient of losses on friction in gearing
of worm gear.

2. Mathematical Model of optimization of geometrical parameters of worm
gears
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By choosing a geometry of profile of worm turn we can improve the conditions of
lubrication of working surfaces and reduce losses worm gear in gearing of worm pair.
So, for example, using ZT — worms with concave profile of turns reduce losses in
gearing on 14%, comparing to the gears, which have involute worm [12]. You can
notice the same if it is the gear with convex worm in a case of choosing an acceptable
coefficient of deposition. For example, if we use deposition with a coefficient of

oy - . 1
X < -1 for worm gears with involute worm (if number of turns z; > 1), we can re-

ceive the most favorable arrangement of contact lines relative to vector of sliding [11].

Loading ability and quality of worm gears are determined by Nimann, Nimann-
Davis and Block criterions, except the losses on friction in gearing [2]. Contact
soundness of teeth of worm wheel and heat generation in a contact zone of working
surfaces are characterized by these criterions. Consequently, optimization of parame-
ters of worm gears should be made by providing acceptable values of specified criteri-
ons and quantity of losses on friction in gearing means that it needs to use multi-
objective optimization. However, we can reduce the number of criterions of optimiza-
tion. It should use the planning of experiment when we decay a raw of functions. The-
se functions determine specified criterions and quantity of losses on friction in gear-
ing. Then we can use a method of correlation analysis. So, it is shown in work [8] that
the main of criterion of optimization of parameters of worm gears is one criterion -
quantity of losses on friction in gearing. The function (12) should be put in a raw, us-
ing the plan of mathematical experiment. For example, with matrix of central compo-
sition orotrabasic uniform of planning (CCOUP) the second order [7]. This raw has a
view:

k k k k

vy=bo+ X byZy+ 2 XbyZ,Z;+ Zbuuz1fu> (13)
u=l1 u=11[/=1 u=l

where bg,b,,b,;,b; — coefficients, which determined by definition on the basis of plan

of mathematical experiment; & —number of plan factors; Z,,, Z; - normalized values

of factors.
We can accept four factors, they will be independent parameters: X - a coefficient
of deposition; q - a number of modules in dividing diameters of worms; U - a reduc-

tion rate; o - an angle of turn profile on dividing diameters of worms.

Normalized factor will be denoted Z,, and we'll determine it according by formula

X, - X0
Z,=—%— w=1234), (14)
AX,
X + Xy mi
where X, = —4H& 5 “MIL _ an average value of factor;
X - X, mi . ..
AX =umax UM _ a4 jnterval of factor variation;

2
Xymax » Xumin — levels of factor values.

This implies the value of the factor X, through its normalized value Z,

X, =AX, 7, +X,0. (15)
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If X=X, Xp,=q, X3=u, X4=ca and for example, we can see warm gears
with axle base a,, =80 mm with involute worm and worm ZT with concave and con-

vex turn profile, determining a coefficient of losses on friction in gearing for parame-
ters of gears. We'll determine a coefficient of raw (13) according to references of
work [7] for chosen plan of mathematic experiment.

When we determine optimal geometrical parameters of worm gears we should
pay attention to these circumstances:

— an overlap coefficient of worm pair should be bigger than one unit;

— there isn't any tagging and undercutting of teeth in worm wheel;

— the worm flexure should be in acceptable boundaries.

When we chose the geometrical parameters the first circumstance is always ful-
fill. The second circumstance is provided by corresponding choice of worm deposition
value and using worm gears with unequal axle step, if it is necessary. When we chose
the value ¢ you should pay attention to worm flexure and soundness.

The analysis of the quantity of worm flexure with using [5] shows that accepta-
ble worm flexure for worm gears with axle base a,, =80 mm is provided with

d 1 =(22..24) mm (d s - a diameter of worm turn cavity). The firmness of worms is

provided for spreading materials and thermal treatment, which used when they were
produced [3].

3. Examples of optimization of parameters of worm gears with minimization
of losses on friction in gearing.

3.1. Worm gears with involute worms.

In this chapter we are going to pay attention to worm gears with gear-ratio
U =31. The axle base equals g, =80mm . We'll determine geometrical dimensions

according to references [5], boundaries of field engagement and contact lines with
constant angular displacement will be determined according to references [2, 6].

The levels of factors, planned by mathematical experiment (for the whole factor
experiment PFE), equal:

—0,75< X1 =X<0,75 7< Xy =¢q<11;29<X3=U<33;16" < X4 = <24°.

In the result of data processing of mathematical experiment with using in given
earlier models we've got the following coefficients of regression equation (13):
by =0,1710; by =—0,0203 ; by =0,0264 ; b3 =0,0026; by =—0,0221; byy =+0,0009 ;
b13 =-0,0009; b14 =0,0087 ; b23 =0,0004 ; b24 =-0,0070; b34 =-0,0019; bll =0,0075;
b22 =-0,0005; b33 =0; b44 =+0,0054 .

These coefficients were determined rotating velocity of worm ny =1500 t/m,
71 =8 Hm, HB, =100 (firmness of teeth in worm wheel), R,; =0,32 (surface rough-

ness of turn worm), v=>50 ¢St (oil body), £y, =1,1~105 MPa (coerced coefficient of

elasticity), material of worm wheel bp010®1.
The most preferred worms with losses on friction in gearing are worm gears with
parameters, indicated in Table 1.
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Table 1.
Optimal parameters of worm gears
Gears with involute worms

I;It}lgneﬂ;: 2 U q X m,mm | 4° | ¥,
1 1 33 7 0,75 3,86 24 10,1315
2 1 30 7 0,75 4,16 24 10,1283
3 1 31 5 4,44 0 20 |0,1188
4 1 30 8 4 1 20 10,1450
5 1 31 9 4 0 20 10,1707

Gears with ZT-type worm with concave profile of turns

ool T O N I B O
1 1 30 9 0,9 3,92 19 10,1194
2 1 30 7 0,9 4,12 19 |0,1101
3 1 31 8 1,0 3,90 21 10,1197
4 1 31 6 0,8 4,15 21 10,1038
5 1 31 8 0,8 3,94 21 10,1201

Gears with ZT-type worm with convex profile of turns

o I R N B R R 2
1 1 33 8 -1,25 4,16 23,5 10,1172
2 1 33 8 -1,25 4,16 18,5 10,1195
3 1 31 10 -2,00 4,32 21 10,0888
4 1 31 6 -1,50 4,71 21 10,0812
5 1 33 8 -1,75 4,27 23,5 10,0960

You can see the changing diagrams of coefficient of losses in gearing at fig. 1. It
depends on ¢,X,a Gear-ratio is « =31. Quantity of modules in dividing diameter of

worm gearing has the main influence on friction in gearing in dividing diameter of
worm. You can notice it from analysis of diagram. When quantity of modules changes
in boundaries 5<¢ <13 losses on friction change on 45....100%, the least values of

losses with minimal value g have different values « and X .
According to geometrical calculation (look [5]) the gear-ratio of worm pair is U =30
with d 71 =232, m=4and ¢=8. For given value ¢ and number of teeth in wheel

Z, =30 we have X =1. This gear has losses in gearing y, =0,145 «=20° and
v; =014, o, =24°. According to OCT —2H21 — 4 — 84 worm of this gear is made by

g =9, m=4 mm and coefficient of displacement X =0. Losses in gearing of this worm
gear is w, =0,17 (look at picture 1). It means that it has 17% of losses in gearing big-

ger. So, using above mention regression equation we can provide the choice of param-
eters of worm gear according to OCT — 2H21 — 4 — 84. Parameters of worm gear

q=8, X =8, a=20..24° of u=30 are called optimal. They provide reduction of losses
in gearing with preservation of worm firmness and inflexibility.
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¥, v,
gg‘z‘ Za=1(16) | ZF=1(075) 028 2020 |Zi52e19)

03 0,26
028 | 21=215) Z=(075)

: — 024
08— 022 )<
024 02 //

0,22
02 ZoN 018 y
0,18 & | =00 0.16 7 . 21=2(1,5)
o1 \ 0.12 ] 71=1(0,75)
b 1 Z1=2(13) 04
25) 1) 0(9) m 2 25) 1 0(9) m 7z
¥, m
0,24 74=1(24) 48
022 Z21=-1(-0,75) 46 725)
71=-2(:1,5) 44
0.2 )/ / 42 K\
0’18 1 / 4 \ \
016 // \ 38 /\
" , 21=2(1,5) 36 /
’ < 71=0(0) 34 21=2(15) —
012 \ 32
01 21=1(0,75) ’3
-2(5) A 09) 1(11) Z, -2(5) A(7) 0(9) 1(11) q

Fig. 1. Meanings of coefficient of losses on friction in gearing
(U=31, involute worm, there are unfixed values of factors in the brackets, m- module of en-
gagement in mm)

3.2. Worm gears with ZT-type worm with concave profile of turns
We'll look at worm gears with average gear-ratio « =31 and axel base a,, =80

mm. Number of worm turns is z'l =1, the diameter of abrasive disc is Dy, =80m , the

radius of profile arc of abrasive disc is 7, =5m (mis a module of gear), a coefficient

of altitude of turn capping is th =1, an angle of incidence of abrasive disc on its di-

viding cylinder equals an hill climbing ability when a worm is grinded. According to
geometrical calculation and definition of field boundaries in gearing the references [2,
6] were used.

The values of factor levels were accepted (for PFE)

0,7<X]=X<09;7<Xy=g<9;30<X3=U<32; 23°<X4=a<19°.

Coefficients of regression equation (13) for definition of Coefficient of losses on
friction equal:
by =0,1201; by = —0,0126 ; by =0,0138; b3 =0,0058; by =—0,0039 ; by, = —0,0048 ;
b13 =0,0030; b14 =0,0078; b23 =0,0051; b24 =-0,0029 ; b34 =-0,0027; bll =0,0103;
b22 = 0,0040; b33 = 0,0008 5 b44 = 0,0061 .

According to diagram and regression equation it was installed that the most preferable
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gears on losses on friction in gearing are worm gears with parameters in table 1.

Looking through data analysis (table 1) you can notice that the area of optimal
value of worm gears with ZT- worms with concave profile of turns when u =31 is
determined by values:

6<g<9;08<X<1;19°<a<21°.

Losses in gearing of these gears are less in 1,42...1,64 times than losses in gear-
ing of worm gear with involute worm according to OCT 2H21-4-84. From condition
of worm firmness and inflexibility the most optimal are gears 3 and 5. These gears
have coefficients of losses in gearing. They have 83% of coefficients of losses in gear
with involute worm with the same parameters (table 1, gear 4, it coincides with infor-
mation of work [12] (According to this work, losses in gearing of worm gear with ZT-
worm consist of 86% of losses in gearing with involute worm).

It follows that when we project worm gears with TZ-type with concave profile of
turns, it is necessary to pay attention to these points:

- minimal from condition of worm firmness and inflexibility value g ;

- positive value of coefficient of deposion in boundary 0,8< X <1;
- the value of profile angle of instrument 19° <a <21°.

3.3. Worm gears with ZT- worm with convex profile of turns
We'll consider at worm gears with average gear-ratio » =31 and axel base
a,, =80 mm. Number of worm turns is z'l =1, the diameter of abrasive disc is

D,,, =80m, the radius of profile arc of abrasive disc is typ =3,75m , a coefficient of

Kp
altitude of turn capping is h;l =1, geometrical sizes of worm and worm wheel will be

determined according to reference for gears with involute worm [5]. The axis of grind-
ing coincides with axis of gearing of worm pair [6].
The values of factor levels with mathematical experiment equal (for PFE)

—L75< X =X <-1,25; 8< X5 =q<12; 29<X3=U<33; 185" < X4 =a<235°.

The values of regression equation (13) for definition of losses on friction in gear-
ing is equal:
by =0,1172; by =0,0143; by = 0,0121; by =0,0016; by =—0,0026; by5 = 0,0043 ;
b13 =-0,0009 ; b14 =-0,0010; b23 =0,0002 ; b24 =0,0002; b34 =0,0012; bll =0,0011;
b22 = —0,0006 5 b33 = —0,0008 5 b44 = 0,0006 .

According to regression equation it was installed that the most preferable gears on
losses on friction in gearing are gear parameters, which you can see in table 1.

Looking through data analysis (table 1) you can notice that the area of optimal
value of worm gear are determined by values: 6<g<10; -2,00<X<-125;

18° <a <21°. Losses in gearing of these gears are less in 1,42-2,09 times than losses
in gearing of worm gear with involute worm according to OCT 2H21-4-84.

Conclusions.
1. The mathematical model of definition of losses on friction in worm gears was
developed. This model considers the values in different points of contact patch.
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2. The mathematical model of function expansion was developed. It determines
losses on friction in gearing of worm gears according to planning of mathematical ex-
periment.

3. Optimal parameters of worm gears were determined when « = 31 with involute
worms. Quantity of losses on friction in gearing is less in 1.17 times than gears ac-
cording to OCT.

4. Optimal parameters of worm gears were determined when u =31with ZT-
worms. Quantity of losses on friction in gearing is less in 1,42-2,09 times than gears
according to OCT.

5. The findings can be used when projection of worm gears with optimal geomet-
rical parameters with minimization of losses on friction in gearing is made.
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I1. TKAY, I1. HOCKO, I'. FEOUKO, O. BAILLITA, A. BAILITA

INPOEKTYBAHHA YEPB'SIYHUX ITEPEJIAY 3 OITUMAJIbHUMH I'EO-
METPUYHUMU MTAPAMETPAMHU HA OCHOBI MIHIMI3ALII BTPAT B
3AYEIIVIEHHI

I'eomerpist poO0OUMX TOBEPXOHD YEPB'TYHHX IE€pead Ma€ BETUKAN BILIMB HA BEJTUYH-
Hy BTpaT y 3ueruieHHi. [IpencraBineny poboTy MpUCBIYEHO CTBOPEHHIO MaTEMaTHIHOT
MOJIeNTl BU3HAUYCHHS BTPAT MPHU TEPTi B TOYKAX 3ayerIeHHS YepB'SYHHX Iepenad Ha
OCHOBI TpaHHYHOTO TepTsa. Ha OCHOBI milaHyBaHHS MaTEMaTUYHOTO €KCIIEPHUMEHTY Ta
migdopy pamioHaATBHUX TapaMeTpiB mepenad NpeiAcTaBlieHa MaTeMaTHIHa MOJIeTh BH-
3HAUEHHS BTPAT Yy 3yOUacTHX YEpB'SIYHUX Tiepefadax OOTPYHTOBYE MOXKIIHMBICTH iX
sumkeHHsd Ha 10 ... 15%.

KirouoBi ciioBa: MmaremaTiaHa MOJIENb, YEPB'sIUHI Iepeadi, eKCIIEpUMEHT, TTapaMeTPH.
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