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Abstract

We propose substitutions that have been used for construction
of wide classes of exact solutions with the generalized separation of
variables for the nonlinear equations of hyperbolic and Korteweg de
Vries type (KdV-type). These solutions cannot be obtained by means
of S. Lie method or by the method of conditional symmetries.
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1 Introduction

One of effective method for construction of exact solutions of linear PDE is
separation of variables. For equations with two independent variables z, t
and a dependent variable u, this method is based on finding of exact solutions
in the form of product of functions of different arguments

u = a(z)b(t). (1)

In the paper [1] the method is described for construction of exact solutions
of nonlinear PDE which generalizes the classic variable separation method.
The solutions are sought in the form of a finite sum of k terms:

u(z,t) = Z fit)ai(x), (2)



where f;(t), a;(z) are smooth functions that have to be determined. Exact
solutions in the form of generalized separation of variables (2) that contain
more than two terms are given in the papers [2-5]. The results given in [3-5]
are based on finding of finite dimensional subspaces that are invariant under
a corresponding nonlinear differential operator.

Substitution (1) can be considered as an ansatz which reduces the equa-
tion under study to an ordinary differential equation with unknown function
a = a(z) (or with unknown function b = b(t)). Using the idea of reduction,
in the present paper we propose the following generalization of substitution
(1) for nonlinear equations:

u= Zwi(t)ai(x) + f(x,t), m > 1. (3)

Substitution (3) contains unknown function f(z,t), m unknown functions
a;(x) and m unknown functions w;(t). They are found from the condition
that substitution (3) reduces the equation under consideration to a system of
m ordinary differential equations with unknown functions w;(t). If m =1 in
substitution (3) then this system is reduced to an ordinary differential equa-
tion with unknown function w;(t). In many cases substitution (3) simplifies
finding of exact solutions in the form of generalized separation of variables
(2).

If in a given differential equation we perform the substitution = = z(u,t),
then we have a differential equation with the independent variables u, t and
the dependent variable x. For construction solutions of such equation, we
can use the substitution

x = Zwi(t)ai(U) + f(u, ), (4)

which is obtained from substitution (3) as a result of performing of replace-
ment u — x, r — u, t — 1.

In this paper we use substitutions of type (3), (4) for construction of exact
solutions of the nonlinear hyperbolic type equation

0?u 0%u ou\?
and of KdV-type equation
ou ou\" 0%
E—FF(U) (8_1‘) +@—0, (6)



where k is a real parameter. Equation (5) was the subject of investigation in
the papers [4,5], and equation (6) was investigated in the paper [6] using the
conditional symmetry method. Solutions of equations (5) and (6) given in
the present work can not be obtained by means of the group analysis method.

2 Separation of variables for equation (5)

For construction of exact solutions of equation (5), we use the substitution

u=w(t)+ flx,1), (7)

which is the particular case of general substitution (3). This substitution is
a generalization of the following one

u(z,t) = p(z) + (1)

that is often used for finding of exact solutions of nonlinear PDE. After
substitution (7) to (5), we get the equation

w/,+ftt:a(w+f)fxx+bf§+cv (8>

which has to be an ordinary differential equation with the unknown function
w = w(t). It follows that the coefficient af,, at w in equation (8) can be
written in the form of af,, = 2aus(t), and then

f=m(t)2” + () + fio(t),

where fig(t), p1(t), pa(t) are some functions of t. From (7) we obtain the
substitution

u = ()2 + () + po(t), (9)

o(t) = fig(t)+w(t). This substitution was found in [4] on the base of analysis
of structure of invariant subspaces for the operator which corresponds to right
side of equation (5).

Let us consider the particular case of equation (5):

0*u 0%u o\’



For construction of exact solutions of equation (10) we use the substitution:
u=w(t)d(x) + f(z,1), (11)

which is a particular case of the general substitution (3). Substitution (11)
reduces (10) to the equation

W'd—w(afeed+2bfod +afd’)—w?(add” +bd?)+ fiy—af foe—bf? = 0. (12)

Equation (12) has to be an ordinary differential equation with unknown func-
tion w = w(t). It follows that

add” +bd* = Bd, 3 €R, (13)
adf vy + 2bd fr + ad” f = F(t)d. (14)

As a result, the problem of finding of exact solutions in the form of (11)
for equation (10) is reduced to integration of the system of two ordinary
differential equations, one of which is linear. Equation (13) has the following
particular solution:

d=z% a= a b, =0, a # 1. (15)

l—«

Substituting d = z* into equation (14), we have

2 for +2(1 = @)z fy + ala = 1) f = (t)a?, (16)

—

().

Let us consider three cases.

a) Case a = 2. From (15), it follows that a = —2b. The general solution
of equation (16) for a = 2 is the function

f=~t)2*In|z| + B(t):z:2 +(t)z,

1
where ~(t) =

and therefore, according to (11), we have
u=y(t)z’ In|z| + B(t)2* + §(t)x, (17)

where 8(t) = 3(t) + w(t). Substituting (17) to (10), we find the equality
d(t) = 0 and the system of the equations for determining of the functions
A(t) and ~(t):

V=207, B = =208y + by (18)
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System (18) has the following particular solution:

3 9
v = —Zt_g, B =cit? + ot — %t_Q In [t|.
As a result, we find such exact solution of equation (10) for a = —2b:

3 9
u= —gt_2m2 In|z| + (01t3 + et ™% — %t_2 In \t|> 7

where ¢y, ¢; are arbitrary constants.
3
b) Case a = 3. From (15), it follows that a = —Eb. The general solution

of equation (16) for a = 3 is the function
f=—yt)z*In|z| + B(t)z* + 6(t)®
and therefore according to (11) we have
u=—y(t)z®In|z| + B(t)x* + d(t)z?, (19)

)
where 8(t) = 6(t) + w(t). Substituting (19) to equation (10) we find the
equality v(¢) = 0, and then substitution (19) has the form

u=Bt)z*+§(t)z*

The substitution u = (t)z*+4(t)2? is a particular case of the substitution
having a more general form

u = p(t)a’ + pa(t)2® + p(t)z + po(t),

which is given in [5].
c) Case a # 1;2;3. The general solution of equation (16) is the function

F= g (0 e
and therefore according to (11) we have
w = i ()2 + pa(t) ™ + po(t)a™ ", (20)
()

where the unknown functions pg(t), pi(t) = @ —2)a_3)
pa(t) = fia(t) + w(t) have to be determined. Substituting (20) into equation
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(10), we find the equality po(t) = 0 and the system of the equations to
determine of the functions y,(t) and ps(?):

= (2 + A2, 1)
a’b 2a® + 6ab

_— . 22

M2 ( (Cl _|_ b)2 + a + b ) lu11u2 ( )

A particular solution of equation (21) is the function:

_ 3
Ca+20

Hi (23)

Substituting (23) to (22) and using relations (15), we obtain the linear equa-
tion to determine the function pus(t):

21y = (9o — 3a2) o (24)

Equation (24) has the following solutions:

1
pi2 = t2[c; cos(oInt) 4 ¢y sin(o Int)], if o = 30 — 9a — 1> 0,

1
o = tl/Q[clt" +eot™, if 0 = 1 302 +9a > 0,

9+ 2421
o = t1/2[01 + e nt], if a= —5

where ¢y, ¢y are arbitrary constants.
So, equation (10) has the following exact solutions:

3
U= th’sz + t122%[¢; cos(o Int) + ¢y sin(o Int)],
a

if02:3a2—90¢—i>0;

w=—— th’Qaﬂ + 1221t 4 et 77,

1
if0221—3a2+9a>0;

U= th_QIZ + tY22% ¢y 4 3 Int],



) 9+2v21
if a = T

Note that the substitution v = p2% + pex? is a particular case of the
substitution having more general form

, where c;, ¢y are arbitrary constants.

u = pua(t)at + pa(t)z® + po(t)x? + g () + po(t),

which was found in [5].
The results obtained for equation (10) can be generalized to the equation

0*u 0*u ou\”

We have the following cases.
a) Case a = —2b. The substitution

uw=y(t)z?In|z| + B(t)x?,
reduces equation (25) to the system
V=27 + by, BT = 2087 + by + 6P
b) Case a = —2b. The substitution
u=B(t)x* +(t)z*,
reduces equation (25) to the system
§" =¢85, B =bB*+ ¢p.

c) Case a # —b; —2b; —gb. The substitution

u = )z + pa(t)z®,

where o = reduces equation (25) to the system

a—+
p = (2a +4b) i + ¢,
s a®b N 2a* + 6ab
Ha = (a+b)? a+b

) piphe + Ppia.



3 Separation of variables for equation (6)

Let us find out functions F'(u) for which equation (6) admits the substitution
in the form

r = wi(t)d(u) + wa(t). (26)

Substitution (26) is a particular case of general one (4). We determine the
functions wi(t), wo(t) and d(u) from the condition that substitution (26)
reduces the equation (6) to a system of two ordinary differential equations
with the unknown functions w; = w;(t), wa = wy(t). Let us use substitution
(26) into equation (6):

Wwid o Wyl 1 Fu)  1d” 1 3(d")? 0 (27)
wid  wd W (@) W) W (A
. d 1 wy o wh . . . .
The functions —, — at ——, ——= in equation (27) are linearly independent.
d’d w1 w1

Let k # 3 in equation (27). We lay down the conditions on the coefficients at

the functions —-, — so that they can be represented as a linear combination
wy Wi
. d 1
of the functions 7 7 the field of real numbers. So we have
dl// (d//)2 d

1
@7 3y = Aot ug, AneR,

or
—d'd" +3(d")* = Md(d')* + p(d)*. (28)
Taking into account (28), we find from equation (27) that
F(u) = [wiwy™ = dwp ] d(d)* ™ + whwy ™ — =] (d)",
and then
WiwE ™t = MFT3 = A, wht T — T = ),

where A1, Ao are constants. So, in the case k # 3 equation (6) admits
substitution (26) if the function F'(u) has the form

F(u) = Md(d) = 4 N (d)F1, (29)



where d = d(u) is an arbitrary solution of equation (28). Let us consider the
following particular solutions of equation (28):

a)d=Inu,if \=0, u=1;

b) d=u'? if \ = pu=0;

¢) d = arcsinu, if A\ =0, p=—1;

d) d = Arshu, if A\=0, u=1.
In the case a) we get from (29) that

F(u) = (A Inu+ Xo)u' ", (30)
and the solutions of equation (6) are

ke(kAy) =3/

P— t B3k =R (ehgt) Ve — ﬁ}  k# 2,

U = exp [— N

A
u = exp {—(2)\1)_3/215_1/2 Int+ ct™V2 4 (201) Y20 — )\—2} , k=2,
1

where c is an arbitrary constant. The first of these functions is also a solution
of equation (6) in the case k = 3, that follows from consideration of this case
which is considered below.

Similarly, we determine that in the case b)

F(u) = )\’lu@—k)/2 + )\/2u(1—k)/27 No— 2R N = 21k, (31)
in the case c)

F(u) = (A arcsinu + Ag)(1 — u?)3=0/2, @)
and in the case d)

F(u) = (MArshu 4+ A\y) (1 4 ?)0972, .

Functions (30)—-(33) and the solutions of equation (6) corresponding to them
have been obtained by the method of conditional symmetry in [6].
Let k& = 3 in equation (6). We find from equation (27)
4" 3( d//)Z

F(u) = wjw?d(d')? + whwi(d)? + 7 W,

and then as a consequence of linear independence of the functions d(d’)? and
(d")? we have

Wiw? = i, whw? = A, (34)



where A\, Ao are constants. So, in the case k& = 3 equation (6) admits
substitution (26) if the function F'(u) has the form

, : d/// 3((1//)2
F(u) = \d(d )2 + Ao (d )2 + T (d')? )

(35)

where d = d(u) is an arbitrary smooth function. For example, if d = expu
then from (35) we get

F(u) = A\ exp(3u) + A exp(2u) — 2,

and then owing to (26), (34) the equation

ou ou\’  Pu
Fn + [\ exp(3u) + Ay exp(2u) — 2] (%> + prehe 0

has an exact solution

u=h| "7 —

T+ ﬁ
(3/\1t + 02)1/3 )\1 ’

where ¢y, ¢y are arbitrary constants.

4 Conclusion

All exact solutions of equations (5) represented in section 2 of this paper are
solutions on invariant subspaces in the meaning of book [5]. Substitution (3)
and substitution obtained from it as a result of rearrangement of the variables
u, x, t can be also used for finding of exact solutions of other nonlinear partial
differential equations.

As a rule, substitution (3) can be applied to an equation with the polyno-
mial nonlinearity. If finding of a solution of the form (3) is impossible, then,
at first, we look for transformations that reduce an equation under considera-
tion to an equation with polynomial nonlinearity, in particular with quadratic
nonlinearity, and then we search solutions of the latter equation in form (3).
In the papers [3,4,7] many nonlinear equations were described that are re-
duced to equations with quadratic nonlinearity by means of an appropriate
transformation.
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