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Abstract: For the Dirichlet series F(s) = Y, fyexp{sA,}, which is the Hadamard composition
n=1

of the genus m of similar Dirichlet series Fj(s) with the same exponents, the growth with re-
spect to the function G(s) given as the Dirichlet series is studied in terms of the ®-type (the

upper limit of Mél(MF(U')) /®(0) as 0 1T A) and convergence P-class defined by the condition

f @ (0) M (Mr(0))

(o) do < 400, where Mg (0) is the maximum modulus of the function F at an imagi-

70
nary line and A is the abscissa of the absolute convergence.
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1. Introduction

Let f and g be entire transcendental functions and M¢(r) = max{|f(z)| : |z| = r}.
For the study of the comparative growth of the functions f and g, the mathematician

— In Mg’l(Mf(r))
Ch. Roy [1] used the relative order g¢[f] = lim ———————

1 r—>—+o00
order A¢[f] = lim —ln Mgl My ()
r—-+oo nr
the growth of the function f with respect to the function g is identified with the growth of
the function M I(m 7(r)) asr — +oo, where My Lis the inverse function of M.

Research on the relative growth of entire functions was continued by S.K. Data, T.
Biswas, and other mathematicians (see, for example, [2-5]) in terms of maximal terms,
the Nevanlinna characteristic function, and the k-logarithmic orders. In particular, they [6]
considered the relative growth of entire functions of two complex variables and exam-
ined [7] the relative growth of entire Dirichlet series by use of R-orders. Relative growth
allows us to describe the properties of a very wide class of functions since we can freely
choose the analytical function with respect to which we find growth characteristics. This
provides a sufficiently flexible growth scale. The Hadamard composition is another notion
intensively used in the paper. It is rich its unexpected connections and applications in
the theory of functions. The Hadamard composition is very important in studying the
properties of various classes of functions generated by power series and Dirichlet series.
The notion is deeply connected with the convolution of functions. Many of its general-
izations are known. Recently, a conception of the Hadamard composition of the genus
m > 1 was introduced [8]. Moreover, the connection between the growth of the functions
and the growth of the Hadamard composition of the genus m > 1 of F was investigated
in the terms of generalized orders and convergence classes. These authors studied the

and the lower relative
Inr

of the function f with respect to the function g; i.e.,
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pseudostarlikeness and pseudoconvexity of the Hadamard composition of the genus m.
The use of the Hadamard composition of the genus m for Dirichlet series allows us to
replace the examination of the growth properties of such a composition by the examination
of the growth properties of the dominant function in the composition, etc. Moreover,
the approach could be useful in theory of the Dirichlet-Hadamard-Kong product of a finite
Dirichlet series [9]. In this product, the exponents of product function, such as the Dirichlet
series, are linear combinations of the exponents of generating functions.

Suppose that A = (A,) is a sequence of non-negative numbers, Ay = 0, increasing to
+o00, and by S(A, A) we denote a class of Dirichlet series :

Z foexp{siy}, s=o+it, (1)

with the abscissa of the absolute convergence 0, = A € (—oo,+00] such that
nh_r}rgo (In |fy| + AAy) = +oco. The abscissa 0, is some analog of the radius R of conver-

gence; if we let A, = n and z = ¢°, then we obtain a power series with R = e’4.

For o < A, let Mp(0) = sup{|F(c +it)| : t € R} and pup(c) = max{|fu|exp{Ano} :
n > 0} be the maximal term of the series (1). If —oco < A < +00, then the function pp(c)
can be bounded on (—o0, A), and in order that pp(c) T 400 as o 1 A, it is necessary
and sufficient that nli?r(;(ln |ful + AAy) = +o00. In what follows, we will assume that

(In |fu] + AAy) — 400 as n — oo. Let us prove Mg (o) > up(0) :

—(o+it) Ay (o+it) Ay | ,—(0+it)Ay
ZT/ (o +it)e dt = ZT/ Zfe ‘e dt

2’1"/ < f e(U"Ht (Am—An) +f + Z f e 0'+lt)()‘m—/\n)) dt.

m=n+1

The last series uniformly converges in tR. We can integrate it and use such an equality:

xo )
ZT/ x(otit) g zexT( e T —e7T) 5 0as T — +oo0,x # 0.

Then, we obtain

"M = lim —/ (o +it)e —itAn gt
f T—+00 2T +

then

(@) = max{(ful exp{A,c} : 1 > 0} = max

lim — t)e~ it
T 2T/ (o +i

< i — <
_TngZT/ Fo+ i)t < Me(0).

In view of the inequality Mp(c) > up(c) , the function Mp(c) is increasing to +oco0 and
continuous on (—oo, A) for each function F € S(A, A). Therefore, there exists the function
M;l (x) inverse to Mp(c), which increases to A on (]ag|, +0).

By L, we denote a class of continuous non-negative (—oo, 4+-c0) functions « such that
a(x) = a(xp) > 0for x < xp, and a(x) 1 400 strictly increases to +oo as xy < x — +o00. We
say thata € LOifa € Land a((1+0(1))x) = (1+o0(1))a(x), as x — +co. Finally, & € Lg;
ifa € Land w(cx) = (14 0(1))a(x) as x — oo for each positive real constant ¢ € (0, +o0),

i. e., a, is a slowly increasing function. Clearly, Ls; C L.
IfaeL, BeL, FeS(A +x),GeS(A +)and

= ) gnexp{siu}, 2

n=1
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then the growth of the function F with respect to the function G is comparable [10,11] to the
growth of the function M ' (Mp(0)) as o — +o9, i.e., the generalized («, B)-order 0u,8FlG
and the generalized lower («, B)-order A, g[F|c of the function F € S(A, +oc0) with respect
to a function G € S(A, +c0), which we define as follows

0up[Flc := Tim (Mg (Mg (0)))

i 5(0_) ’ )\a,ﬁ[F]G = lim

o—+oo B(o)

The connection between the growth of the function Mal (Mp(0)) and the growth of the
functions Mg(c)) and Mp(c) in terms of generalized orders has been studied in [10,11],
where formulae were found for calculating 0, g[F] and A, g[F]c in terms of the coefficients
fnand gy.

Another approach to studying the growth of the Dirichlet series (1) is to compare the
growth of the function In Mp (o) with the growth of some convex function ®(¢). Using the
function (o), we will study the relative growth of a function F € S(A, A) with respect to
the functions G € S(A, +o0) and G € S(A,0).

2. Relative ®-Type and Convergence ®-Class

For A € (—oo, +0], we denote by ()(A) a class of positive unbounded (—oo, A)
functions ® such that its derivative @’ is a positive, continuously differentiable, and
increasing to +oo function on (—oo, A). For example, the function ®(x) = -1 belongs to

the class O(A). Let ¢ be the inverse function to @’ and let the function ¥ (o) = ¢ — g/((?)
be the function associated with @ in the sense of Newton. Then, according to [12,13], such
a defined function, ¥, is continuously differentiable and increasing to +oo on (—o0, A), and

the function ¢ is continuously differentiable and increasing to A on (0, +c0).

Definition 1 ([14]). For a Dirichlet series with an arbitrary abscissa of absolute convergence

A € (—o0, o0 and for the function ® € QV(A), the quantity Te[F|] = liTr% lnc];/(liga)
o
the ®-type of the function F. By analogy, if G € S(A, +c0) and F € S(A, A), A € (—oo, 400],

then we call the quantity

is called

)
as the ®-type of the function F with respect to the function G.

Now, suppose that G € S(A,0); then, function Mg(¢) is continuous and increasing
to 400 on (—0,0); thus, there exists the function M L(x) < 0, which is the inverse of

the function Mg (c), and which increases to 0 on (|go|, +0c0). Therefore, strictly

Mg (x)]
increases to 400, and we can define the ®-type of the function F with respect to the function
G as follows: ,
T3 [F]g = lim — .
714 ®(0)[ Mg (Mp ()]

If G € S(A, +00), then we define

(4)

— Mg (pr (o))
T. = lim —¢
oo =Im =30y
and if G € S(A,0), then we define
1

0 = lim ’
Tolurlc = (ITTA (o) | Mg (pr (o)
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Above, we have proved that jir () < Mg(c). Obviously, M is an increasing function.

—1 -1
Then, for all ¢ < A, one has Mal(yp(o)) < Mal(MF(O')); that is, Mcq)(gl:)(g)) < Mg q()lzip)(a)).

This means that To[pr|c < To|Flc. Similarly, T3 [ur]c < TS [F]c. To obtain estimates for
To[F]c and TY[F]; from above, we need the following lemma.

Lemma 1 ([15]). Let F € S(A,A), A € (—oco, +o0]. Suppose that a function f is positive,
continuous, and increasing to A on (—oo, A). For 0 < A, we assert that

o—t

p(o) = Sup{f((f)—f(t) top <t< U}

and let ¢ be a function continuous on (—oo,+00) such that g(x) = f~1(x) on (—co, A) and
g(x) =Aforx > Aif A < +oo.
If

then forall o < A,
Me(0) < Ko(pr(F(0))P 7 + Ko + | fol. (6)

Lemma 1 is proved in [15] for the case A = +o0 and in [16] for the case —co < A < 4-c0.
Using this lemma, we prove the following statement.

Lemma 2. Let F € S(A,A), A € (—oo, 40|, G € S(A,+x) (or G € S(A,0)), and
M (e¥) € Ly; (respectively, (1/|Mg'(e¥)|) € L;). Suppose that ® € Q(A),

— P(0) o
Qo = IareE) <"
mand forall o € [a, A],
" (0)®(0)
0<h§WSH<—I—oo. (7)
If
Z|fn|exp{)\ ‘I’( |fn|)}§l<0<+oo, (8)

then Te[Flg < QoTo|pr|g (respectively, Tg [Flg < Qq)Tg) [1r]G)-

Proof. Choose f(0) = ¥~!(¢) in Lemma 1. Then, g(c) = ¥(¢) and (8) implies (5). Since
@ () ()
= @iy

, condition (7) implies 0 < h < ¥'(0) < H < +oo; therefore,

Y(o) —¥()
o—t

plo) = sup{ ¥ o) <t < ‘P_l(a)}

=sup{¥'(¢): ¥ '(00) <t <& <Y¥ '(0)} <H,

and by Lemma 1, for all o < A that are sufficiently close to A, the following two-sided
inequality holds:

Mr(0) < Ko (yP(‘P_l(U))H + Ko+ Ifol < (VP(‘I’_l(a))H+1 ©)

because pp(0) — +o0aso T A.
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If G € S(A, +c0) and Mal (e¥) € Lg;, then, from (9), we obtain

=M (e (¥ (@)™ o MG (exp{(H + 1) In pe(¥1(0)})
TolFla < Fm == — = o)
_ g (L4 0() MG (exp{In e (Y (@)}) _ o Mg (ke (¥~ ()
oA ®(0) oA D(0)

_ i MaL (Y1) @Y 10) g MG (@) e @A) g
- otA (D(‘Y_l((?')) qD(O') ~ 1A q;(g) oA (D(IIJ’(O.)) = lo|HFIcK®-

Similarly, If G € S(A,0) and (1/|Mg'(e¥)|) € Ly; then

0 im ! = lim 1
ol S O M (e (¥ (@)™ )] 78 @) Mg (rr (¥ 1(@))]
o 1 (¥ (

= lim 7))
a }fTA QY1) Mg (up(¥-1(0))|  P(0) < T3 [1r)c Q-

The proof of Lemma 2 is completed. [J

In the case when the function F € S(A, A), A € (—o0, +0] is of the ®-type zero with
® € O)(A) for the study of the growth of In Mp(0), the authors of paper [14] introduced the
4@ (¢)In Mp(0)

convergence ®-class on the condition that the following integral; i.e., [

do,
ap CDZ (J)

is finite.
Definition 2. Similarly, we will say that a function F € S(A, A) belongs to the convergence
D-class with respect to the function G € S(A, +o0) if

A

/ @' (0) Mg (Mr(0))
®2(0)

do < +oo, (10)

0

and that it belongs to the convergence ®-class with respect to the function G € S(A,0) if

P (0)
/ q>2(a)|M51(Mp(a))|d‘T < Feo. (11)

In Section 5 we present examples of functions F belonging to the convergence ®-class
with the respect to the function G.

Lemma 3. Let A € (—o0, 0], F € S(A,A), ® € Q(A), and ®(0) = O(P(¥(0)) as
o T A and conditions (7) and (8) hold. Suppose that Mal(e") € LY if G € S(A, +w),
and (1/|Mg'(e¥)]) € LY if G € S(A,0). In order for F to belong to the convergence ®-class with
respect to G € S(A\, +00), it is necessary and sufficient that

/‘*¢'<0>Mcl<m<a>>
(o)

do < +oco. (12)

In order for F to belong to the convergence ®-class with respect to G € S(A,0), it is necessary and
sufficient that

()
| S < 1)
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Proof. In view of Cauchy’s inequality, the finiteness of the integral (10) implies the finite-
ness of the integral (12). Similarly, the validity of (11) yields the validity of (12). Before
moving on to the proof of the converse implications, we remark that it is proved in [17]
that if g € L?, then

x@mﬁ((l +e)x)/B(x) = Ae) L 1ase | Oand

lim B(cx)/B(x) = B = B(c) < +oo for ¢ = const > 0.

X—>+00
We also remark that the condition ®(¢) = O(P(¥(¢)) as o T A implies (0) < QP(¥(0))
forall o < A, where Q < +oco0.
Therefore, estimate (9) implies

f@’(a)sz(Mp(v)) e j@'(v)M;ﬁ((exp{(H £ 1)In (¥ (0)}))
(o) =) (o)

do

do

2O (o)M= (up (¥ 20 (¥ (o)) M= (up (P!
[N,y Dt )

F
— ®2(¥1(0)) ®2(e)
A L1 1 1 A / -1
T (@M (o))
< BQZH‘Y 1{0 | o

and thus, (12) implies (10).
Similarly,

A
@' (o) (Y (o
| ez oy <] Wt

0

A A
BO? P'(0) Y (o\d BO2H @'(0) d
2@ | igorem O | e

and thus, (13) implies (11). The proof of Lemma 3 is thus completed. [

3. @-Type of Hadamard Compositions

Below, we introduce the notion of the Hadamard composition of genus m for the
Dirichlet series. It was first introduced in [8] for the Dirichlet series in the half-plane. The
multidimensional Hadamard composition was considered in [18].

Definition 3 ([8]). Dirichlet series (1) is called the Hadamard composition of genus m of the
following Dirichlet series

Fi(s) = )_ fajexp{sin}, 1<j<p (14)
n=1
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if fu = P(fu1, s fup), where P(xy, ..., xp) = Y cklmkpxllcl G xl;p is a homogeneous
Ky tkp=m
polynomial of degree m > 1.

We remark that the usual Hadamard composition [19,20] is a special case of the
Hadamard composition of the genus m = 2. The quasi-Hadamard product was considered
in [21].

It is clear that if the function F is the Hadamard composition of genus m > 1 of the
functions E, then

‘fn| < Z |Ck1...k,,||fn,l SR |fn,p|k’7' (15)

ky+--+kp=m

The function F; is called dominant, if [cyuo.0l|fn1]™ # 0 and |f,j| = o(|fu1]) as
n — oo for 2 < j < p. It is shown in [8] that if the function F; is dominant then

|fn| =(1 +0(1))‘Cm0m0||fn,1|m, n — oo. (16)

For the Hadamard composition of Dirichlet series (14), the following theorem is true.

Theorem 1. Let A € (—oo, +o0|, ® € O(A), Qp < +o0 and conditions (7) and (8) hold. Let
G € S(A, +c0), Mal(ex) € Lgj, and the function F € S(A, A) is the Hadamard composition of
genus m > 2 of the functions F; € S(A, A), 1 <j<p.

If Tp = max{Tp[Fjc : 1 <j < p} < +ooand either A > 0or A < 0and

im In Mg(T®(0))
1A In MG(TCD(MO’))

=o(m) < +oo

for T > Tg, then T [F}G < Qo Typ.
If, in addition, Fy is dominant, then Te[F|g > To[Filc/Qe if A < 0and Te[Flg >

To[Filc/(QaoPyp(m)) if A > 0and (lri%lf}cb(ma)/d)(a) = Pp(m) < +o0.

Proof. Since (15) implies

fale™ <Y ek | (e ( fple™ ),
Ky tkp=m
we have
k k
pr(mo) <Y fekyk, lpE (0) - i, (0) (17)
Ky tkp=m

In view of (3) and Cauchy’s inequality, we have

forevery T > Ty, all o € [0p, A), and all j, i.e., M, (0) < Mg(T®(0)), and from (17), we
obtain for all o € [0y, A)

yp(ma) < ClMg(TCD(O')), C1 = Z |Ck1...kp|- (18)
ki+--t+kp=m

If A > 0, then pup(mo) > up(o) forall o € (0, A), and (18) implies pp(c) < CyME
(T®(0)). Therefore, in view of the condition M L(e*) € Ly;, we obtain

“Hexp{mIn n
T@[HF]GSE&}MG (exp{m] Aiczgcp(ff))Jrl 1))

:T,
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i.e., in view of the arbitrariness of T, we obtain Te[pr]c < Te. On the other hand,
through Lemma 2, one has T [F]g < Qo T [ir]c. Therefore, To[Flg < Qo To.
Now, let A < 0, and the inequality

— In Mo(T®(0))
1A In Mg (T®(mo))

=o(m) < +oo

is true. Then, Mg(T®(0)) < ME(T®(mo)) for every v > v(m) and all ¢ € [0p(v), A),
and (18) implies yp(mo) < CyME(TP(mo)), whence, as above, in view of the condition
Mal(e") € Lg;, we obtain

Mg (ur(mo)) _ o Mg' (CLME (TP (mo))

<1 =
D(mo) = um O(mo) L

To[prlc < (lriTrgl

i.e., in view of the arbitrariness of T and Lemma 2, T [F|g < Qo T, Q.E.D.
If F; is dominant, then (16) implies cipp, (0)" < pp(mo) < copp (0)™. Therefore,
if A <0, then up(c) > cipp, (0)" for o < A, and in view of the condition M;'(e¥) € L

= Mg (cipr (0)™)

— M!
Tolprlc = lim _ im Mg (1, (9))
oTA

D(0) oA D(0)

= T@[VF]]G

and through Lemma 2, we have To[F|c > Tolur]c > To(tir]c = To[Filc/Qs-
If A > 0and @Cb(ma)ﬂb(a) = Pg(m) < +oo, then, similarly, one has
(o8

. mo — Mz o))"
Tobile =gt 2 T gty
i M (4 (0) @(0) Mg (s () |, @(0) _ Telurlc

M T00) o) S oh T 00) B eimo)  Po(m),

and thus, through Lemma 2,

To[pr]c S To[Fi]c
Py(m) ~— QoPo(m)

The proof of Theorem 1 is thus completed. [

To[Flc > Tolpurlc >

Let us now consider the case where m = 1;i.e., fy = cifu1 + -+ Cpfup. Then, up(o) <
lc1lpr, (0) + -+ - + [cp|pr, (), whence we obtain To[pr]c < To = max{To[urlc : 1 <j < p},
because M;'(x) € Ly. If F; is dominant, then yp(0) < pp, (0) and Tolurlc = To[ur]c-
Therefore, Lemma 2 implies the following statement.

Corollary 1. Let A € (—oo, +00|, ® € O(A) and conditions (7) and (8) hold. Let G € S(A, +0),
and the function F € S(A, A) is the Hadamard composition of genus m = 1 of the function
F e S(A,A),1<j<p.Then, Te[F|c < Qo max{Tcp[Fj]G 11 <j < p}. If, in addition, Fy is
a dominant, then

To[F]c/Qo < To[Fl < QoTo[R]c.

In Theorem 1 and Corollary 1, we assumed that the comparing function G belongs to
the class S(A, +o0). Now, we consider the case G € S(A,0).

Theorem 2. Let A € (—o0, +o0|, ® € Q(A), Qp < oo, and conditions (7) and (8) are
fulfilled. Let G € S(A,0), (1/|Mél(ex) |) € L, and the function F € S(A, A) is the Hadamard
composition of genus m > 2 of the function F; € S(AA),1<j<p.
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If Ty = max{TQ[Fj]g : 1 < j < p} < +ooand either A > 0or A < 0and

i In Mo(—1/(T®(0))

o Mo =1/ (Td(mo))) — O <

for T > T, then T[Flg < Qo T3,
If, in addition, Fy is dominant, then T§[Flg > T9[F]c/Qa if A < 0, and Te[Flg >
To|Fi)c/(QeoPo(m)) if A > 0and %@(ma)/d)(a) = Pg(m) < H-oo.
a

1
MG (ur;(0))|@(0)

1
and all j, i.e., HE, (o) < Mg (quw)) , and from (17), we obtain for all ¢ € [0y, A)

< Tforevery T > T3,all ¢ € [0y, A)

Proof. In view of (4), we have

1
k1+...+kp:m

If A > 0, then (19) implies yr(c) < CiMZE(—1/(T®(0))) for 0 < 0p(T) < o < A).
Therefore, in view of the condition (1/ \M(_;l (e*)]) € Ly, we obtain

To(prlc < lim L
A MG (CME(-1/ (T (0)))) | @(e)

1
= lim
otA ‘Mal(exp{mln Mc(=1/(T®(c))) +In Cl})‘cb(a)

:T,

— 1
= lim
ota |[=1/(T®(0))|®(0)
ie., in view of the arbitrariness of T, we obtain T3[ur]c < T$. On the other hand,
through Lemma 2, the following inequality T9[Flc < QT4 [pr]c holds. Therefore,
T[Flc < QoTy.
Suppose that A < 0 and

i In Mg(=1/(T®(0)))
otA In Mg (—1/(T®(mo)))

=o(m) < +oo,

then
Mg (=1/(T®(0))) < ME(—-1/(T®(mo)))

for every v > v(m) and all ¢ € [0p(v), A). Multiplying the last estimate m times by itself
and applying (19), we deduce pr(mo) < CME?(—1/(T®(mc))). Hence, as above, in
view of the condition (1/|M51(ex) ) € Lgi, we obtain T3 [ur]c < T, i.e., in view of the
arbitrariness of T and Lemma 2, one has T3 [F]g < Qo T5, Q.E.D.

If the function F; is a dominant and A < 0, then (16) implies up(c) > pp(mo) >
cipr, (o)™ for ¢ < A, and in view of the condition (1/ |M(_;1 (e¥)|) € L, as above, we obtain
T [urlc > Tylpr, ]G, and through Lemma 2, we have T [Flg > T3 [Fi]c/ Qo

If the function F; is a dominant, A > 0 and %Cb(ma) /®(0) = Pp(m) < 400, then,

[

as in the proof of Theorem 1, we obtain T [ur]g > T3 [jr,]c/Po(m) and by Lemma 2 we
have TY[F]g > T3[Fi]c/(QaPe(m)). The proof of Theorem 2 is thus completed. [

Repeating the proof of Corollary 1, we obtain the following statement.

Corollary 2. Let A € (—oo, 00|, ® € O (A) and conditions (7) and (8) hold. Let G € S(A,0),
(1/ |M(§1 (x)|) € Lg; , and the function F € S(A, A) is a Hadamard composition of genus m = 1
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of the function F; € S(A, A), 1 < j < p. Then, T3[Flg < Qo max{Ty[Filc :1<j < p}. If in
addition, Fy is dominant, then T$[Fi]c/ Qo < T9[Flc < Qo T3 [Fi]c-

4. Convergence ®-Classes of the Hadamard Compositions

Let, at first, G € S(A,+0), and the function F € S(A,A), A € (—oo, +00] is the
Hadamard composition of genus m > 1 of the functions F; € S(A, A). Suppose that each F;
belongs to the convergence ®-class with respect to G; i.e.,

/f‘cb'((T)MGl(MF,(a))

(o) do < +oo.

0

Since pip, (o) T +o0,as 0 T A, we have

In ( Y ek lur (@) '--~'VPP(‘7)k”) <

kg4 +hp=m

< Z ln(|ck1'_~kp|y(a,P1)k1 ~...~y(a,Pp)kP) +In(m+1)
ky 4k =m

= ) (n(ferk,| +kiln (o, Fr) + .+ kpln p(o, Fy)) +In (m +1)

ky+--+kp=m
= Z (kiIn p(o, Fy) + ... + kpln p(o, Fy)) + Cy, (20)
[ —
where C; = v In" |y, | + 10 (11 +1).
Ky tkp=m

Theorem 3. Let A € (—oo, +0|, F € S(A,A), ® € Q(A), D(0) = O(P(¥(0)), as o T A,
and let conditions (7) and (8) hold. Let G € S(A,0), Mal(ex ) € LY, and the function F € S(A, A)
is the Hadamard composition of genus m > 1 of the function F; € S(A, A), 1 < j < p.

If all functions F; belong to the convergence ®-class with respect to G, and either A > 0 or
A=0and ®(c)/P(mo) < Py < 400 forallc < 0or A < 0and m = 1, then the function F
belongs to the convergence ®-class with respect to G.

If the function F belongs to the convergence ®-class with respect to G, then the function F
is dominant, and either A < 0 or A = +o00 and ®(mo)/P(0) < py < +oo forall ¢ < +o0 or
0 < A < +ooand m = 1; then, all functions F; belong to the convergence ®-class with respect
to G.

Proof. From (17) and (20), we obtain

Mg (ur(ma)) < Mg! ( Yo [k R (@) HPA@"”)

ky+--+kp=m

< Mgl (exp{ Z (kiIn p(o, Fy) + ... + kpln y(U,Fp))—I—Cl})
ky+--Akp=m
< Mg (exp{mmax{In p(v,F) : 1 < j < p} +C1})
< KiMg' (exp{max{In p(0, F) : 1 < j < p}})
= Kymax{Mg'(u(0,F)) : 1 <j < p}

< Ki(MG'(u(o, F)) + -+ M (plo, Fp))).
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Therefore, if all functions F; belong to the convergence ®-class with respect to the function

G, then
A

@ (o)M=! mo
fremne,,

A

A / — / —1
<Kp (/ N ((T)J\q/ig;glﬁ(a))dg_k . +/q> (U)A;I)g(glﬂ’(g))da) < 4oo.  (21)

70

If A >0, then pup(0) < up(mo) foro € [0, A), and (21) implies (12); i.e., through Lemma 3,
the function F belongs to the convergence ®-class with respect to the function G.
If A=0and ®(0) < P, ®(mo) for all ¢ < 0, then

@ ()M (g (mar)) ? @ (mo) MG (jip(mer)) 02 (mo) @' (o)
oo > / CDGZ(O') do = / @2?”10) ®2(0) P'(mo) do

1 i@’(ma)Malwwo-)) dmo) — 1 /°<1>'<a>Mal<mo->>

1Py, O2(mor) - 2(0) 4o,

" mPy,

o) 00
i.e., (12) holds, and through Lemma 3, F belongs to the convergence ®-class with respect
to G.

If A <Oand m = 1, then up(c) = pp(mo), and (21) implies (12); i.e., through
Lemma 3, the function F belongs to the convergence ®-class with respect to the function
G, Q.E.D.

Now, let F belong to the convergence ®-class with respect to G, and F; is dominant. Then,
(16) implies pp, (0) < (pp(me)/c1)/™. Therefore, if A < 0, then pp, (o) < (up(o)/c1)¥/™,
and in view of the condition Mal(ex) € L% we obtain Mél(ypl (o) < CzMél(‘uF((T),
whence it follows that the function F; belongs to the convergence ®-class with respect to
the function G, provided that F belongs to the convergence ®-class with respect to G.

The same conclusion can be made when 0 < A < 4c0cand m = 1.

Finally, if A = +o0 and ®(mo)/P(0) < pm < +oo for all ¢ < +oo, then

70‘1’/(‘7)1‘4(;1(245 (@), - 7°<I>'<a>Mcl<<up<ma>/q>l/m> .

P2(0) P2(0)

0 0

o ()M m cop2 D (mo) M= m
SCZ/ (‘7) q)c;z(g’;l:( U))dUS an;m/ ( U)(I)Z(Gmi.‘u)F( U))

0 0

d(mo) < 400,

whence, by Lemma 3, it follows that the function F; belongs to the convergence ®-class
with respect to the function G. Since the function F; is dominant, all functions F; belong
to the convergence ®-class with respect to the function G. The proof of Theorem 3 is
thus completed. O

The following theorem indicates the conditions necessary for functions to belong to
the convergence ®-class with respect to G € S(A,0).

Theorem 4. Let A € (—oo, +0|, F € S(A,A), ® € Q(A), D(0) = O(P(¥(0)), as 0 T A,
and let the conditions (7) and (8) hold. Let G € S(A,0), (1/|Mg'(e¥)|) € L, and the function
F € S(A,A) is the Hadamard composition of genus m > 1 of the function F; € S(A, A),
1<j<p

If all F; belong to the convergence ®-class with respect to G and either A > 0 or A = 0 and
P(0)/P(mo) < Py < oo foralloc < 0or A < 0andm =1, then F belongs to the convergence
D-class with respect to G.
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If F belongs to the convergence ®-class with respect to G, F is dominant, and either A < 0 or
A = oo, and ®(mo)/P(0) < pm < +ooforalloc < +c00r0 < A < +ooand m = 1; then,
all F; belong to the convergence ®-class with respect to G.

Proof. As in proof Theorem 3, from (17) and (20), now, in view of the condition (1/|Mg!(e*)|)
€ L9, we obtain

1 1

M (ma))| <
mo
G M(_;1< r Cklu.k,,WFl(U)kl'---'VF,,(U)k">

ki+--Fkp=m

1 1

ie.,

A /
[ o<
] @M urme)

4 A
. CI)/(O') CD/(O') .
=" (a{ “Iﬂ(g‘)IME;l(#a(0))\da+ +U{ CDZ(U)MGl(yFP(U)”d‘T) < too,  (22)

provided that all functions F; belong to the convergence ®-class with respect to the function
G € 5(A,0).

If A > 0, then pup(0) < up(mo) foro € [0, A), and (22) implies (13); i.e., through Lemma 3,
F belongs to the convergence ®-class with respect to G.

If A=0and ®(0) < P,y ®(mo) for all ¢ < 0, then, as in the proof Theorem 3,

0

0
@/ (o) - @/ (0) .
| @i e <" S e <

0

ie., (13) is true, and through Lemma 3, the function F belongs to the convergence ®-class
with respect to the function G.

If A <0and m =1, then pup(0) = pp(mo), and (22) implies (13); i.e., through Lemma 3,
F belongs to the convergence ®-class with respect to G, Q.E.D.

Now, let F belong to the convergence ®-class with respect to G, and F; is dominant.
If A < 0, then , as above from the inequality yr, (¢) < (up(mo)/c1)/™, in view of the
condition 1/|M61(ex)| € LY we obtain 1/|M61(;11:1 ()| < c2/|M51(yp((7)|, whence it
follows that F; belongs to the convergence ®-class with respect to G, provided that F
belongs to the convergence ®-class with respect to G.

The same conclusion can be made when 0 < A < +coand m = 1.

Finally, if A = +o0 and ®(mo)/P(0) < pm < +oo for all ¢ < +o0, then

7" /(o) Y 7 ' (mo)
Q(o)|Mg (ur(o))| — m ) @2 (mo) MG (ur (mo))]

00

d(mo) < +oo,
0
i.e., F; belongs to the convergence ®-class with respect to G. Since the function Fj is

dominant, all functions F; belong to the convergence ®-class with respect to the function G.
The proof of Theorem 4 is thus completed. [

5. Examples

By choosing the functions G, F, and ® in one way or another, we can obtain the
corresponding statements from Theorems 3 and 4.
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At first, let us assume that the entire Dirichlet series (2) reduces to an exponential
monomial; i.e., G(s) = gexp{sA}. Then, Mg(c) = |g|exp{oA} forall ¢ € (—o0,+00) and
Mz (x) = (Inx—In |g])/A = (1 +0(1))In x/A as x — +co. Therefore, if & € Q(0), then
the function F € S(A, 0) belongs to the convergence ®-class with respect to G if, and only if,

do < +o0, (23)

[ ©/(0)In Mg (o)
/ P2(0)
o0
i.e., we arrive at the convergence ®-class of the one considered in [14]. Let us choose
again ®(c) = |o|~*1), where 5§ > 0. Then, ® € (0). It is not difficult to establish the
following properties:

O (0)®(0) n+2
- =

_ (
®(0) = ®(mo)m"! and @(0)) P

n+1
n+2
1

| fal

because |f;| — +coasn — oo; ie., (8) holdsif ¥ |f,|~1/(*1) < 4-c0. With this choice of
n=1

Choose ¥(0) = —

3 ew{n¥ (g 2 ) b= © dew] a5

n=1

+§|0|. Then, B(¥(c)) = ( >n+1®(0) and

b= %1l

n=1

—In

function ®, relation (23) has the form fo o] In Mp(0)do < 400, and Theorem 3 implies
the following statement. "
Corollary 3. Let the function F € S(A,0) be the Hadamard composition of genus m > 1 of the
functions F; € S(A,0),1 < j < p, let the function Fy be dominant, and let and nozjl Iful VD) < o0
for some iy > 0. Then, in order that

0

/ o7 In Mp(0)do < +co,

0

it is necessary and sufficient that for all j,

/ o7~ In Mg (0)do < +oo.

0

Now, let

0,051
G(s) = exp{e®} = Y En' , 0< < +oo.
n=0 :

Then, G € S(Z4,+), Mg(0) = exp{e®’}, and Mal(x) = (InIn x)/o for x > e. There-
fore, if & € ()(+0o0), then the function F € S(Z., +o0) belongs to the convergence ®-class
with respect to G if, and only if,

do < +oo0.

7@ (0) In In Mp(0))
/ P2(0)
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We choose @ € Q(+0) such that ®(¢) = ¢!'*7 for ¢ > 1, where > 0. Then, it is

M()2(0) _ 1 _ 1 _
CIC) T Put ¥(o) = 1+170’ and calculate ®(¥(0)) =

7o\ "
(1_'_17> D(0), ®(mo) = ©(o)m"** and

easy to check that

Z |fnexp{/\n ( If |>} nz | fn] ex p{1+’7 1n|} :éml/(wl)_

Therefore, Theorem 3 implies the following statement.

Corollary 4. Let the function F € S(Z.,+0c0) be the Hadamard composition of genus m > 1
of the functions F; € S(Z4,+o0), 1 < j < p, let the the function F, be dominant, and let

Y | ful V0D < oo for some > 0. Then, in order that
n=1

/ooln In Mg(0)

2 do < +oo,
70
it is necessary and sufficient that for all j,
TInIn Mp (0)

o0

Finally, if G(s) = e~1/s then, for ¢ < 0, we have

-1 oc—it)| |o|
IG(U+zt)|—exp{Re T }—exp{ 2+t2} ep{|a|2+t2}'

} =x; thus, (1 = In Mg(0). Therefore, (11)

Y(Mk(0))|

ie, Mg(o) = e/, exp{

—+o0 /
holds with A = +o0 if f (I)Q{I;(Nil:da < +400. We choose ®(0) = ¢%7,0 < ¢ < +oo.
" (0)P(0) _ _ _
Then, @02 0, Y(o)=0c—-1/0, ®(¥(0)) = P(0)/eand

B tnee{ant (300 g5 ) = Biidesein =70 = Row{ =0} <o

provided In n = 0(A;) as n — oo. Therefore, Theorem 4 implies the following statement.

Corollary 5. Let the function F € S(A, 4+00) be the Hadamard composition of the genus m > 1 of
+oo
the functions F; € S(A +o0) andIn n = o(Ay),asn — co. If [ e In M, (0)do < +o0 for

o0

—+o00
all j, then [ e7In Mp(0)do < +oo.

o0

Note that for entire function f of order ¢ G. Valiron ([22], p. 18) introduced the conver-

. . %°In Mg(r) o
gence class via the condition [ Tdr < oo, where M¢(r) = max{|f(z)| : |z| = r};
1
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and PK. Kamthan [23] extended the concept of the Valiron class to the entire Dirichlet series,

—+o00

defining the convergence class by the condition [ e %" In Mp(0)do < +oo.
00

6. Discussion

In view of Theorem 3. the following question arises:

Problem 1. What is a connection between the functions F; belonging to the convergence ®-class
with respect to G € S(A, 400) and those belonging to this class of their Hadamard composition F
in the following two non-overlapping cases:

I A <0andm > 2 in the first part of Theorem 3;

II. 0< A< +ooandm > 2 in the second part of Theorem 3.

Moreover, Theorem 4 generates the same situation:

Problem 2. What is a connection between the functions F; belonging to the convergence ®-class
with respect to G € S(A, +00) and those belonging to this class of their Hadamard composition F
in the following two cases:

I A <0andm > 2in the first part of Theorem 4;

II. 0< A< +ooandm > 2 in the second part of Theorem 4.

At the present moment, we are not ready to give a full answer to the above questions.

7. Conclusions

Theorems 3 and 4 represent very general and technical results. But they admit many
partial cases as corollaries for different choices of the functions G, F, and & (see Section 5).
This is the primary significance of the obtained results. There are many directions for further
generalizations: multiple Dirichlet series, Taylor-Dirichlet-type series, hyper-Dirichlet
series, and so on.
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