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Summary
It is investigated the condition on a probability law., nnder which its characteristic
& it .
function belongs to a convergence class.
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1. Introduction
A non-decreasing function £ continuous on the left on (—oc. +o0) is said [1, p. 10]
to be a probability law if

lim F(e)=1 and lim F(a) =0,

BF DT b =3

and the function

4o
ol2) = / AP (1)

defined for real z is called [1, p.12] a characteristic function of this law. If i has an
analytic continuation on the disk Dp = {z : |z{ < R}, 0 < R < +oc, then we call
i a characteristic funetion of the law F analytic in Dp. Further we always assume
that Dp is the maximal disk of the analyticity of . It is known [1, p.37-38] that
@ is a characteristic function of the law F analytic in Dg if and only if for every

re{0. R)
(1) We(z) =: 1~ F(z) + F(—a) = O(¢™"). & +4¢.
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Hence it follows that

1 1
5 S TOR
v ~l"!:i%!'lll'3u:r' n We () »

For 0 < ¢ < R we put M (v, ) = max{jez(2)] : |z] = r}. If a characteristic frnction
@ # const is entire then [1. p.45] there exists

lim »~'In M(r,) > 0,

1ok o 360
that is ¢ has the growth not below of normal type of the order p = 1. Therefore, if
we define a convergence class [2, p. 62] by condition

40
(3) / plet ) I M (o, @)dr < ox,

we need to assuine that o > 1. For the function ¢ analytic in @ = i, of order
—In In M (r.
o= un—-——--—-—~—(———fl >0
rtt ~=In(1l-7r)

a convergence class is defined [3] by the condition

1
(4) / (1= in M(r.o)dr < +x.
vy
As o0 = 2 this condition is sufficient {4, p. 50] in order that ¢ belongs to the class of
AlacLane.
In the paper [5] it is asserted that an entire characteristic function ¢ of the order
0 > 1 of the probability law F belongs to convergence class if and only if

D +2 7q 1 sy
() /In (1 In m) da < +oc.

For a characteristic function ¢ of the order p > 0 analytic in D in [6] is proved
that in order that ¢ belongs to convergence class it is necessary and, in the case
when the function

1
H(:I') =in m

is continuously differentiable and ¢ increases. it is sufficient that

¥ Ly et
) 1 5 :
(6) / {(1 S E In H',:(:r)) } da < +2¢.

Here we examine a problem of the belonging of analytic characteristic function
of probability law to a convergence ®-class, which is considered in the papers {7-9].
For this purpose we have to use the next lemma.

Lemma 1. If ¢ is a characteristic function of probability law F analytic in Dy,
0 < B < 4o then for every v € [0, R) and all & = 0 the following incqualitics are
Lrwe:

Wele)e™ < 2M(r,)
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and

N
A, ) < / Welele™de + 1+ We(40).
o

For R = 4+~ these mequalities are proved in [1, pp. 54 55] and for R < 4~ the
proof is analogons.

We put
1, i) = sup{We(a)e™ : &> 0}

aud
o
I(r,g) = /H',:(.l')(.‘”'rf.l:
o
and suppose that M (r, ) T -+ as 1 A, Then by Leunna |
(7] I plr) € (A +o(1))In M) < (L+ o)) in I(r.e). »TH.

Therefore, the problem of belonging of ln A (r, ) to that or other convergence class
is transferred fo the problem of belonging of n j(r, 2} to this convergence class and
the estimates [(r.2) by plr, ).

2. Properties of the function lu j(r. )

It is clear that Wpe(e) ~ 0 (o — +a¢). Therefore, if R = oo and g = supfu :
We(r) > 0} < +oc then

pir,g) = sup{We(c)e™ : 0 £ & < ag} £ Wp(0)e™"

and since p(r.2) 2 We(2g)e™” we have

lim = plr. ) = aq.

1
e & 2in v

If B = 40 aud Wifz) > 0 for all 2 > 0 then

lim r~ o (e, @) = 4.
P

If R <+ then the funetion In p(r, @) may be hounded. It is easy to show that
plrog) € K < 4 for all » € [0, R) if and only if We(x)e"t < K < -+ for all
a2 0. Thas, p(r.¢) T -+oc as r 4 R il and only if
(8) Tim We(a)e" = 4.

B X

Frowm the delinition of g{r. ) it follows that the fauction n ge(r, ) is convex on
{0, R).

For r & [0. R} and £ > 0 we put

(e} = supfe > 0 In Wele) +re = Inp(r,p) ~ 2}
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Clearly. for fixed r € [0, R) the function v(r,¢:-) is nondecreasing on (0. ).
Therefore, there exists a quantity

v(rp) = lig’lﬁl v(r,@:e).
&4

Lemma 2. The function v is nondecreasing on [0, R) and (In p(r, @)’ = vir.¢) for
all r € (0, R) with the exception of an at most countable set.

Proof. At first we prove that for arbitrary » € (0, R) and £ > 0 the set
E(re)={o20: |z —v(re)] <e In We) +rae>Inpulr, ) — <}

is non-empty. Indeed, for fixed r € (0, R) and £ > 0 there exists § € (0, £) such that

(9) le(roe) — sup{a > 0: In We(e) + oz > In p(re) — 0} < =/2
and there exists 2 > 0 such that

(10) In f(xg) + ozg = In pu(r,) =6

and

(11) lzg —sup{z 2 0: In f(z) +rz >In p(rp) -6} < &/2.

From (9)-(11) we obtain
o —v(r @) <z, In We(zo) +rae > In p(r,g) — =,

that is a2 € E(r,¢) and the set E(r,€) is non-empty.
Since E(r,£) is non-empty for arbitrary r € (0. R) and ¢ > 0, by the axiom of
choice for each £ > 0 there exists a function v(r) > 0 such that for all r € (0, R)

(12) Inp(r,e) 2 In Wa(ve(r)) +rve(r) 2 np(r,o) — =
and
(13) jre(r) —vire)| < e

Suppose that ry, 75 € (0, R). By definition
(14) In p(ri.¢) 2 In We(ve(ra)) + rive(i).
From (12) we have
(15) In pu(ra.p) < &+ We(ve(ra)) + rove(ra).
and combining (14) and (14) we obtain
In p(ra, ) — I p(ry,9) < (r2 — 1)ve(re) +&.
whence passing to the limit as £ — 0 and taking into account (13) we get
{16) I pe(ra. ) ~ In pr1, ) < (ra — r)v(r2. 9).
Since 73 and ro are arbitrary, we can interchange them and obtain also the inequality

(17) In pa(ry, @) = je(ra, @) < (1 = r2)u(ry, ).
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Suppose that 7y < r2. Then from (16) and (17) we get

(18) v(ry,e) < = #(’2‘:3:?: 1) < v(ra2.9)-

Inequality (18) implics that the function v(r,¢) is nondecreasing and, thus, contin-
uwous with the exception of an at most countable set of points. Passing to the limit
in (18) as r; — r» (and afterwards 72 —+ 1), we obtain the equality (In i) =

v{r.). Lemma 2 is proved.
This lemna implies the following result.

Corollavy 1. For all0 <rg<r <R
(19) In pu(r,p) = In plrg, o) -+ /U(.l?.s,})([{l!.

ro

From (19) it follows that if gu(r, ) T +oc as r T R then v(r.¢) S +ocasr T R,

and (12) implies for cach £ > 0 and all r € (0, R) the inequality
1 I — 1 & i In (7. ) <r
i(re) - Welnlng) ve(r. )
whence in view of the arbitrariness of ¢ we obtain
1 1

20) In <P
(20) virye)  Wreu(re))

By V(R) we denote a class of positive continously differentiable on (0. +00)
function v such that v/(x) T R as @ — +oc. If

1 ,
In m = l'(.L') eV (R)

then for every » € (0. R) the function In Wi(z) + ra = —v(z) + rz has a unique
point of the maximum 2 = v(r, ), which is increasing and continuous on (0. R),
and

(21) I u(r, ) = max{ln Wg(z) +rz: x> 0} = In We(v(r.9) +rv(r, ).

3. Belonging of In u(r, ») to a convergence ®-class

Let 0 < R € +oc and (R) be a class of positive functions ® unbounded on (0, R)

such that the derivative @ is positive, continuously differentiable and increasing to

+00 on {0, R). For ® &€ 2(R) we denote by ¢ the inverse function to @', and let
®(r)

T

be the function associated with @ in the sense of Newton. As in [7], it is possible to

show that the function W is continuously differentiable and increasing to R on (0, R)

and the function ¢ is continmously differentiable and increasing to 2 on (0, +o0).

U(r)=r
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Asin (8 10]0 we say that In g 2) belongs io a convergence O-class it

i
; “ () plrog
(22) (R R e o s,
(1)

Proposition 1. Lei
0< R < 4. P e QR)

and
()b {r) :
(23 el s bl € [ R,
o @i = e e
and & be a characteristic function on probability law I analytic in %y such that
i
I e = pf) € V(R).
' W) el W

i

o X
(24) / s = el G o

i |

i)

ten In pu(r.2) belongs to a convergence ®-class.

RTINS

Proof. At first we remark that the condition #{(r) = VIR) implies the correlation
e} = (1 +o0(1)aR as & — +2x, that is
i |
— I s = {1+ 0{1)}R as -+
& H,(:} K ¢ ) !
and the condition (21 holds,
From (23) it follows that

¥ I
/* dr 2 l/' S rydr i
Jodlry T o) N2 T b ()
We put
l:’ P
Ble)= | e
4 @)
Then
B{eyl0 as wt R Bl :

and (24) bnplies

(25)
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From the condition

1 :
In ‘—l—}"‘-("’-)' =p{x) € V(R)

it follows that there exists a function #{r) = w{r. ) increasing and continuous on
(0. It} such that (20) holds. and in view of {25) and decreasing of B3

1 1
¥ 2 R L. S |
(26) /B(z Ydv(r) < / (u(r) In H'I.-(z-'{‘l'))) dv(r) < +x
But
: g £ ot
00 > / B(ridv{r) = B(l')l/(l‘)!f — [ wlr)B'{r)dr > const + / ;l{\(jj dr
; o | (r

Thercfore. in view of (19}

I
O'(r)In plr, ,: / " P /1/(1.‘,)
/ o7 In pr, 0)d ‘p, F < const + ) ) I < 405,

0 i

ie. In p(r. 2) belongs to a convergence ®-class. Proposition 1 is proved.

Remark i. We did not succeed to build an example indicative on importance of the

condition
1

I ——— = V(&) € Q(-+x).
W ;.-(.l') ( ) ( )
It seems to us that it is superfluous, but for this purpose at least for the case of
entive functions it is necessary to prove the following statement; for ceery function
vy such that vy(x) 2+ and
vy (a)
-—l~(-~ - O A8 B~
o
there exists a funciion v-€ V(R) such that vy{x) = Olv{x)) as x = o< and
sup{—v(z) +xr: 0 > 0} < Ksup{—wy{e) 4+ ar: 2 > 0}
or
sup{—e(e) +or a0 > 0} < Ksup{—wvi(e) + aKr a2 0},

where K = const > 0.

Proposition 2. Let 0 < B < +o¢, © & Q(R), ®'(r)/ 1) be o funciion. nonde-
ereasing on jry. R). and
P(r)0(r) _

(®'(r))?
Suppose that p is a characteristic function on probability lau: F analytic ire By such
that (8) holds. If in p{r.2) belongs to a convergence $-cluss then (24) holes.

(27) < H <+, rE€lr. R).



16 L. V. Kulavets, O. M. Mulvava, and M. M. Sheremeta

Proof. Since the fanction @'(r)/®(r) is nondecreasing on {ro. R). the function
D(ryla (@)

()

is continuous and increasing to 4o on [rg, R). Therefore, there exists a function

r() increasing to +o0 and continuous on (2. +o¢) snch that
4?(:( )Iu jr(a), ,,)

ﬂm (z))
and since in view of (22)
7
/(l(r)',/q)(_r))(l’r < 00,
o

we obtain

4 % . i Wrie))
[ @ = [ aagpee <+

To 2y

R 3
As above, let B(r) = [ —IEL Using the PHospital rule we have

()

B da

.13!1}.13’(7‘)<I>('1)~ g (I(‘) i 20

i T <A e ST

Therefore, |
and
/B(7 N = aB ls(,x / wdB{r(x)) = COIISL-,L] (])(,(,))‘17 3 b

From (27) it follows that
R

Cdr 1 [ O"(r)dr
B““/@ﬁiz.m«W"ﬁmﬁ

Therefore,
9 j .J.l.,‘._ 400
(28) [ s <
But In p(r{e). @) 2 In Wie(x) + er{z), that is
r(z) < SHraY + ! In L . ] + L In - - ;

T e Welr)  (r(@n | x Wele)
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whence

W(r{e)) = :

) S T
Wy Welx)
For some & = &(r) we have
b gy = D e gy = BHE B L HUGBE)
0<In #'() —In ¥'(¥() = gy " = VD) = ey g < Ty S

e, ®/(r) = OO (W(r))) as r T R and. thus.
<mmmgxwwvm»5KW(hnfl-‘
: & Weix)
where K = const > 0. Hence and from (28) we obtain (24). Proposition 2 is proved.

Remark 2. Let
0< R <+oc and ®(r) =4 ('?l“’) )
R—~r

Then the function ®'()/®(r) is nondecrcasing on [ry. ) if and only if the func-
tion 224 (x)/A(x) is nondecreasing on [rg, +oc). The latter condition does not
influence 4 on speed of growth but influences its smoothness. If R = +2c the
function ®'(r)/®(r) is nondecreasing on [ro, R) if ® does not increase slower than
the exponential function. For the power functions this condition does not hold. It
seems to us that the condition ®'(r)/®(r) /* may be replaced by the condition
(®'(r))+7/®(r) A for some 7 € [0, 1).

4. Bstimates of In I(r,) by In u(r, )
We suppose that & € Q(R) and
: w 1
(29) P (l) - }g—j,_ iy ety A

Then r + 1/@'(r) < R,

X o0
I{ry) = /K'Y’pf\.l")c“"'d:r = /H}n(m) exp{a(r + 1/0'(r)} exple/®'(r)}de <
0 0

< ulr + 1/ (r), )2 (r)

and
In I(r.¢) < In plr+ 1/®°(r), @) + In ®'(r)

for all ro < r < R. Therefore, if
R )
/wmmwmuJ

(30) 0 Ir < o0,

Yy
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then

dr + const.

/: P (ryn I(r, ;) " /IS(I"(r)IH n{r+1/9(r), @)
*r) T 23(r)
LAY ro
Using this inequality it is easy to prove following proposition.
Proposition 3. Let 0 < R < +oc0, ® € Q(R). the conditions (27), (29), (30) hold
and ®'(r + 1/®'(r)) < Hy@'(r) for all v € [ro, R). where Hy = const > 0. Let p be

a characteristic function on probability low F analytic in Dg. If In p(r, @) belongs
to a convergence ®-class then In I(r,¢) belongs to such class as well.

Proof. Since @ (r 4+ 1/®'(r)) < Hi®'(r)). we have in view of (27) for some & = £(r) €
(r.7+1/®' (1))

In

®2(r + 1/®'(r)) _ <I) ,)’ rI:(f) 2"(8) 1
e+ 1/0(r)) ‘D({) ‘I”(O ¥(r)

') |, _ O] ¥E) |, 2"

= o - T R
e |- @O | IEeE T o
that is ;
o'(r) W+ 1/()
z = (1 — = TR
7 = M Wgrae)y "
From (27) it follows also that ®”(r) = o((®'(r))?) as r T R, that is
1 =" (r)/(¥'(r)* = hy > 0.
Therefore. for some ry > rg in view of (30) we obtain
/ /
/(P r)lu[l )] </<I>( r)In p(r + L/ (r). )(17 o
H2{ D2(r)
ry
O (r + 1/®' (M) In p(r +1/®'(r). )  d(r+1/9'(r)) o
S / ‘I""(I £ l/q’,(?) O ()/I(r)/(( )I(,.))'_! + const

ry

R
L2 [V YF N+ B g a4 const < 4o
< f B0+ 1/077)) B IR S e
ry

Proposition 3 is proved.

Remark 3. The condition (30) is significant. In [9] it is shown that this condition
is near to necessary in order that the logarithms of the maximwn modulus of an
entire function and the maximal term of its power development belong to the same
convergence P-class,

For R = -+oc the inequality (20) is trivial. Clearly in the case R < +oc the
condition (29) is natural.
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Finally. the condition & (r+1/®'(r)) < H;$'(r)) for r € [ry. R) is a condition on
the smoothness of ®'. If R = +oc then by Borel-Nevanlinna theorem [2, p. 120-121]
Q' (r+4 1/ (r)) < (1+)P'(r) for every ¢ > 0 and all » > r( outside of a set of finite
measre.

5. Main result and colloraries

Hence we obtain a theorem on the belonging of the characteristic function ¢ of a
probability law F' analytic in Dp to convergence ®-class. that is
R
O'(r)In M(r,¢)
/ (I)‘_’ (.,.)

dr < +oc.

rg
At first we remark that if ®(r)/®(r) be a function, nondecreasing on [rg. R) then
@ (r)®(r) — (¥’(r))? > 0 and, thus. the condition (23) holds. Therefore, using the
inequalities (7) from Propositions 1-3 we obtain the following main result:

Theorem. Let 0 < R < +0, ® € Q(R). ®'(r)/®(r) be a function, nondecreasing
on [ro, R). ®'(r+1/0'(r)) < Hy®'(r) for all v € [ry, R), where Hy = const > 0, and
the condition (27) (29). (30) hold. Suppose that ¢ is an enelytic in Dy characteristic
Junction on probability law F such that (8) holds.

Then in order that ¢ belongs to a convergence ®-class it is necessary and in the
case. when

1 = v(z) € V(R),

N Wela)
it is sufficient that (24) holds.

We bring several colloraries to this theorem. At first we suppose that

0<R<o0, 0<p<oo®(r)=(R~-r)"%

Then
'(r) 1
o(r)  o(R-7)
®'(r)>(R—7)"", ' +1/®(r)=1+0(1)® () as r1R

'(r) = o(R — )" > (R — )1, 1400 as rt1R,

and

B (r)(D(r)) 2 = é’igL

Thus, the fuction ®(r) = (R ~ r)~¢ satisfies all conditions of the Theorem. We
remark also that

—leth) () eRm) ~ e+
@’ <£ In -—-'—1—-._> =g R~ _1_ In — ! ; = In (H I ) )
o We(a) z  Wp(x) oo

Therefore, our Theorem implies the following collorary.
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Corollary 2. Let (0 < R < +2¢. 0 < 0 < ¢ and ¢ be a characteristic function on
probability law F analytic in Dy. such that (8) holds. Then in order that

n
/(Iﬂ’ ~ )¢ I M{r.g)dr < +2c,
it is necessary, and in the case when
1 y
=u{x) € V(R),
In ) v{x) € V(R)
it is sufficient that
ln— +1
J (noanty=,
&
za

Now we suppose that 0 < 9 < o¢ and

(31) 0] e G el 1
/ =R R-t

Then
— 2 4 . A
il ((R-rw+(R—r>">‘xp{1f~r}'

(1+a(1)g o -y

&' __(1+0 ]-))92_, 14 -
D) = B=7) e:\p{R_r}. iy

and. therefore,
o' (r) 2

() R-v *( )z Too, @'(r+ 1/(r) = (1 +0(1)d'(r))
and o (1)
Q)P (r )
W:1+0(1)

as v T R. Thus. the function (31) satisfies all conditions of the Theorem and we
obtain the following

Corollary 3. Let 0 < R < +0o¢, 0 < 9 < o¢ and ¢ be a characteristic function on
probability law F analytic in Dy, such that (8) holds. Then in order that
&
/gcxp{— R }ln M(r. ¢)dr < 4200,
T

it is necessary. and in the case when
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it is sufficient that

00

/“ 3 ow In (W (a)e) 11_ o
; i In (Wg(a)elie) B b2

&o

Finally, let
R=+400, 0<p<oc and @) =e?,

Then
() = e, W(r)/B(r) = /0. BV (P)(@(r)? = 1
and
P'(r+1/D'(r)) = (1 +o(1)P'(r) as r— +oc,

that is all conditions of the Theorem hold, and we obtain the following

Corollary 4. Let 0 < 9 < oo and @ be an entire characteristic function on proba-
bility law F. Then in order that
20
/(*“"" In M(r,)dr < +2¢,
0
it is necessary and. in the case when
In Wi—l(—l—i = v(e) € V(4oc),
it is sufficient that
>0
/(H"p(l’))"/’dr < 400,
0
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O PRZNALEZNOSCI FUNKCJI CHARAKTERYSTYCZNYCH PRAW
PRAWDOPODOBIENSTWA DO KLASY ZBIEZNOSCI

Streszczenie
Badany jest warunek na prawo prawdopodobienstwa, przy ktérym jego funkeja charak-
terystyczna nalezy do pewnej klasy zbieznogei.
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