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Summary
It is investigated the condition on a probability law. under which its characteristic 

function belongs to a convergence class.
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1. In troduction

A non-decreasing function F  continuous on the left on {—so. +oo) is said [1, p. 10] 
to be a probability law if

defined for real z  is called (1, p. 12] a characteristic .function of this law. If tp has an 
analytic continuation on the disk Dp = {г : |г| < R}, 0 < R  < +cc, then we call 
9  a characteristic function of the law F  analytic in 0 Я. Further we always assume 
that Од is the maximal disk of the aualyticity of tp. It is known [I. p. 37-38] that 
іp is a characteristic function of the law F  analytic in Da if and only if for every 
r  Є [0. Й)

lim F{%) -■ 1 and lint F(x) — 0,

and the function

( 1 ) WF(x) = : 1 -  F(x) + F(-.v) =  0 ( e - m), X —> +00.
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Hivuce il follows that

( 2 ) lim -  ln 'fr r i—сі—Ч-зо-'*‘ •'» F (•*•')
R.

For {)</■< R \ve put M{r,<p) — тах{|уэ(г}| : ].*| =  >•}. If a characteristic function 
y? yf const is entire then Jl. p.45] there exists

ІІ1И r " 1 ІЦ >  I),Г—*-j»OC
Mint is tp Im» the growth not below of normal type of the order q = .1. Therefore, if 
wo define a convergence class [2, p. 02] by condition

(3) [  /.-<‘'+1 ) lu M{r. p)dr < Toe,
J /'(і

we need to assume that g > 1. For the function ip analytic in D =  Dj of order
Г7--111 111 M ( r ,  ip)

В -  lim— , - і / - - 7  > О 
r t і - l n ( l - r )

a convaynnea clams is defined [3] by the condition

( - 1 )

j :
(1 -  t')e_I in M(r,<p)dr < 4-ос.

As n — 2 tliis condition is sufficient, (4, p. 50] in order that. p  belongs to the class of 
MncLane.

In t he paper [5] it is asserted that an entire characteristic function y? of the order 
a > 1 of the probability law F  belongs to convergence class if and only if

y+oo / 1 1 \  1-е
(5) r ^ s s )  ' " < + “ '

For a characteristic function p  of the order g > 0 analytic in D in (6) is proved 
that, in order that tp belongs to convergence class it is necessary and. in the case 
when the function

=  ln 4>.-(.r)
is continuously differentiable and e' increases, it is sufficient that 

(0) / { { 14- -  In H>(.r) ] > dx < Toe.£ ” { ( ■ + ; b » > w )  }~

Here we examine a problem of the belonging of analytic characteristic function 
of probability law to a. convergence Ф-class, which is considered in the papers [7-9]. 
For this purpose we have to use the next lemma.

Lem m a 1. I f  p  is « characteristic function of probability law F analytic in Dr , 
0 < It. < Toe then for every r  Є [0. R) and all x  > 0 the following inequalities are 
true:

WF(x)<r < 2M(r.p)
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and oo
M(r,ip) — r I  H V(-r)r "  Wj - 1 + И ;.-(+()). 

о

Bat Я f  x  these inequalities are proved in jl. pp,54 55) and for Я < + x  the 
proof is analogous.

Wo ]iiir
l'(r. p) = sup{H>(x)r"' : X > 0} 

and DC
/(/■■ p) -  j  H'/. (.r)l "l/.i:

u
and suppose that M [r.p) f  +oo as r  Î  Я. Then by Lemma I

(7) In ji,(r,ip) < (1 +  o(I))ln  M (r.ip ) <  ( l + n(l)) in I ( r ,i p ) , r  t  Я.

Therefore, the problem of belonging of ln M (r, p) to that or other convergence class 
is transferred to the problem of belonging of In li(r,tp) to this convergence class and 
the estimates I(r.p) by /ф \  p).

2. P roperties of th e  function hi fi(r, tp)

It is clear that №>•(,«) \  0 {.r -+ +oc). Therefore, if II — +oo and jr0 «  sup{x : 
H>(x) > 0} < +OC then

ft(r,v) =  su p {H > (.r)rrr : 0 < .г < X,,} <  И>(0)е-,"г

and since /i(r,p) > И'>(хо)ел,г we have

fini r~  1 111 /l(r, ip) ~  .T|).r~* -f TC
If R  — +oo ami И '/•<•/• ) >  0 for ail x  > 0 then

1ІШ T~l 111 l‘(i\ p) -- +00. t—v+̂c
If Я < +X- then the function In p(r,p)  may be hounded. It is easy to show ihm 

/'(>'■ p) К  < +СС for <di г  є  [0. H) if and only if Hy(.r)<J'w <  К  < +oo for all 
X > 0. Thus. /t(r. p) t  +00 as r •{• R if and only if

(8) ІТш HV(ir)e*Ä = + 00..r-y-i-'Xi
From the delmiiimi of ß(r, ip) it follows that the function In ft(r.p) is convex on 

[0. If,).
For r є  (0. Я) and s > 0 wo put

i/(r,<p; s) — sup{x > 0 : In и>(х) + rx  > 111 /t(r, ip) -  .-}.
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Clearly, for fixed r є  [0, R) the function v(r,ip\-) is nondecreasing on (0. +oo). 
Therefore, there exists a quantity

vlr.tp) — iim i/(r,^:e). 
ej.0

Lemm a 2. The function и is nondecreasing on [0, R) and (In ft(r, <p))' — v(r, <p) for 
all r Є (0, R) with, the exception of an at most countable set.

Proof. At first we prove that for arbitrary r Є (0, R) and e > 0 the set

E(r,e) =  {x > 0 : |.t -  v(r. yp)| < s, In W y(x) + rx > In p(r. p) -  e} 

is non-empty. Indeed, for fixed r Є (0, Ä) and s > 0 there exists 5 Є (0, ■) such that

(9) |i'{r, tp) -  sup{® > 0 : In Wp{&) +  ax > In p(r,ip) -  <i}| <  e/2  

and there exists x0 > 0 such that

(10) In f ( x o) + axg > In ji(r,ip) -  (5

and

(11) |a:0 -  sup{x > 0 : In f ( x )  + rx  > hi p(r,ip) -  d'}| < e/2.

From (9)- (XI) we obtain

1*0 -  !'(r, ifl) I <  e, 111 H>(.ro) + rx0 > 111 /t(r, if) -  £,

that is *o Є E{r,e) and the set E(r,e) is non-empty.
Since E(r, є) is non-empty for arbitrary r g (0. R) and £ > 0, by the axiom of 

choice for each є > 0 there exists a function i/s(r) > 0 such that for all r  € (Ü, R)

(12) hi p{r, ip) > hi №>(rv(r)) + rvc (;•) > In p{r.tp) -  s

and

(13) \<Ф) -u (r ,ip ) \< e .

Suppose that rx, i*2 Є (0. R). By definition

(14) In p(ri,<p) > In И 'Х "еЫ )  +  п ч і п ) .

From (12) we have

(15) 111 p{r2,tp) < e  +  In WF(ve(r2)) + r2oe(r2). 

and combining (14) and (14) we obtain

in p.(r2. tp) -  ill /і(гі , ip) < (/*2 -  f)Ve[r2) + s. 

whence passing to the limit as e -? 0 and taking into account (13) we get 

(1C) in li(r2,p )  -  in /i{ru ip) < {r2 -  n )i/(r2,<p).

Since n  and r2 are arbitrary, we can intercliange them and obtain also tire inequality 

(17) in /r (r ,, ip) -  in p{r2, tp) < (/-, -  r2)u(n,ip).
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Suppose that /'i < Then from (10) and (17) wc get

( I S )
hr /i(r2, ¥>) -  lu / / ( n , p) 

nn,<fV  s  — — — ------- гг,ф).

Inequality (18) implies that the function v(r,<p) is nondecreasing and, thus, contin­
uous with the exception of an at most countable set of points. Passing to the limit 
in (18) as n  —> г-t (and afterwards r2 -+ n ) , we obtain the equality (hi p(r,ip)) — 
n(r.<p). Lemma 2 is proved.

This lemma implies the following result.

Corollary 1. For all 0 < г о < r < R
Г

(19) ln ß(r,ip) =  hi p(ro,ip) + /  v{x,ip)dse.

From (19) it follows that if ß(r,<p) t  +oo as r t  Ä; then i/(r, ip) / •  +oo as r f  R, 
and (12) implies for each s  > 0 and all r Є (0, It) the inequality 

1 , 1- Ill ... .---- rr S T -------J----Г-vc{r,v) WF{vt (r,tp)) 
whence in view of the arbitrariness of e we obtain 

1 . 1

< r

(20 ) - In < r.
i'(r,<p)‘“ WF(p(r,ip))

By V(R) we denote a class of positive continuously differentiable on (0. +oo) 
function V such that v'(x) t  R  as a: -> +oo. If

in 1
»>(*)

v(x) є V(R)

tlien for every r  Є (0. Я) the function in №*•(#) +  rx = — v{x) +  rx  has a unique 
point of tlie maximum x  =  v(r,ip), which is increasing and continuous on (0. Я). 
and

(21 ) In /i(r, tp) = maxfln IVp(x) + rx  : x > 0} =  In WF(u{r,ip)) + ru(r, p).

3. Belonging of In //(r. p) to  a convergence Ф-class

Let 0 < R < +oo and Я(Я) be a class of positive functions Ф unbounded on (0, Я) 
such that the derivative Ф' is positive, continuously differeutiable and Increasing to 
+CX3 on (0, Я). For Ф є  12(Я) we denote by ф the inverse function to Ф'. and let

ф(г) = * ( r )
n r )

lie the function associated with Ф in the sense of Newton. As in [7), it. is possible to 
show that the function Ф is continuously differentiable and increasing to R on (0, R) 
and the function ф is continuously differentiable and increasing to Я on (0, -foe),
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Л.ч in і-41 lU]. wo say Ilia! hi /h г. у) belongs io а convergence Ф-с/е.ч* И' 
п
" Ф‘(г) !п /іі/'. у| Іг < + Х .

Proposition 1. Lei

mid

(23)

О <  Я < i x .  Ф ё Ü(H)

Ф "(г)Ф(г) ,

and у  fer a с!uiruct eristic /miction on probability law !■' пітіцііс in Тіц a tab that

In rrr-:— "  I’M  Є

її

( 2-1)

L <1>' In —Л —
V« 1Ї ( ;i ' )

then In /i(r, y) belongs to и ronvurgcvcc Ф-сіпни.

Proof. At, first we remark that the condition -••{.<• і €  VfJij implies the correlation 
v(.r) =  (1 +  о(1)):гЯ as X -» fo e , that is

-  In ~ ~ - r  ~ (1 +<K1))Â as X -f  foe,T И /. (.Г)
and the condition (2) holds.

Prom (23) it follows thal

Г dr 1 /' Ф"(r)dr _  £
J  Фіг) “  h J (*»(» ))ä ~  Ir& i r<i)

We pul

B(x) - f
J Фїг)

Then

and (2-і) implies

B(x) і  0 ns X t  R. B lx)  <
/іФ'(іі') '

7 < >  щп)л<+-(25)
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From the condition
In

1__
'■'(•'‘і € \'(R)

it follows that there exists a function v(r) =  v{r, ç)  increasing and contimious on 
(0. If) such that (20) holds, and in view of (25) and decreasing of D

It H
(26) J  B(r)th>(r) < J b [ ~  In M r )  < +OC.

rillt
н п я

+TC > J  B(r)dv(r) = B ( r ) u ( r ) ^ ' -  j  id r )B '(r )d v  > const +  j  ---(« Ir.
l'n rn l'O

Therefore, in view of (19)
IX

J
Ф'(с) In fj(r, tp) 

Ф -’('•)
dr

H
■ I Ы n{r,tp)cl _ U

ф(г)у ; const
/
■ t/(r, y)

Ф(г)
dr < + x ..

i.e. lu p(r. p) belongs to я convergence Ф-class. Proposition 1 is proved.

Remark J. We did not succeed to build an example indicative on importance of the 
condition

in =  V-(,) «  П(+ос),

I t seems to ns that it is superfluous, but for this purpose at least for the ease of 
entire functions it is necessary to prove the following statement: for every function 
«і such that i'i (.r) / '  + x  and

Vi (at)------ —̂ +OC' Û8 X —̂ “J~00
J*

their і crisis a function r f  V(R) such that, tn(jr) =  0(v(x)) as :r —> +oc and

Hiip{ — v{x) + xr  : X >  0} < A'sup{—■r’i(tr) -I xr  : r  > 6 )

sup{-v (x ) + xr : X > 0} <  К sup{-  t’j (.r) + x K r  : r  > 0}. 

when К  — const > 0.

P roposition  2. Let 0 < П < +oo, Ф Є SЦії). Ф'(г)/Ф(г) he a function, nonde- 
спшіпд on jru, П). and

(27) Ф"(г)Ф(г)
(* '(r))a

< H < 4-ас. V Є [/■«, R).

Suppose that ç  's a characteristic function on probability Une F analytic Hit such 
that (8) holds. I f lit p(r. g) belongs to a convergence Ф-class then (24) holds.
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Proof. Since the function Ф/(?,)/Ф(?') is non decreasing on [г<ь II), the function
Ф'(г) lit ß(r, Ifi)

Ф (r)
is continuous ami increasing to +oo on [гц, R). Therefore, there exists a function 
r(x) increasing to +OC and continuons on (,r0, +oc) such that 

Ф'і/ (.і )))и ß(r(m),ip) __

and since in view of (22)
Ф(П®))

(І(г)/Ф(г))(1г < + 00.

we obtain

J m k T ) dr{x) ■ j  Ш ) ,іги ') < + х -

Щ (Ij;
As above, let B(r) = J —a'-a . Using the l’Hospital rule we have

j? dx
Ф (V: ) Ф( Г )

Km В(г)Ф(г) =  lim — -----г — lim -~~~т < +oo. м *  4 ' MK l/<f(rj '■■■■■$ ф'(г)
Therefore,

xB (r{x ) ) ’
Ф'(г(;г)) 111 ll-(ljx). ifi)

Ф(Кж))

and

«  =  0 (1), * -  +CO,Ф г[г(:с)!

ço ЭО
I  B(r(x))dx -  xB (r(.v))\l^  -  I  xdB(r(x))

® 0 a?0
From (27) it follows that

n M  [ d r  1 f  <I’" |
і  Ф(г) - H J  (Ф'(г))2 ЯФ'(г)

Ф(г(;г))
< + 0О.

Я ft
/• dr ^  1 [ Ф"(r)dr 1

Therefore,

( 28)
dx

<  +00.
Ф ' і і

*0
But in ß(r(ji), <fi) > ln W f (x ) + xr(x), that is

, , ^  In ß(r(x), ifi) . 1 ,  1 Ф(г(х)) , 1 ,  1r( , ) < ---------------+ - 1а т е » 5 т а + - 1» т а ,
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whence
Ф(г(,т)) < In

l
Wp{x)

For some Ç = Ç(r) we have

0  < In <I>'(r) -  In Ф'(Ф(г)) =
Ф"К), ,,,, . , =  ф" (0  ф(/•) Ф"(^)Ф(€)
Ф'Ш ' ; Ф 'Ю Ф 'Г  (*'(«))'-

< я

i.e. Ф'(г) -  0(Ф'(Ф(г))) as r t  R  and. thus,

Ф '(ф ))  < А'Ф '(Ф(Ф))) < K V  Q l »  )  ’

where К  — const > 0. Hence and from (28) we obtain (24). Proposition 2 is proved.

Remark 2. Let
0 < R <  +00 and Ф(г) =  .4

Then the function Ф'(г)/Ф(r) is nondecreasing on [n>, R) if and only if the func­
tion x2A'(.x)/A(x) is nondecreasing on [.r().+ oc). The latter condition does not 
influence A on speed of growth but influences its smoothness. If R  — +oo the 
function Ф'(г)/Ф(г) is nondecreasing on [r0, R) if Ф does not increase slower than 
the exponential function. For the power functions this condition does not hold. It 
seems to us that the condition Ф'(г)/Ф(г) Z1 may be replaced by the condition 
(ф'(г))1+ч/Ф(7‘) /*  for some // € [0,1).

4. E stim ates of In I ( r ,  ip) by la /і (г, tp) 

We suppose that Ф Є П(ft) and

(29) Ф'(»-) : R - r
, r0 < r < R.

Then r +  l /V ( r )  < R ,
OO ОС-

/(r,v?)=  j  Wp(x)exrdx  =  J  И>'(-'-) exp{.r(r +  І/ФЧг))} ехр{.г/Ф'(г)}Л 
о о

< /г(г+ 1/Ф'(»'),¥>)Ф'{г)

X <

and
ln I(r, tp) < ln p(r +  1/Ф, (г), p) +  ln ф'(г)

for all r0 < r  < R . Therefore, if

(ЗО)
'  Ф'(г) ln Ф'(’г) 

ФЦг)
dr <  +оо,
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then

r
ï>'(r) ln I(r, p)

ф-’(г)
ril

ft

* /
Ф'(г)1п + const.

Ф2(г)

Using this inequality it is easy to prove following proposition.

P roposition  3. Let 0 < R < + 00, Ф Є fi(ff), the conditions (27), (29), (30) hold 
and Ф'(г + 1/Ф '(г)) < #,Ф '(г) /o r all r Є jr0, Д), where H\ -  const > 0. Let tp be 
a characteristic function on probability law F  analytic in  Вд. I f  in ß(r, <p) belongs 
to a convergence Ф-class then In I(r,<p) belongs lo such class as Well-

Proof. Since Ф'( r  +1 /Ф'(/■)) < ЯіФ'(г)), we have in view of (27) for some ^ =  f{r) € 
(r, r  + 1/Ф'(г))

Ф2(г +  1/Ф'(г)) Ф2(г)
Ф'(г + 1/Ф 'М ) 1 Ф'(г)

2 ФЧ|)
'  ф(0

ф "(р
Ф'(С)

1
ф'(г)

ФЧ0 „ Ф"(ОФ(£) - я  ф ,(0 „ Ф"(€)Ф(^)
ФК)Ф'(г) - (Ф'(Є))2 -  ‘ Ф(/)Ф'К) '  (Ф '(0)а

• о. /• t  R

that is
Ф'(г) (1 +  о(1 Æ e i ,  П АФ2(г) 4 ' " Ф 2(г +  1/Ф'(г))

From (27) it follows also that Ф"(г) = о((Ф'(г))2) as r t  R- that is 

1 -  Ф"{г)/(Ф'(г))2 > Я! > 0.

Therefore, for some »4 > ro in view of (30) we obtain
IX

I
Ф'(г)1п I( r ,4>) 

Ф Hr) dT- J
Ф '{>•) in ß(r  +  І/Ф'СО-у’)

Ф2(г)
гіг + const

< 2 j
Ф'(г + 1/Ф 'М ) ln i4r + 1/Ф'(г). !fi) гі(г + 1/Ф'(г))

Ф2(г + 1/Ф'(г)) 1 -  Ф"(г)/(Ф'(г))2
г, +  const

Ф'(г + 1/Ф'(/')) In /|(г + 1/Ф'(г). р) 
Ф2(г +  1/Ф'(г))

гі(г +  1/Ф'(г)) + const < +QO.

Proposition 3 is proved.

Remark. 3. The condition (30) is significant. In [9j it is shown that this condition 
is near to necessary in order that the logarithms of the maximum modulus of an 
entire funct ion and the maximal term of its power development belong to the same 
convergence Ф-elass,

For R  =  +OC the inequality (29) is trivial. Clearly in the case R < +oo the 
condition (29) is natural.
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Finally, the condition Ф'(г + 1/Ф '(г)) <  НіФ'(г)) for r є  [го, R) is a condition on 
the smoothness of Ф'. If R — +oc then by Borel-Nevanlinna theorem [2, p -120 121] 
Ф'(?‘+ 1/ф'(г)) < (1 +е)Ф'(г) for every s  > 0 and all r  > ro outside of a set of finite 
measure.

5. M ain result and colloraries

Hence wo obtain a theorem on the belonging of the characteristic function 9? of a 
probability law F  analytic in Dr to convergence Ф-class, that is 

n

/
'' Ф'(ї’) In M (r, ip)
----- ' ■■■■.------ dr < + 00.

Ф 2 ( г )ГО
At first we remark that if Ф'(г)/Ф(г) be a function, nondecreasing on [nb R) then 
Ф"(г)Ф(г) -  (Ф'(г))2 > 0 and, thus, the condition (23) holds. Therefore, using the 
inequalities (7) from Propositions 1-3 we obtain the following main result:

T heorem . Let 0 < R < + 00, <I> Є f t(R), Ф'(г)/Ф(г) be a function, nondecreasing 
on [ro, Я), Ф'(г +  1/Ф'(г)) < H] Ф'(г) for all r Є [rn, R), where H i =  const > 0, and 
the condition (27) (29), (30) hold. Suppose, that tp is an analytic, in Од characteristic 
function on probability law F such that (8) holds.

Then in order that tp belongs to a convergence Ф-class it is necessary and in the 
case, when

it is sufficient that (24) holds.

We bring several colloraries to this theorem. At first we suppose that 

0 < R < 00, 0 < g < зоФ(г) = (Я -  r)~e.

Then

<!>'(»■) = e{R -  r ) " (e+l) > (R -  г)-1 .
1ф 'и  _

Ф(г) e ( R - r ) t  +00 as r t  R,

and

Ф'(г) >  ( R ~ r ) - \  Ф/(г +  1/Ф '(г)) =  (И-о(1))Ф'(г) as r f R

Ф(г)Ф"(г)(Ф(г) ) -2 =

Thus, the faction Ф(г) = (R — r)~ e satisfies all conditions of the Theorem, We 
remark also that

Ф ' Г І Щ .  1
.г- И 'Нг)

„( д _  і  i„ _ J _ _ V (e+1> _ f \n(Wr(x)c^)Y {e+l)
X И0г(х)

Therefore, our Theorem implies the following coliorary.
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Corollary 2. Let 0 < R  < -hoc. 0 < g < ос and be a characteristic function on 
probability lair F analytic in 10>ŷ. such that (8) holds. Then in order that 

n
J ( R -  r )«~* In M(r,tft)dr < +OC,

it is necessary, and in the. case when
1

In
П > ( . г )

v(x) Є

it is sufficient that.

I  ^ n ( W F(x)eHn j  dx

Now we suppose that 0 < о < oc and

(31) ф(г) = (7п Ь у " Ч л Г 7 }-
Then

Ф'(г) = (( їгЬ )*  + (ТГ^Туї) l'xp { я Ь }  =
(1 + o(l ))e f в
-Jr ^ vF ^ X r ^ -

„2

, r t R ,

. (1 + o{l))e2 f  g 1
t ( r ) a W ~ g p \ F 7 l -  r T *'

and. therefore,

and

Ф '(r) 2 о
щ  = л г ;  + t  + * ,  ф чг  + 1/Ф 'И ) =  (і + »а))ф '(г))

Ф"(г)Ф(г)
=  1 +  о(1).(Ф'(г))Я

as r t  /?. Thus, the function (31) satisfies all conditions of the Theorem and we 
obtain the following

Corollary 3. Let 0 < U < -hoc, 0 <  g <  oc and ç  be a characteristic function on 
probability law F analytic in D/?. such that (8) holds. Then in aider that 

R
j  0ехр I ~ I & i(r. ip)dr < +00,
T‘o

it is necessary, and in the case, when

hi Г77-7-Г = v{x) Є V(R).VT FW-)
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it is sufficient that

h i - In (i VV(:r)(-:Rr)
ІП ІІІ / (./ if ltJ ;

dr < +oc.

Finally, let
R =  + 00, 0 < q < oc and Ф(г) = e.er,

Then
Ф'(ї’) = ee°\ Ф '(г)/Ф(г) =  1/n, Ф(г)Ф"(г)(Ф(г))” 2 =  1

and
Ф'(г +  1/Ф'(г)) =  (1 +  о(1))Ф'(г) as г •+ +30, 

that is all conditions of the Theorem hold, and we obtain the following

Corollary 4. Lei 0 < Q < oo and ip be an entire characteristic function on proba­
bility law F . Then in order that

OC

j  e~Qr In M(r,  ip)dr < -foe, 
о

it is necessary and. in the case when

In т ї г т і  = v№  e v'(+00)-

it is sufficient that
oo
j (H > (i))e/' *  < + 00.
0

References

[1] Ju.V.Liniiik and I. V. Ostrovskii, Decompositon of random variables and vectors. 
Moscow: Nauka (1972). 479. in Russian.

[2] A. A. Gol'dbcrg and I. V. Ostrovskii, Value distribution of meromorphic functions. 
Moscow: Nauka (1970). 592, in Russian.

[3} Jit. M. Gap and M. N. Sheremeta, Belauding of analytic functions to n covcrgence 
class, Dopovidi AN URSR, Ser. A 7 (1985), 11 14, in Ukrainian.

[4] G. R. MacLano, Asymptotic values of Holomorphic function, Rice Uuiv. Studies 49 
* (1903), 83.

[5j M. N. Sheremeta. On belonging of entire entire characteristic functions an probabil­
ity laws to a convergence class. Dopovidi AN URSR, Ser. A 8 (1975). 090-4)99, in 
Ukrainian.

|6] V. M. Sorokivskii. On the growth of characteristic functions on probability la ws. Dro- 
gobveh 1980, 20. Manuscript dep. in VINÏTÏ 17.12.80, N 5330-80 Dop.. in Russian.



22 L. V. Kulavets, О. M. Mulyava. and M. M. Sheremeta

[7J M.N. Sheremeta and S. I. Fedynyak. On the derivative of Dirichlet series, Siberian 
Math. J. 39, no. 1 (1998), 206-223.

[8) О. M. Mulyava and M. M. Sheremeta. On a convergence class for Dirichlet series.
Bull. Soc. Lettres L6dz 50 Ser. Rech. Deform. 30 (2000). 23-30.

|9| P. V. FHevych and M. M. Sheremeta. On a convergence class for entire, functions. Bull. 
Soc. Lettres Lodz 53 Ser. Rech. Deform. 40 (2003), 5-16.

[10] O. M. Mulyava, M. M. Sheremeta, and O.M.Sumyk, Relation between the maximum 
modulus and the maximal term of Dirichlet series in terms of a convergence class, 
Bull. Soc. Lettres Ltklz, Ser. Rech. Deform. 62, no. 2 (2012), 93 105.

Chair of Function Theory and Probability 
Lviv National University 
Universytetska 1 
UA-79000 Lviv 
Ukraine
e-mail: m_m-slicremcta@list.ru

Presented by Adam Paszkiewicz at the Session of the Mathematical-Physical Com­
mission of the Lodz Society of Sciences and Arts on December 2, 2013

O PR ZN A LEZN O SC I FU N K C JI C H A R A K TER Y STY C ZN Y C H  PR A W  
PRA W D O PO D O B IEN STW A  DO K LA SY  ZBIEZNOSCI

S t r e s z c z e n  i e
Badany jest warunek na prawo prawdopodobienstwa, przy ktoryin jego funkeja cliarak- 

terystyezna nalezy do pewnej klasy zbieznosci.
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