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On exact solutions of nonlinear equation

A method for construction of exact solutions to nonlinear equation u; = (F(u)uy)x + G(u)ux + H(u)
which is based on ansatz p(x) = wi(t) p(u) + wy(t) is proposed. The function p(x) here is a solution of
equation (p')* = Ap? + B, and the functions w1 (t), wa(t) and ¢(u) can be found from the condition that
this ansatz reduces the nonlinear equation to a system of two ordinary differential equations with

unknown functions w;(t) and wa(t).
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1. Introduction

The paper is devoted to construction of exact solutions to nonlinear equation

au

ou
Q &{F( )—} 6w X+ Hw, )

This equation under G(u) =const describes unsteady state heat transfer in a medium that
IS moving with a constant velocity, where the thermal conductivity coefficient and the
reaction speed coefficient are arbitrary functions of temperature. The soliton solutions of
equation (1) are presented in [1].

In the case G(u) =0 we have equation
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which describes unsteady state heat transfer in an unmovable medium. Group
classification of a class of equations of this type and exact solutions for different
functions F(u) and H(u) are presented in [1-5].

In this paper we propose a method for constructing new exact solutions to

equations (1) and (2). To solve these equations we use the ansatz
P(X) = @ () p(u) + o, (1), 3



which contains the unknown functions w,(t), w,(t) and ¢(u), whereas the function p(x) is
a priori predefined. Assume that p(x) is a solution of equation
(p")" = Ap*+B,

and then determine functions w(t), w,(t) and ¢(u) using the reduction idea. Namely,
assume that the ansatz (3) reduces given equation to a system of two ordinary
differential equations with unknown functions w;(t) and w,(t). This approach gives a
description of a class of equations of the forms (1) and (2) that have solutions of the
form (3), as well as an effective technique for constructing such solutions. An ansatz of
the form (3) is used in [6,7] for constructing exact solutions of nonlinear wave equations

and Korteweg—de Vries equations.

2. Exact solutions of equation (1)

In this section we determine the functions F(u), G(u) and H(u), for which equation

(1.1) has solutions of the form
X =y (t)p(u) + o, (1), (4)
I.e. admits the ansatz (4). This ansatz contains the three unknown functions wi(t), w,(t)
and ¢(u). These functions will be determined from the condition that the ansatz (4)
reduces equation (1) to a system of two ordinary differential equations with unknown
functions w4(t) and w,(t). In order to obtain this system we substitute equation (4) into
equation (1):
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If there exists a solution of equation (1) of the form (4) than the obtained equation

(2.2) means that the functions
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are linearly dependent. The functions 2', i are linearly independent, so all other
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functions (6) should obey the condition that they are representable as a linear

combination of the functions £, i We have
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for some A, e R. Substitute (7)—(9) into equation (5):
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The functions 3, and i are linearly independent, so equation (10) splits into a system
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of equations
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Let F'(u) = 0. Integrating equation (7) which is linear with respect to the function

F=F(u), we find
F = (4 [gdu+ u+ Al (13)

where A is an arbitrary constant. As a result we can formulate the following theorem.

Theorem . Let F'(u) =0 in equation (1). If equation (1) admits the ansatz (4), then
the functions F(u), G(u) and H(u) are defined by the formulas (13), (8) and (9),
respectively, whereas w4(t) and w,(t) are solutions of the system of equations (11), (12).

In accordance with Theorem 1, the function ¢(u) in the ansatz (4) is arbitrary,
whereas the functions F(u), G(u) and H(u) can be represented via the function ¢(u).
Finding solutions of form (4) of equation (1) is reduced to integrating the system of

equations (11), (12). Rewrite this system in terms of new functions v, and v;,
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Then this system transforms to
v)'= 11\/13 + ﬂzvlz + AV, (14)
V,'= (}1\/12 + A4V + AV, + :ulvlz TVt A (15)

Consider three possible cases.
a) Case 4, #0, 4, =4,=0. The equation (1) has the form
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where the function F(u) is defined by the formula (13). The general solution of the
system (14), (15) for 4, =4, =0is
v =[-24(t+c)]%,

v2:_%+ﬂz[ 22,(t+c,)]* - ﬂl[ 24 (t+ )]+ o[- 24t +0)],

where ¢, and c, are arbitrary constants. As a result we have the following solution to

equation (16):
o) =[- 2/?1(t+0)]2><+z—ﬂ2[ 22,(t+¢)] 7 + ﬁl[ 22t +c)]-c,[- 24t +c)] 7. (17)

Setting 4, =, = 1, =0 and ¢,=0 in (17) we obtain automodel solutions

o(u) =[- 24+ )] x (18)
to equation
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where the function F(u) is defined by the formula (13). Solutions of the form (18) are
studied in [5].

b) Case 4, =4, =0, A4, #0. The general solution of the system (14),(15) is defined
by the formulas

Vp =C eXp (ﬂgt):
v, = “;Glexp(zﬂgt)wzctexp(ﬂgt)— e P,

Equation (1) in this case becomes
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and has the following family of solutions:
p(u) = cxep(A) - ”;31 P (241) — 1, P () +Z_C‘* e (4. (21)

When we set x4, =0 in (21) we obtain a family of solutions

o(U) = cxexp(At) - ‘1 &P (24.t) + Z —c, e (At).



to equation

(;—u =%{(mu + A)q)'%}%(ﬂgwﬂg)- (22)

c) Case 4, =0, 4, #0, 4, #0. In this case equation (1.1) has the form

gt—u:§|:(/Jlu+A)(pl%:l‘f‘(13(04‘/12)%‘{‘%(/73(04_#3)7 (23)

and the general solution of the system (14), (15) is defined as

256, P (A;t)
C, — /1201 eXp (ﬂvst) ’

1

A exp(4st)
ﬂz C, — }“201 exP(ﬂst)

exp(4yt)
C, — /Izcl EXp(/Lst)

' |n‘C2 -4, eXp(ﬂ?t)‘ + (luz/qs — Uz, )clt

HsCy + A4C, eXp(ﬂ-st) .
A45(C, = 2,€, @0 (At)) - €, — A,C exp(Aqt)

V2:

Substituting these expressions for v; and v, into ¢(u) = v,X — Vv, we obtain solutions to

equation (23).
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IIpo To4HI po3B’A3KHM HEJIIHIHHOTO PiBHAHHA
3ampornoHOBAaHO ~ METOJ ~ MOOYAOBM  TOYHHUX  PO3B’SI3KIB  HENIHIMHOTO  PIBHSHHA T
Uy = (F(u)uy)x + G(u)uy + H(u), KU IPYHTYEThCS Ha BHUKOPHCTaHHI i ICTAHOBKH
P(X) = wi(t) p(u) + wo(t), me dyskuis p(X) € poss’sskom pismsuus (p')° = Ap? + B, a yHkuii wi(t),
w>(t) ta @(U) 3HAXOMATHCS 3 YMOBH, IO JaHa IiJCTAHOBKA PEIYKY€ DIBHSAHHS J0 CHCTEMH JIBOX

3BUYAWHUX TU(PEPCHIIIANBHIX PIBHIHD 3 HEBITOMUMHU QYHKIIsIME 1(t) Ta wa(t).

Kitro4oBi ciioBa: TEOpETUKO-TPYIIOBI METOAU, IHBApiaHTHI PO3B’A3KU, HEJIIHINHE PIBHAHHA 1,
b

y3arajgbHEHE PO3/ICHHS 3MIHHHX.
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O TOYHBIX pelIeHUusIX HeJIMHEHHOTr0 ypaBHEHU s

[Mpemnoxen METO/ HOCTPOCHUSI TOYHBIX perieHni HEJIMHEWHOT O ypaBHEHHUSI
Ug = (F(u)uy)x + G(u)uy + H(u), ocHoBaHHBIN Ha UCMONB30BaHUH TOACTaHOBKH P(X) = w1(t) ¢(u) + wo(t),
rae Gynkmms p (X) sBusercss pemennem ypasuenust (p)° = Ap? + B, a gymkmmn wi(t), wa(t) u o(u)
HAXOMATCS W3 YCJOBHS, 4YTO JaHHAs IIOJCTAaHOBKA pEAyLUPYET YpaBHEHHE K CHCTEME [BYX

OOBIKHOBEHHBIX U PEepeHIINATBHBIX YPaBHEHUH ¢ HEM3BECTHBIMU QYHKIHAMU @1 (t) 1 wo(t).

KiroueBsle cnosa: TCOPECTUKO-TPYIIIOBBIC MCTOABI, TOYHBLIC PCIICHUA, HEIUHEHHOE YpaBHCHHE,

00001mEHHOE pa3iesieHue ePEMEHHBIX.
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