IH®OPMAIITHHI TEXHOJIOI'TI

YK 004.45

SOLUTION OF HEAT EQUATION STATIONARY PROBLEM

S. Makovetska, O. Seidykh, I. Fomenko
National University of Food Technologies

Key words:
MathCAD
Partial derivatives
Heat-transfer equation
Built-in functions

ABSTRACT

Article history:
Received 05.12.2014
Received in revised form
15.01.2015
Accepted 03.02.2015

Corresponding author:

This paper aims to propose the use of information technology
in solving problems of mathematical physics. The paper
describes the software implementation of the solution for heat
equation with the use of MathCAD mathematical package.
Benefits of using information technology in solving different
problems of mathematical physics were analyzed in
comparison with traditional methods during university course.
The specificity of combination of mathematical physics
problems and built-in functions of MathCAD environment
makes it possible to operate with no cumbersome expressions.

Promising area of future research is methodical. mathematical
and algorithmic aspects of efficient software implementations
of numerical methods within MathCAD environmemt.
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PO3B’A30K CTALIIOHAPHOI 3AAUI PIBHAHHA
TENNOMNPOBIAHOCTI

C.B. Makosenbka, O./I. Ceaux, L. A. ®omeHnko
Hayionansruiil yHieepcumen Xapuoeux nexHonoliil

V' emammi pozensHymo npocpamui peanizayii po36’A3KY PIGHAHHA NIenionpo-
gionocmi 3a donomozoro mamemamuurozo naxema MathCAD. Ilpoananizoearo
nepeeaclt GUKOPUCIAHHA THOPMayitiHux mexHo102ill v npoyeci po3e a3xy 3ada
MameMamuyHoi Qizuxu NOPieHAHO 3 NMPAOUYITIHUMU MEMOodaMi 10 HaC HAGUAHHS
envoennie v BH3. Cneyugixa noeoHanus v npoyeci po3e sa3awHa 3aoau mame-
MamuuHoi ¢hizuxu i ebyooeanux gyuxyiil cepedosuiya MathCAD Hadae rosciu-
GiCNIL VHUKHVINU 2POMI3OKUX 6upasie. IlepcnexmuHum HAnpamom nooaroudiix
HAVKOGUX 00CTI0XNCeHb € MenoouyHi, MamemMamuyHi il ancopummiyHi acnexmu
CHIGOPEHHS  eheKmUGHUX — NPOSPAMHUX — peanizayill  YUCeTbHUX — Menoodié
cepedoeuityi MathCAD.

Knrwuosi cnosa: MathCAD, wacmunui noxioHi, pieHAHHA MenIonpogioHocmi,
66VOo6ani Qyuryii.

Introduction. Mathematical package MathCAD 1s popular among mathe-
maticians-non-programmers first of all because of its WYSIWYG — interface (e.1.
“What You See Is What You Get”) that best approximates the look of traditional
Mathcad mstruments to calculations “on paper”.

MathCAD package 1s one of the widespread packages containing “the math of
an engineering university” and provides the user with a great set of tools for

86 —— Havkoei npayi HVXT 2015. Tom 21, Nz 2



INFORMATION TECHNOLOGY

implementation of many methods of solving mathematical tasks with the help of
the computer.

As a rule, the process of solving partial derivatives equations is a tedious
scientific work that requires extensive training of the researcher. Working on
solving equations often starts with examination of greatly simplified cases in order
to develop the algorithm for solving the problem and figure out its features in terms
of computational experiments. Here you may fully experience the benefits of
MathCAD package — its simplicity, intuitive WYSIWYG-interface and using by
nonprofessionals. Solving the heattransfer problem using MathCAD package [2] 1s
illustrated n this article on a simple example.

The purpose of this paper is to prove expediency of using built-in functions of
MathCAD package in solving the tasks of mathematical physics.

Differential equations in partial derivatives represent one of the most
challenging and at the same time interesting tasks of computational mathematics.
These equations are characterized by the fact that there is no single universal
algorithm of solving them.

One can successfully simulate the most complex phenomena and processes by
equations 1n partial derivatives (diffusion, hydrodynamics, quantum mechanics.
ecology, etc.).

Different equations in partial derivatives require finding not one function, as for
tolerance range, but several variables, for example, f{x,v) or flx,7). Formulation of
such problems include the equation (or system of equations) containing derivatives
of the unknown function on different variables (partial derivatives), as well as a
number of boundary conditions on the boundaries of the computational domain [1].

The Research Methods. A heat equation is considered as an example. A
special case of the heat equation determines the stationary one that is time-
dependent problem. A stationary equation describes physical picture of temperature
distribution on a plate that does not change over time. This picture can be provided
under condition that the stationary heat source operates for a long tume, and
transients caused by switching it stopped. If the function is independent of time,
then the time derivative on the left side of the equation is zero, and the equation
can be written as follows:

~2 ~2
2 Py
22 T(x,y)+ WT(.\‘,)') =—f(x,y). (1)

Poisson’s equation is most often used to describe some stationary processes, for
example, temperature distribution over an area around the source (i.e. stationary
process of heat distribution). In MathCAD system solution of Poisson’s equation is
sought in nods of dimension grid of points (AM+0)x(AM+1) (where M=2n) at the
corners of which the necessary boundary conditions must be given. If the heat flow
is completely dissipated by the environment, they should be zero. There is a special
function multigrid (F, neyele) in MathCAD for description of this most common
situation.

In the function:

- F — matrix of dimension (M+0)x(M+1) (where M=2n), which defines the
right side of Poisson’s equation. In case of description of stationary process of heat
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distribution it is necessary to determine position and strength of the source (or
absorber) of heat in the function. It is necessary to specify the initial conditions in
the edge elements of matrix F (this way the system is given dimension of grid
solution).

- ncyele — this parameter determines the number of cycles, that are used by
numerical algorithm for each iteration. In most cases it is determined as 2 [4].

An example of solution of stationary equation of heat conductivity is below.
Please note that the matrix of right-hand side of Poisson’s equation F must be
defined with the opposite sign.

Solution of Poisson’s equation when there is one source using MathCAD and
Sunction multigrid
- set dimension of approximating grid:

M=2;
- determine the boundary conditions:
Fly, =0;
- set coordinates power of the source and its power:
X =13,Y =13, Power :=12300
Fly y =Power .
Poisson equation can be solved using the multigrid as follows:
Tl :=multirig(-F12).

Heat eqution stationary problem solution is presented in Table 1:

Table 1. Solution of Poisson’s equation when there is one source

0 | 2 3
0 0 0 0 0
1 0 0.021 0.042 0.063
2 0 0.042 0.084 0,127
3 0 0.063 0,127 0.19
4 0 0.084 0.169 0.254
T1 = 5 0 0.105 0,211 0,317
6 0 0.126 0,252 0.38
7 0 0.145 0,292 0.441
8 0 0.164 0,329 0.498
9 0 0.18 0.363 0.55
10 0 0.194 0.391 0.594
11 0 0.205 0.414 0.63
12 0 0,213 0.43

Solution of Poisson’s equation from one source is visualized at Figure 1 (a) —
surface plot, b) — counter plot).

By means of multigrid function one can simulate the situation when several
sources and absorber of heat locate on one area. For this it is necessary to
determine the needed elements of the matrix £.
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Fig. 1. Poisson’s equation solution with one source given

In cases when the Poisson equation has non-zero values of the boundary
conditions, its solution can be obtained with the help of special built-in function
relax (a, b, ¢, d, e, F, v, rjac), where

- a, b, ¢, d, e — square matrices of equal dimension containing coefficients of
approximating differential equation of five point diversity scheme.

- F— square matrix that corresponds to the right side of the Poisson equation;

- V — square matrix containing the boundary conditions and initial approxi-
mations for solution:

- rjac — the spectral radius of the Jacobi iteration. It can take values from 0 to 1
and 1s needed to characterize the rate of convergence of iterations.

The function relax uses relaxation algorithm (refers to methods of uncons-
trained minimization of functions of several variables) for solving equations of
mathematical physics [4].

In fact, thus feature can be used to solve elliptic equations of general form:

A2 A2 ~2 A ~
S u o u ou ou ., ou
A—=—+2B—+C—S—+a—+b—+cu=F(x,y) )
o x” oxcy o' y” ox oy
2
D=A4C-B" >0,

which can be reduced to an equation in finite differences
IRV Y N TR JONTHIRE SN TRPRE SN TR f:; .

In partial case for the Poisson equation coefficients

a; ; =b,_j =¢; :a’,._j =Le,=-1.

The 1dea of relaxation method is as follows. If there are no sources (Laplace
equation), then the value function in this node at the current step A+1 1s defined as
the average value of the function at the nearest nodes in the previous step & [3].

Relaxation method converges rather slowly, as in fact it uses the difference

2
scheme with the best possible step for two-dimensional case t= % :

Using relaxation method one has to set an initial approximation, i.e. the function
value for all nodes of the field and boundary conditions.
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Relax function returns a square matrix. wherein: location of an element in the
matrix corresponds to its position inside the square matrix; this value approximates
the solution at this point.

Relax function is used when value of the unknown function Ufx,y) are known
on all four sides of the square area.

Here is a sample of solution of Poisson's equation using the scheme of
approximation of the “cross” type.

The solution of the Poisson equation using functions multigrid and relax should
be considered. For example, there are two sources of energy with a capacity of 150
units and 300 units. Coordinates of the energy sources: the first source is m the
middle, the second is twice shifted from the first and works in negative coordinate
systems. Results should be presented in a surface plot.

Solution of Poisson’s equation having several heat source and absorbers using
MathCAD and relax function
The approximating matrix should be set:

M=2
i=0.M Jj=0.M
a; ; =1

b=a,el=-4-a,cl=a,d=a
Flyy =0
Flyyy =23 Fljz3=-29
v,; =0
Z =relax(ab,cld el,—F1v)0.,5) .

Graphic solution of Poissons’s equation with several heat sources and
absorbents given with the use of relax function (a) — surface plot. b) — counter
plot) is presented at Figure 2.
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Fig. 2. Graphic solution of Poisson’s equation with the use of relax function
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7 isson’s equation having several heat sources and absorbers usin,
Solution of Poisson g
MathCAD and multigrid function.

Rl=2Trpp=0
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T2 = multirid(-1,2)

Graphic solution of Poissons’s equation with several heat sources and
absorbents given with the use of MathCad multigrid function (a) — surface plot,
b) — counter plot) is presented at Figure 3.
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Fig. 3. Graphic solution of Poissons’s equation with the use of MathCad multigrid function

This way the built-in MathCAD functions allows to solve mathematical physics
tasks.

Conclusions

This paper gives an example of using the differential equations for modeling such
real process as thermal conductivity. Numerical and empirical methods are often
used for solving direct and inverse tasks in many fields of physics, mathematics and
other natural sciences. The role of differential equations in solving of such tasks
should be noted, as it 1s not always possible to determine the functional relationship
between searched and given variables, but one can establish the differential equation
that allows to predict precisely course of a certam process under certam conditions.

When using MathCAD, the numerical solution of differential equations in
partial derivatives can be easily found.

Solution of heat conductivity equation was found by means of built-in functions of
MathCAD package, what allowed to avoid operation with cumbersome expressions.

Solving task using MathCAD gives the user an opportunity to enhance the
mtellectual activity, ability to automate calculations, and to visualize the results of
the calculations due to powerful graphic.
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PELWLEHUE CTALUMOHAPHOM 3A0AYM YPABHEHMA
TEMNONPOBOOAHOCTHU

C.B. Marosenkras, O./1. Cenpix, H.A. PoMeHKO
Hajuonanvmwiil yHueepcumen nuugesuix mexHo102uil

B cmanwe paccvonipenst npocpaviniieie peamnizayiil peuiens VPaHeHs menio-
HPOGOOHOCTNU € NoMoufbio mamemamuyeckoco naxema MathCAD. Ipoananusu-
POGAHBI NPEUMYIECEA UCTIONb306AHUSA UHGDOPMAYUOHHBIX MEXHOTO2UTI 6 Npolecce
PeULeHUA 3a0a4 MAMeMamu4ecxkoll QUK ¢ CPAGHeHU ¢ MPAOUUOHHBIMU Meno-
oamu 6o epema obyueHus cmyoenmoe ¢ ¢vze. Cneyughuxa covemanus e npoyecce
Peuterus  3a0ad  MamemMamu4eckoil  QuaUku U CIPOEHHbIX @DVHKYUI  cpedbl
MathCAD oaem eozmoxcrocnin uzbexcams pomMo3oxix evipadxceruil. Ilepenexmuie-
HBIAM HANpaegieHueM OATLHEelUUX HAVUHBIX UCCTe006AHUN AGTAIONICA MenootyecKlle,
Mamemanudecxue 1 areopumMuUYecKie acnexknvl Co30aHus IPhgexniieHuIx npo-
SPAMMHBIX peanuzaiiil YUCIeHHbIX Menodoe ¢ cpede MathCAD.

Knroueewie cnosa: MathCAD, uacmuvie npouzeooHvie, YPAGHEHUA MENI0NpPoGoo-
HOCHIU, 6CHIPOEHHbIE DVHKIYLIL.
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