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VIIK 517.9
O. K. Mazur (National University of Food Technologies)

Optimal control in non-self-adjoint elliptic boundary value problem
with terminal criterion

We obtain precise solution of the optimal control problem for elliptic equation with nonlocal bound-
ary conditions in a circular sector with terminal quadratic cost functional in the class of controls
that depend only on the angular variable.

B pobori ofep:kano TouHMIT PO3B’A30K 33029l ONTUMAIBHOTO KEPYBAHHS /TSI €IITUYHOTO DiBHSTH-
Hsl 3 HEJIOKAJBHIMHI KPAWOBUMY yMOBAME B KPYTOBOMY CEKTOPI T4 3 KBaIPATUIHUM TEPMIHATLHUM
KPHUTEPIEM AKOCTI, B KJIaci KepyBaHb, O 3a/1e¥KaTh JUIIE BiJl KyTOBOI 3MIiHHO].

1. Introduction.

The theory of linear-quadratic optimal control problems for distributed systems
is well researched [1], [2] and for many cases with the help of Fourier method it can
be reduced to countable number of finite-dimensional problems [3]. In this paper we
consider control problem for elliptic equation with non-local boundary conditions
in circular sector [4], [5| with terminal quadratic cost functional. This problem does
not allow total splitting and using L2-theory. For resolving this problem in the class
of controls that depend only on the angular variable we use apparatus of specially
constructed biorthonormal basis systems of function [6].

2. Setting of the problem.

In circular sector Q = {(r,0)|r € (0,1), & € (0,7)} we consider the optimal
control problem

Ay = %%(T%) + TLZ% - U(@), (T7 (9) €Q,
y(1,0) = p(0), p(0) =0, (1)
y(r,0) =0, r € (0,1),
5 (r,0) = g5 (r.m), v € (0,1),
J(y,u) = lly(e)|h + [lulll, — inf, (2)
where p € C1([0,7]) is given function, a € (0,1) is given number, || - ||p is norm in

L?(0, ), which is equivalent to standard one and is given by the equality

~ 1/2
lvllp = Zvi) , where vn/v(ﬁ) 2(0)d0,
n=1

0
2 4 ) 4
= P(ﬂ' —0)sin2n0, 9,-1(0) = = cos 2n0.

The aim of the paper is to find optimal process of the problem (1), (2) in classical
sense, that is, to find optimal among admissible processes

{u,y} e C([0,7]) x (C(Q)NCHQ)).

For the application of the spectral method we use biorthonormal and complete in
L?(0,7) well-known Samarsky-Tonkin systems of functions [6] W' = { ,}2°, and

O = {po(0) = 0, pa,(0) = sin2nb, po,_1(0) = 0 cos2nb}:° . (3)

Hayx. sicnux Yorczopod yn-my, 2011, sun. 23



Optimal control in non-self-adjoint elliptic boundary value problem 5

Then Yu € L?(0, )

0) = Z U - o (0), (4)

where u, = [ u 0)df. So we seek solution of the problem (1) in the form
y(r,0) = yo(r)0 + Z (Y2n—1(r)0 cos 2n0 + ya,(r) sin 2n0) , (5)
n=1

where functions {yx(r)}2, are solutions of the system of ordinary differential equati-
ons

d dyo

dT( dT) 7T'u0) yo(l) :p07 (6>
d dyap—
r-—\r- k-1 _ (2k)2y2k_1 =r. Ugk—1, y2k—1(1) — D2k—1, (7>
dr dr
d d
T% <T ' %) N (Qk)2y2k — Ak - yop—1 = - Uk, Yau(1) = pax, (8)
where py, = fo - 1 (0)do.

Thus the or1g1na1 problem (1), (2) is reduced to the following one: among admi-
ssible pairs {u,(r), y,(r)}2, of the problem (6) - (8) one should minimize the cost
functional

J(y,u) = y(0) + ud + D0 (v (@) + yhile) + i, Fud) = dot D e (9)
k=1 k=1

and for obtained process {i,, ,(r) }5>, one should prove that the formula (4) defines
function from C([0,7]), and the formula (5) defines function from C(Q) N C?*(Q).
3. The main result.
For fixed set {uy}:°, after integration of (6) - (8) and using conditions at r = 1
and conditions ll_r)% Yn(r) = 0 we obtain the following formula

2

U T

yo(r) = p — -+ o (10)

yi(r) = pir® + <% I, (11)

volr) = par® + 7% (G’ 4 (F 4 py = ) ). (12)

and for k > 2:
U2k—1 2% 9 Ugk—1
() = - e 13
icr(r) = (o = 2 ) 13)

1 Ak - ugp—
_ 2% 2%k—1\ 2k
Yar(r) = parr™ — Ty OBE <U2k YT (2k)2> rt

1 4k - ugp—1\ o Uok—1 2%
+4_ k)2 <u2k+ 1= (2k)2> re 4+ <p2k_1 1= (2k)2> r<*lnr. (14)
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Then admissible set {g(r), @ }32 o minimizes (9) if and only if when 1y is solution
of
Jo — inf, (15)

and for Vk > 1 {fgp_1, Tk } 18 solution of the problem
Jp — inf . (16)

From formula (10) — (14) we can deduce that Jy and Ji are quadratic forms on
variables up and {ugk_1,u2x }, and, additionally, Jo > u, Jx > u3,_, + u3,. So the
problems (15), (16) have unique solution {y }3°,, where for k > 2

a2]€_1 — Alzl (—(Cbi + 1)(akp2k_10z2k -+ dk(akbk — Ck)) + aidk(akbk — Ck)>, (17)

fbgk = A?(—akdk(ai + (CLkbk — Ck)2 + 1)+

tap(arbe — c)(arpar—10** + dy(apby — Ck))); (18)
where
Ap = (1+ai)® + (arbe — &),
a? — a? 4k a**lna ok
W= T T e % T W @ (Padnart o).

As Ap ~ 1, k — oo, so for all sufficiently large & > 1 we have
|Tiag—1| + || < @ (|pag—1| + |pa|)- (19)

Functions {pg}2, from (3) are bounded, |} (0)| < M - k, so formula
W0y = i or(0) (20)
k=0

defines function from the class C1([0, 7]).

The following theorem guarantees, that the formula (20) defines optimal control
of our problem in classical sense and, moreover, the clags of admissible controls
includes smooth on [0, 7] functions.

Teopema 1. For every u € C1([0,7]), u(0) = 0 the formula (5) with coefficients
{yr(r)}32 from (10) — (14) defines classical solution of the problem (1).

losedennas. Let us prove that the formula (5) defines function y(r, @), for which

y € C([0,1] x [0,7]), y € C*([0,1] x [0, ]). (21)
Let us denote
Fi(r,0) = Z <p2k_1 72K 0 cos 2k0 + pog - 72 sin 20 + poj—_y - 72* Inrsin 2k9) )
k=2

Then Fy satisfies condition (21). Indeed, functions r2* - sin 2k and r?*(0 cos 2k0 +
In 7 sin 2k#) are harmonic, so for (21) it is sufficient to prove the uniform convergence
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Optimal control in non-self-adjoint elliptic boundary value problem 7

of series Iy on [0, 1] x [0, 7], which follows from [5]. For remainder of the series

Z 4“2’“ L r?% . 0 cos 2k0 due to Bessel inequality > u2 < oo and Cauchy-Schwarz
k=2
mequahty we have

ZLZLLT% -0 cos2kf| <

_ (2k)2

>

0 1/2 1/2
9 1
<7 ,;VU%_1> : ];V m) <e, (22)

beginning from some N > 1 uniformly on [0, 1] x [0, 7].

Moreover, because of the multiplier % the partial derivatives of this series
on r and # up to second order are uniformly convergent series on every compact in
(0,1) x (0, 7).

Let us conduct a similar argument for the series Z yo. 2k) (qu + %) )

(2k)?
kgin 2k0.

(o)
For remainder of the series > ~2&-1
k

=2k r2k . Inrsin 2k0 we have:
2

U2k —1

_ (2k)2

crF nrsin 2k0| <

o . 1/2

o 1/2 oo 1/2 AN 9 1/2
ik 1.2 9 r* - nfr
1 N
ot < S - (TE)
k=N k=N
for every 6 € [0, 7|, r € (0,1). Then Ve >0 IN > 1

o0
U2k—1

(2k)?

sup 2% . In 7 sin 2k6

r€(0,1],60€[0,x]

< E.

4 —
k=N

Let us consider the series Fy(r, ) = Z 4qu e GTSER r¥.0 cos 2k0. Tt is uniformly convergent

on [0, 1] x [0, 7] due to Cauchy- Schwarz inequality.

: OFy OF, 8°Fy O8%°F
In the same way one can prove convergence of the series 52, 52, o7 orob

Convergence of the series 8;;;2 will follow from convergence of the series Z 1 2’“25
(2k)? - 72 - 0 cos 2k6, which is convergent with the series
Zu%_l 1?0 cos 2k6. (23)
For u € C'(]0, 7r]) we obtain
[ 4 2 1 ([T 2 1
Usp] = /u(@) - — cos 2k0df = —— - —/ v/ (0) sin 2k0d0 = ——= - —vo.
2 ™k Jy w2 k

0
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Asfor v =o' € C([0,7]) D07 < o0, v, = [v(0)p,(0)dl, then Y v3, < co and
n=0 0 k=2
from Cauchy-Schwarz inequality the series (23) converges uniformly on [0, 1] x [0, 7.

Applying the previous discussion to the series

Ak - ugp—1

_ . 1 2 &
FS(T’Q);ZL—(QkP <U2k+m> r sm2k9,

we need to prove the convergence of the series

> ugg - v? - sin 2k0. (24)

k=2

For v € C(]0, 7]}, u(0) = 0 we have:

4 [ , > 1 [,
Ugk = —5 u(0)(mr — 0) sin 2k0d0 = — - — | ' (0) (7 — 0) cos 2k0dH—
0

72k
0

2 1 [ 2 1 [
2 w(0) cos2k0d0 — =~ [ W .
- k/U( ) cos 2k0d - k/u(@)cos%@d@
0 0

2 1 2 1 1
-3 /u'(@)@ cos 2k0d0 — PR /u(@) cos 2k0d0 = E(ak + Br + i),
0 0

where > (a2+82++2) < o0, as v’ € C([0,7]). Then from Cauchy-Schwarz inequality
k=0

the series (24) converges uniformly on [0, 1] x [0, 7]. Theorem is proved.
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ITPABIJIA 1JI4 ABTOPIB

ITpu migroToBii pyxomnucy HEOOXiTHO AOTPUMYBATHCH TAKUX MPABIII:

1)

7)
8)

CrarTd NOBMHHA MICTHTH KOPOTKHH BCTYII, TOCTAHOBKY 3a/a4i Ta (GOPMY/IIOBAHHS
ONIEPXKaHUX aBTOPOM HOBUX Pe3yJABTATIB 1 MOBHE 1X noBeleHHs. He momyckaeTbes
pobuTH BeJMKI Orvisiny BxKe onybyiKoBaHuX crareil i pe3yjabrariB, nepekasyBaTu Bi-
JoMi pakTH, HABOAUTH (DOPMYJTIOBAHHS OyOJIIKOBAHUX TEOPEM, JIEM, TOCHJIAHHS HA
HeonybJiikoBaHi poboTu.

Pyxormuc nopuren 0yTH HAAPYKOBAHUIT 32 TOTOMOIOI0 KOMIT IOTEPA Ha apKymax (hop-
maty A4 (3 onHoro 6oky). O6’eM cTaTTi He MOBHHEH NEPEBHUINYBATH 15 CTODIHOK.

Pykonuc nogaeThes y IBOX €K3eMILIAPaXx, & TAKOXK eJeKTPOHHOIO KOTI€Io Y BUIVIS
IWTEX-aitny (aue. mynkr 4). Mosa, gK010 0hOPMISETHCS CTATTS, TOBUHHA OYTH
YKPATHCHKOIO, AHTJIIHCHKOI0 a00 pociiicbkoro. lepma cropinka 0oopMIsgeThes TaKuM
THHOM:

VK Ne

Ininianu, npiszeuine apropa, odiiiiina Ha3Ba YCTAHOBH, € MPAIIOE aABTOP

Hazga poboru

TekcT anoTanil aHIIIHCHKOI MOBOIO.

TexcT aHoTaIil YKPaiHCHKOIO MOBOIO.

Texct cTarTi.

Bumoru 110 nabopy:

a) mporpama Habopy — I TEX2z;

6) crumpoBwmii (haitn Habopy — Uzhgorod-Mathematical-Paper.cls (itoro moxna omep-
JKATH €JIEKTPOHHOIO TOMITOIO; 3BEPTATUCL Y PEJKOJETiI0 KYPHAIY 3a aJpecoio
depmath@univ.uzhgorod.ua)

B) 000B’s13k0BHMIT aprymenT komaHs \label{...} i \cite{...} moBuren mictuTn npizsnine
neproro aBropa crarti garnauneo (Hanpukian \label{IvanenkoEqautionl}).

') BUKOPHCTAHHS BJACHUX OTOYEHB, MAKPOKOMAH/I Ta J0JATKOBHX MAKETIB HE JOMY-
CKAEThCH.

Qopmynn, gKi HYMEPYIOThCs, 000B’3KOBO BUK/IIOYATH B OKpemuili psaok. Hymepy-
BaTH TUILKH Ti (DOPMYJIH, HA SKi € TTOCHIAHHS.

Bukopucrana jiteparypa MOJAEThC 3araJbHIM CIUCKOM (Y MOPSIZKY MOCH/IAHB HA
JIKEpena B TeKCTi crarti). 3pasku 6ibmiorpaditHOro omucy KHUTH, CTATTi, AEMOHO-
BAHOI'0 PYKOIIUCY, TE3UCIB JIONOBiAeH KoH(EPeHTIiii:
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