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For an entire Dirichlet series F/(s) = > frexp{sAx} and a Dirichlet seri-
k=0
e}
es G(s) = > grexp{sAx} with finite abscissa of the absolute convergence the
k=0

Dirichlet series (FxG)(s) = Z frgr exp{sAx} is called the Hadamard composi-

tion. In terms of generahzed orders the growth of this composition and their
derivatives is investigated. A relation between the behavior of the maximal
terms of the Hadamard composition of the derivatives and of the derivative of
the Hadamard composition is established.

Key words: Dirichlet series, Hadamard composition, generalized order,
maximal term.

1. INTRODUCTION

For power series f(z Z fez" and g(z Z grz* with the convergence radii
k=0 k=0
R[f] and R]g] the series (f * g)( Z frgrz" is called the Hadamard composition. It
k=0

is well known [1, 2] that R[f x g] > R[f]R|[g]. Properties of this composition obtained by
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J. Hadamard find applications [2, 3] in the theory of analytic continuation of the functi-
ons represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the article [4].

For 0 < r < R[f] let pg(r) = max {|fg|r*: k> 0} be the maximal term of the
power expansion of f. Studying [5, 6] a connection between the growth of maximal terms
of a derivative of the Hadamard’s composition of two entire functions f and ¢ and the
Hadamard composition of their derivatives M. Sen [6], in particular proved, that if the
function (f * g) has order p and lower order A then for every ¢ > 0 and all r > ry(e)

n w1y (T
Fn+2)A—1-¢ < H (1) g +1) (1) < F(n+2)e—14e
H(fxg)m (r)
Since Dirichlet series with positive increasing to +oco exponents are direct generali-
zations of power series, a problem becomes natural on similar results for a Hadamard
composition of such series.

So, let A = (A\r) be an increasing to 400 sequence of nonnegative numbers
(Ao =0), and S(A, A) be a class of Dirichlet series

(1) F(s) = Z frexp{siz}, s=o+it
k=0

with the exponents A and the abscissa of absolute convergence o [F] = A . If F' € (A, 44)

and G(s) = ng exp{sAi} € (A, A) the Dirichlet series
k=0

2) (F+G)(s) = gk exp{she}
k=0
is called [7] the Hadamard composition of F and G.

For a Dirichlet series (1) with o4[F] = A[F] = A > —oco0 and ¢ < A we put
M(o,F) = sup{|F (o +it)| : t € R}, and let u(o, F) = max {|fx|exp{cAr}: k> 0} be
the maximal term, v (o, F) = max {k: |fi| exp{oAr} = u(o, F)} be the central index and
Ao, F) = Ay(s,F)- The following result is proved in [7].

Proposition 1. Let n € Zy, m € N and m > n. If 04[F] = 04|G] = +00 and In k =
=o(AxIn Ag) as k — oo then

— 1. u(o,(F+G)™)
e M (o, (Fr G )
and. (if onlf * G] < +o0)

= (m —n)orlf * G

) 1. p(o, (FxG)m)
lim —In MOy
U—l%oog n (o, (F = G)™) (m —n)Ag[f * G,
where or[f] and Ag[f] are respectively the R-order and the lower R-order of entire Diri-
chiet series (1). If 04[F] = 04|G] =0 and In k = o(A\/In A\;) as k — oo then

o, (F x G)'™)

(o (Feymy = (M= el «C]

lim |o|In
10
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and
i wlo, (F* G)m™) 0)
limlo|ln ————"4—2 = (m —n)\ x (),
T e )

where o) [f] and NO[f] are respectively the order and the lower order of Dirichlet series
(1) with o,[F] = 0.

Here we will consider the case, when 0,[F] = +00 and 0,[G] € (—o0 + 00).

2. CONVERGENCE AND GROWTH

We put
1 1 — — 1 1
AFl= lim —1In —, A[F]= Tm —1In —.
[] kovtoo M 1] Fl= e | f|
It is known ([8],[9]) that o,[F] < A[F] and if In k = o()\;) as k — oo then o,[F] = A[F].
It is easy to see that if A[F] > —oo and A[G] > —oo then A[F x G| > A[F] + A[G].
Therefore, if 0,[F] = 400 and A[G] > —oo then A[F x G] = +o0.
We remark also |7] that if 0,[F] = +00 and 04[G] > —oco then

0ol F * G| > 04[F] + 04|G] = +o0.

Further, we will also assume that o,[G] = A[G].
In [7] it is proved that

0a|F % G] = 0,[(F % Q)W) = 0o [F™ « G
for every n € N, whence we get the following statement.
Proposition 2. If 0,[F] = 400 and 0,[G] > —oco then
0a[F % G) = 0,[(F x Q)] = 0, [F™ « G™] = ¢, [F] = +o0
for every n € N.

By L we denote the class of non-negative continuous on (—oo, +00) functions «
such that a(x) = a(xg) > 0 for < x¢ and a(z) T +o0o as xg <  — +0o. We say that
a€ LY if o € Land a((1+o(1))z) = (1 + o(1))a(z) as z — +oo. Finally, a € Ly, if
a € L and acr) = (1 + o(1))a(z) as ¢ — +oo for each ¢ € (0, +00), i.e. a is a slowly
increasing function. Clearly, Ly; C L°.

IfaelL,feland F e (A +00) then the quantities

= fm oMo F) g 0 M F))
(3) taplF]i= T ——Zrei==, daplFl= lm ——3ry

are called the generalized (v, )-order and the generalized lower («,f)-order of F. If
in (3) we substitute In (o, F) instead of In M (o, F) then we obtain quantities, which
we denote by 04 g[ln g, F] and Ay g[ln u, F| respectively. Substituting A(o, F') instead of
In M(o, F) by analogy we define g, g[A, F] and A, g[A, F]. The following lemma is true
[9, 10].
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-1
Lemma 1. Let o« € Ly;, B3 € L° and W
nax
c € (0,400) and F € (A, +00). If for each c € (0,+00)

= 0(1) as * — +oo for each

(4) In kj:0(/\kl871(Coé(/\k)))7 ]4}—>OO7
then
(5) 0 5lF] = 0aslln u, F] = Tm a(Ar)

k—oc0 1 1 )
’ (xﬁ“ fl)

1 -1
If, moreover, a(Ap41) ~ () and ki[F] := n | fr| —In | frya]

400 as kg < k — o0

Akl — Ak
then
A
6) 0uplF] = Gasslin 1, F] = lim — 2
koo g (1 In 1)
Ae o Skl

We need also the following lemmas.

Lemma 2. If F € (A, +00), a(e®) € L, B € L° and a(z) = o(B(z)) as x — +oo then
Oa g0 p1, F| = 00N, F] and Ay g[ln w, F] = Ao g[A, FJ.
Proof. We use the equality (see [8], [9])
(7 In p(o, F) —In pu(0,F) = /A(Jc)dz, 0 <0 < +o0.
0

From (7) it follows that for every ¢ > 0 and all ¢ > 0

(8) 1€+"€A (1 LF) < In p(o, F) —In u(0, F) < oA(o, F).
Hence In u(o, F) > A <Ja’ F) for all o > 0 large enough and, thus,
o aM@F) _ o alp((1+90,F) — B((1+2)o)
st F1= B =y S M TR ee) e o)
_ o oMo F) o a(u((T+e)o F)) o B((L+e)o)
s IR TR S AR T A Tae) e o)
Therefore, 0 g[A, F] < pq,g[ln p, F]B(e) and )\aﬁ[ﬁ/\(,(lf] S)/\()%ﬁ[ln w, F|B(g), where in
+¢e)o

. .o . O _ I
view of condition 8 € L° we get [11] B(e) = 021}_100 300)
008N, F) < 0a.8(ln p1, F] and Ay g[A, F] < Ao glln p, FJ.

On the other hand, if on the contrary o, g[A, F] < ga,p[ln i, F] then for every
0 € (0a,8[A, Fl, 0a,pln p1, F]) and all ¢ > o¢(0) we have Ao, F) < a~'(pB(c)) and,

— 1 as ¢ — 0, and thus,
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thus, In p(o, F) < (14 0(1))oat(0B8(c)) as 0 — +oo, i.e.

a(ln p(o, F)) < aloa™ (eB(0))) =
(exp{In o +1n 0™ (05(0))}) <
alexp{2max{In o, In o *(0B(0))}}) =
a(exp{max{ln o, In o (pB(c)}}) =
max{a(c), 0f(0)}) <

D)eb(a)), o= o0,

whence g, g[ln u, F] < p, which is impossible. Thus, g4 g[In u, F| = g4 s[A, F]. The proof
of the equality A glln p, F] = A g[A, F) is similar. O

Lemma 3. If a € L° and 8 € L° then 0o g[F] = 0a.5[F'] and Ao g[F] = A s[F’].
Proof. Since [7] for o < 400 and 0 < §(0) < 400

< M0 +6(0), F)
) Mo 1) < O

and for og < o
(10) M(o,F) < (0 — 09)M (0, F') + M(00, F),
using 0(0) =1 and o¢ = 0 we have
(1+o0(1))In M(0,F) <In M(0,F') <In M(c +1,F), o — 400,

because for every entire Dirichlet series In o = o(In M (o, F)) as o — +o0. Since a € L°
and 8 € LY, we get pq p[ln p] = 0a,5[A] and A, g[ln p] = Ao 5[A]. O

Using Lemma 1 we prove the following statement.

Proposition 3. Let the functions o, § and the sequence (\) satisfy the conditions of
Lemma 1, A[F] = 400 and —oo < A[G] < A[G] < +00. Then gu g[F * G| = 0a 5[F] and
if, moreover, a(Ap11) ~ (M), kKp[F] 7 +00 and kiG] / A[G] as kg < k — oo then
Aa,B[F * G] = )\a,B[F}

Proof. Clearly, if A[F] = 400 then — ln m — 400 as k — o0. On the other hand,
k
1

_ 1
since —oco < A[G] < A[G] < +00, we have ﬁ
9k

5(1 Rl glk|> 5<1 |f1k|+0”>
1+ o(1 1
ﬂ< Jr)\1~c()lm|fk|)

— (1+0(1))8 <1ln |f1k|> k — oo,

= 0O(1) as k — oo. Therefore,
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and by Lemma 1

— (A — (A
ool 61 = T S = B Ol 4G
—1n —1In —
'B()\k |fkgk> B<)\k |fk>
and similarly A\, g[F * G] = A\, g[F]. O

Lemma 3 implies the following statement.
Proposition 4. If o € L° and B3 € L° then
0a,8F * G] = 0a 5[(F % G)™] = 04,5[F™ + G]
and
AaslF % G] = Ao g[(F % G)™] = Ay g[F™ x G™)]
for each n > 1.
Indeed, by Lemma 3 we have that
CaplF Gl = 0apl(F+G)]  and Ao g[F *G] = Aap[(F +G)],
that is
00 plF ¥ G = 0ap[(F+G)™]  and Ao g[F % G] = Ao p[(F + G)™)]
for each n > 1, and since F(™ x G™ = (F x G)®™, we have that
0a p|F % G] = 00 s[F™ x G™)] and AaglF % G = A g[F™ + G™].

3. Behavior of the maximal terms of Hadamard compositions

The following is the main result in the section.

d —1
Theorem 1. Let a(e®) € Ly;, 8 € L°, %a(m)) = 0(1) as © — 400 and (4) holds
nzx

for each ¢ € (0,+00). If A[F] = 400 and —oo < A[G] < A[G] < +oco then for n € Z.,
meN and m>n
— 1 (ao(FxG)M)Y
(11) UEToo ﬁ(a)a <,u(o, (F*G)™M) ) = aplF].
If, moreover, a(Ag+1) ~ a(Ax), kx[F] 7 400 and kiG] 7 A[G] as ko < k — oo then
1 (o (FxG) ™M)\
12 Jim e (G reamy ) = el

Proof. The following inequalities proved in [7] play an important role in the proof of
Theorem 1

o, (F = G)™)
p(o, (F+G)™)
for 0 < 04[F * G]. Since a(e®) € Ly;, we have
(A" (o, (F % G)™)) = alexp{(m — n)In A(o, (F xG)™)}) =
= (1+ o(1))a(exp{ln Ao, (F + G)™)}) =
= (1+o(1)a(Alo, (F+G)™)), o = +oo,

(13) A™ (o, (F + G)™) < < Ao, (F % G)™)
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and, therefore, (13) implies

w(o, (F * G)m)

Oz(A(U, (F % G)(n))) < (1 + 0(1))a <,u(o,(F*G)(”))

) < a(A(o, (F = G)™))
as o0 — 400, whence

Lo < T L, (e (FxG)™)
(14) 0as[A, (F *G) ]SUL-‘,-ooﬂ(o') (u(m(F*G)<n>))§

< 0aslA, (F xG)™)

and

(15) )\aﬁ[Aa (F G) ] < al)iJroo B(U) <u(g’ (F * G)(n)) > <

< AaslA, (F + G) ™),

-1

Mrclo;(m)) = O(1) as * — +oo for each c € (0,+00)
implies the condition a(x) = o(B(x)) as * — +oo. Therefore, applying Lemma 2,
Lemma 1, Proposition 4 and Proposition 3 consequently, we obtain g,s[A, (F * G)(™] =
= 0aplln i1, (F x G)W] = 045[(F * G)™] = 045[F * G] = 0uap[F] and similarly
Aag[A, (F * G)™M] = A\os[F]. Therefore, from (14) and (15) we get (11) and (12). O

We remark that the condition

Choosing m = 2n we obtain the following corollary.

Corollary 1. Let the functions o, B and the sequence (k) satisfy the conditions of
Theorem 1, A[F] = +00 and —oco < A[G] < A[G] < +oo then for n € N

= 1 pi(o, F™ s« GM)\
A B0 < wo. Gy ) ~ eesll)
If, moreover, a(Ag+1) ~ a(A), kx[F] 7 +oo and kiG] N A[G] as ko < k — oo then

o (o, F) x G("))) B
e (g ) = el

4. HADAMARD COMPOSITIONS OF THE FINITE R-ORDER

If we choose a(xz) = In 2 and S(z) = z for & > 3 then from (3) we obtain the
definition of the R-order
m Inln M(o, F)

Fl .=
orlF]:= lim ——
and the lower R-order I Mo F
AnlF] = lim M@ F)
oc—+o00 g

introduced by J. Ritt [12] for a function F' € S(A, +00).

The functions a(x) = In = and S(z) = z satisfy the conditions of Lemmas 1 and
3 and do not satisfy the condition a(e*) € Ly of Lemma 2. But it follows from (8)
that or[A, F] = ogr[ln u, F] and Ag[A, F] = Ag[ln g, F]. Therefore, as in the proof of
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Theorem 1, we have og[A, (F * G)(™] = gr[F] and Ag[A, (F * G)™)] = Ag[F]. On the
other hand, from (13) we get

FxG)m)
m—n)ln Ao, (F xG)™) <In M <
a9~ TORAE TS LG Feam) =
< (m—n)ln A™ (o, (F + G)™)
and, thus, the following theorem is true.
Theorem 2. If A[F] = 400, —0 < A[G] < A[G] < +00), and In k = o(A\In \;) as
k — oco. Then form € Zy, m e N and m >n

1 ule (FrQ))
UEIEOO o I plo, (FxG)m) (m = n)er[F]
If, moreover, In Apy1 ~ In A, ki[F] 7 +00 and ki|G] / A[G] as ko < k — oo then

(m)
b L 1 (PG
S o o, FrG)m)
If we choose m = 2n + 2 then from Theorem 2 we obtain the following analogue of
the above-mentioned result of M.K. Sen.
Corollary 2. A[F] = +oo, —0 < A[G] < A[G] < +o0, and In k = o(A\xIn \g) as
k — oco. Then forn € Z
_ (n+1) (n+1)
lim lln plo, F G )
e T o (e G))
If, moreover, In Apy1 ~ In A, ki[F] 7 +00, and ki|G] / A[G] as kg < k — oo then
1. p(o, F(tD 4 Gntl))
lim —In —
o100 O w(o, (F*G)™)

= (m — n)Ag[F].

= (n+2)or[F].

= (n+2)Ag[F).

Let now 0 < gg[F] < 4o00. If we choose a(z) = = and S(z) = exp{ogr[Flx} for
2 > 0 then from (3) we obtain the definition of the R-type,
— In M(o,F)
Tr|F| = —_—
r[F] o500 exp{ogr[F|o}’
and the lover R-type,
In M(o, F
tplF] = lim w'
o +o0 exp{or[Flo}
It is clear that the functions a(x) = z and f(x) = exp{or[F]z} do not satisfy the
conditions of Lemma 1, but the following lemma is true (see for example [10], [12], [13]).

Lemma 4. If F € (A,400) and In k = o(\;) as k — oo then

Tr[F] = Tr[ln p, F] = Tim Ak

or[F]/ Ak
k—o0 egR[F]|fk‘ '

If, moreover, A\p11 ~ A\, and kix[F] /* +00 as kg < k — oo then

Ak
tr[F] = tglln p, F] = lim er[F]/ 2
rIF] = tr[ln p, F] k:CeQR[F]Ika
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The following lemma indicates the connection between the growth of In (o, F) and
A(o, F) in terms of R-types.

Lemma 5. Let F € (A, +00) and In k = o(A\;) as k — oo. Then

Tr[A, F) Tr[A, F)
(17) ‘QQT[F] <Tg[ln p, F] < QTW
and
(18) tR[A,F] < tR[ln ,u7F] < TR[A,F] In GQR[F}TRUH M,F]

eor|F] = orl[F] Tr[A, F
Proof. From (7) for o > 1/0og|[F] we have

A(o —1/er[F])

o) =l p0.F) > [ Aayde > 2

o—1/or[F]

ie.,

—  A(o—1/0g[F)) — A(o —1/0r[F])
Trlln p, F1 > lim or|F]exp{or[Flo} A on [Flexp{or[F](c — 1/or[F])}’

Tr[A, F] tr[A, F]
whence Tr[ln u, F| > ————
R[ M ] eQR[F] eQR[F]

on the left side in (17) and (18) are proved.
On the other hand, if Tg[A, F|] < +oo then A(o) < Texp{or[F|o} for every
T > Tg[A.F] and all 0 > 0¢(T"). Therefore,

g

In p(o, F) —In p(oo(T),F) <T / exp{og[Flz}dz =
oo(T)

T
= onim ePterlFlo} = expier(Floo(T)}),

. Similarly, tg[ln p, F] > . Thus, the inequalities

whence Tg[In u, F| < T/og[F], i.e. in view of the arbitrariness of T' we get Tg[ln p, F] <
TrIA, F)/ ox[F)

Finally, suppose that tg[ln u, F] > 0 and Tgr[A,F] > 0. Then for every
t € (0, tg[ln u, F]) and T € (0, Tr[A, F]) there exists an unbounded set E C [0, +00)
such that In u(o, F) > texp{o[F]o} and A(c) > T exp{or[F]o}. Therefore, for o* € E
and o > o*

In u(o, F) =1n p(c*, F) + /A(a:,F)dx

>In ,u(a*,F)—FA(cr*,F)/dzz

> texp{ogr[F]o*} + (6 — c*)T exp{or[F|o"}.
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Therefore,
In p(o, F) S t+ (o —o")T
exp{or[Flo} ~ exp{or[F](c —0*)}

t+ T
Since the maximum of the function ¢(z) = _trtr is reached at the point
- eXp{@R[l?]J]f}
T — tor|F _ T {QRFt} . .
r = ————— we obtain Tg|Iln > ex and in view of the arbi-
TonlF] e B

trariness of ¢ and T we get

TR[ln ,LL,F] >

Tr[A, F {QR[FﬁR[ln MF]}
eor|F] Tgr[A, F) ’

whence the right side of (18) follows. The proof of Lemma 5 is complete. g
Lemma 6. For every entire Dirichlet series (1) Tr[F] = Tr[F’] and tr[F] = tg[F’].
Proof. Choosing §(c) =1/(c + 1) for o > 0 from (9) we obtain

In M(c, F') < In M(c+1/(c+1),F')+1In(c+1)

exp{oor[F]} ~— exp{oor[F]}
_ In M(c +1/(c +1),F") {QR[F]} In(oc+1)
exp{(c +1/(c + 1))or[F]} o+1 exp{oor[F]}’

whence Tgr[F'] < Tg[F] and tg[F'] < tg[F]. On the other hand, in view of (10)
In M(o,F) < (14 0o(1))ln M(0,F) as ¢ — +oo, whence Tr[F] < Tg[F’'] and
tr[F] < tg[F']. O

Using Lemma 4 we prove the following statement.

Proposition 5. Let A[F] = +oo, —00 < A[G] < A[G] < +o00 and In k = o()\) as
k — oco. Then

(19) Tr[F]exp{~A[Glor[F]} < Tr[F * G] < Tr[F]exp{—A[G]or[FI}
and if, moreover, A1 ~ A, ki[F] / +oo and k;[G] /7 A[G] as ko < k — oo then
(20) tr[F] exp{—A[G]or[F]} < tr[F * G] < tg[F]exp{—A[G]lor|[F]}.

Proof. By Proposition 3 gg[F * G] = gr[F]. Therefore, by Lemma 4

TrlF+ Gl = klggo eorlF G

im ——— | fi |2 F/An ex {—g Fln},
s 00 6@R[F]|fk| p R[ ]>\k ‘gk|

]|fkgk|QR[F*G]/)\l« —

whence

A - 11
TplF 5 G < T orlF)/ M T —on[F]—1ln — b =
R[ *G] = kLH;o GQR[F] ‘fk| kl)ngoexp QR[ ]>\k n ‘gk|

1 1
= Tg[F] eXp{_QR[F] lim —In } =
k—o0 >\k |gk‘

= Tr|F| exp{—A[Gor[F]}.
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and

1 1
Tg[F «G] > lim erlFl/ Ak Jim ex {—g F]l—In } =
al ] k=00 GQR[F]U ¢ e P l ]Ak |9k

= Tr[F]exp {—QR[F] klggo )\ik |glk} -
= Tr[F] exp{—A[Gor[F]},

i.e. we get (19). The proof of (20) is similar. O

Finally, Lemma 6 implies the following statement.
Proposition 6. The equalities
Tr|F % G] = Tr[(F + G)™] = Tr[F™ « G™)]
and
trIF % G) = tg[(F + Q)™] = tg[F™ « G
are true for each n > 1.

Therefore, the following theorem is true.

Theorem 3. Let A[F] = +00, —00 < A[G] < A[G] < +00 and In k = o(\;,) as k — oo.
Then forn € Z,, m € N and m > n

- 1 o 1o, (F % G)(™)
< b lenlFlo) ¢ w(o, (FxG)m) =

or[F|TR[F = G]
(21) exp{A[ Jor[F]}

eor[F|TR[F * G
~ exp{A[G]or[F]}

Proof. From (13) it follows that

Tr[A, (F+G)™] < Tim 1[ Flo} m7\1/

o——+oo eXp{QR

pu(o, (F + G)m)
(o, (F = C))

(22) )<

Using Proposition 6, Lemmas 5 and 4 from (22) we get (21). O

Remark 1. Similarly, we can prove that if the conditions of Theorem 3 are satisfied and,
MOreover, Ap+1 ~ Ag, ki[F] 7 +oo and ki [G] 7 A[G] as ko < k — oo then

lim L m7\1/ (0, (F+G)™) _ eor[Fltr[F * G
oor+oo €xXpl{or[Flo} p(o, (F +G)™) ~ exp{A[G]or[F]}

We were not able to obtain a lower estimate for this lim, because there is no such an
estimate for tg(A).
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5. HADAMARD COMPOSITIONS OF THE FINITE LOGARITHMIC ORDER

In the theory of entire Dirichlet series, the logarithmic order

 +— Inln M(o,F)
alF] == Tm ——r =
and lower order
InIn M(o, F
NF] = i M0 F)
o—+00 In o

are also used. We remark that A\;[F] > 1 for each entire Dirichlet series.
The function a(x) = B(z) = In = not hold the condition of Lemma 1, but the
following statement is true [13].

Lemma 7. If F € (A, +0) and

m Inln k

im <1
k—oo In Ak

(23)
— In A

then g[F] = klim %
— 00

In (A—k In W) .

1

as kg < k — oo then \[F] = lim e
k—oo In (iln ﬁ)

As in the proof of Proposition 3 using Lemma 7 we get the following statement.

+ 1. If, moreover, In A1 ~ In A\, and ki[F] / +o0

+ 1

Proposition 7. Let A[F] = 400, —0o < A[G] < A[G] < +o0 and (23) holds. Then
o[F * G] = o[F). If, moreover, In A1 ~ In A, xi[F] 7 400 and k;x[G] / A|G] as
ko < k — oo then \[F x G] = A\[F).

From (9) with §(c) = 1 and (10) we obtain g;[F'] = ¢;[F] and N\[F’'] = \[F]. From
(8) with ¢ = 1 we obtain

%A (%,F) <In p(o, F) —In (0, F) < oA(o),

whence gi[ln p, F] — 1 = g[A, F] and N\[In p, F] — 1 = N[A, F]. Finally, (16) implies the
inequalities

(o, (F + G)m)

— 1
— (n) < - L _
(m—n)o(A, (F+G)'"™) < (,Erfoo no In o (Fr Q) =
< (m—n)a(A, (F+G)™)
and
T (m)
(m—n)N(A, (F+G)™) < Tim 1, o (FxG)™) -

otoolno p(o, (FxG)™)
< (m—n)A(A, (F +G)™).

Therefore, as usual, we arrive at the following theorem.
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Theorem 4. Let A[F] = +00, —0 < A[G] < A[G] < +o0o and (23) holds. Then for
ne€Zy, meNandm>n

. (m)
o—=+ooln o w(o, (F*G)™M)

= (m —n)(alF] = 1).

If, moreover, In Apy1 ~ In A, kg[F] 7 400 and kiG] /7 A[G] as ko < k — oo then

©

11.

12.

13.

. )
1 “(((FG)) = (m —n)(\[F] - 1).

lim —In (F+ G)(”))

o—400 Ino Hlo
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Hna creneneBux panis f(z) =

OO0
frz® i g(z) = 3 gr2” i3 pamiycamu
0 k=0

k
s6ixmocti R[f] i Rlg] pax (f * g)(2) = 3. frgxz" masusaetncss adamaposoro
k=0

xommnosuyiero. Tnst 0 < r < R[f] mexait puf(r) = max{|fr|r*: k > 0} — makcu-
MaJIbHUN YJIeH CTEeneHeBOTO po3BuHeHHsT (yHKIil f. Buwaiounm 38’5130k Mik
3pPOCTAHHAM MAKCUMAJIbHUX YJIEHIB MOXITHUX a/1aMapOBOi KOMITO3UINI TBOX ITi-
smx Gyukiit f ra g i agamapoBoio kommo3urieo ix noxigaux M. Cen 30kpema
[0BiB, mo AKmo GyHKIiA (f * g) Ma€ TOPSIOK © i HUKHIN MOPATOK A, TO IJIst
KOXKHOTO € > 01 BCix 1 > 10(€)

- M p(n41) e g(nt1) (T) _
T(n+2)>\ l1—¢ S f *g < T(n+2)g 1+s.
K fxg)(m (r)
Ockinbku psgu [lipixisie 3 gogaTHUMU 3POCTAIOYUMEU JI0 00 MOKA3HUKAMU €
IIPSIMHUM y3araIbHEHHSM CTEIEHEBUX PSIiB, TO IIPUPOJHO IIOCTAE IUTAHHS IIPO
momi0HI pe3y/IbTaTh JJIsi aJaMapOoBOl KOMITO3WINI Takwx psiaiB. OTke, Hexait
A = (Ax) — 3pocraroga 1o +oo nociigosricTs Hesix emuux uuces (Ao = 0), i

S(A, A) — xnac paais Hipixne F(s) = > frexp{sAx}, (s = o +it), 3 noxas-
k=0

mukamu A i abermeoro abeosroTHOl 361kHOCTI 06[F] = A. dxmo F € (A, A1) i

G(s) = > grexp{sic} € (A, A2), To pan Hipixue
k=0

(FxG)(s) = frgrexpisin)
k=0

HA3UBAETHCA 40aMaP06010 Komnozuyiero dbyukuiit F' ta G.

Hns pany Hdipixne F(s) 3 0q[F] = A[F] = A > —o00 mns 0 < A MaKCHMAIbHUM
wreHoM HasuBaTuMeMO fi(o, F) = max{|fx|exp{oAx} : k& > 0}. Bimomo, mo
g n € Zy, m € Nim > n, akmo 04[F] = 04[G] = 400 i1n k = o(AxIn Ag)
upu k — 00, 10O

o, (F+G)™)

— 1
Jm S e Feam) — (M menlf+ G

i (axmo or[f * G] < +00)

L p(o (Fr @)™
B o (g 0T AR = C
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nme or[f] i Ar[f] BimnoBimpo R-mOpamOK Ta HEKHIN R-TOPAIOK HiIOr0 pamy
Hipixie. SIkmo 04[F] = 04[G] =01iln k = o(A;/In ) mpu k — oo, TO
plo, (F +G)™)

(o, (e gyony — M=l =0l

lim |o|In
o10

o, (F +G)™)

lim |o|1 — (m— n)A©

i G ey~ m Al
ae 0O[f] 1 AO[f] Bignosiano nopsaox ra mumiii nopamok pay Mipixie 3
Oa [F] =0.
VY mpani oTpuMano aHAIOTIMHI PE3Y/IbTATH I BUIAIKY 0o[F] = 4001 04[G] €
(=00 + 00).

Karowoei caosa: psan dipixie, komuo3uiis Ajamapa, y3araJbHEHUN OPsi-
IIOK, MAKCUMAJIbHUHI YJjI€H.



